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Slight, in every sense, assuredly it will be. Probably in the same way it

will be superficial; but When I used the word I was thinking chiefly of its

most modern connotation. I meant that I was going to try to be intelligible.

I sympathize with those writers who have been obliged by poverty or the exi-

gences of military service to dispense with education, and I quite understand

why they discountenance those whose object it has been to express ideas as

simply, clearly, and briefly as possible. Such desperate methods would

reduce the longest books of many of our best prophets to a very few pages;

for when there is no butter to spread you cannot even spread it thin. In

such dearth the only thing to do is to dig mysteriously into the loaf, which

in literature is called being profound. And though there are readers who,

having gone down to the bottom of the pit and there failed to discover the

smallest speck of margarine, will venture to call such profundities empty,

in the brisker parts of Europe and America the profound style is generally

held in honour. In me, however, the airs of a mole or a miner would be mere

affectation. Besides, unlike modern poetry and philosophy and philosophic

fiction, an essay of this sort cannot hope to appeal to that great public

which, in quest of life, brushes aside all hair-splitting distinctions

between sense and nonsense. I dare not be profound. And frankly this essay

would have been written with all the shallow lucidity of Montesquieu, Hume

or Voltaire had the essayest known the secret of their superficiality.

Clive Bell in "Civilization." New York: Harcourt, Brace, 1928. Pp. 20-21.
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Foreword

A Change-over experiment is one where several Treatments are tried in

succession on a single unit; there are, of course, a number of such units.

The unit may vary from being an animal under several diets in succession,

a patient under several sedatives successively, to a machine under succes-

sive methods of handling. It is, indeed, astonishing in what varied fields

it is convenient, profitable, or even inevitable that one employ ehange-

over. Applications arise in Medicine, rroduct testing, Animal Husbandry,

Industry, etc. Where may one not find questions best studied by submitting

a given unit to 2 or more successive treatments?

The present book embodies many new experimental Designs and looks at

certain questions in a fresh way. Mainly, however, it is written to set

forth the good things that are available but not being used. It is hoped

this endeavor may lead to application and even to progress. The emphasis

is on the problems encountered in running experiments, rather than on the

elaboration of mathematical models.

The discussion can be followed by anyone with the elements of algebra.

It will seem the more pointful if the reader has already experienced the

difficulties of making experiments work. It is, indeed, to people who do

carry out experiments, or seriously wish to do so, that this work is

addressed. When the writer was doing so, the present book was what he

wanted on his shelf.
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Change-over comparisons in practice. Very briefly, before the question

proper of Change-over is considered let it be understood that we are

concerned here with experimental Design, which involves the arrangement of

tests or questions, in space, in time, or on entities, in order to discover

the effect of experimental Treatments. To most people--to most people even

in the sciences--the problem seems a trivial one. If one wants to know

the effect of some Treatment, one simply applies the Treatment and observes

the effect. In fact, it is not so easy. Inconsistencies in resioonse

whether by men or machines become confused with true complexities in the

response, That is why there are statisticians or perhaps with less logic,

but cl( connotation, biometricians. There are problems other than the

aforesaid confusion, but let us not bother with them; rather, let us hurry

to relief from them. The problems will become apparent in their relief.

A Change-over experiment is a restricted class of experimental design

when, for example, each of 2 kinds of sedative are tried in successive

Lieriods on each of a number of patients. The length of time each patient

sleeps under each kind of sedative is contrasted. This procedure differs

from an experiment where kind (1) of sedative is given to some patients

and kind (2) is given to other patients. Then the time patients sleep under

(1) is contrasted with the time the other patients sleep under (2). This is

not a Change-over. The distinction made may be familiar o many readers in

connection with discussion on paired and unpaired t-tests. In general, when

possible, the change-over experiment is recommended as giving the sharper

contrast between 2 kinds of sedative, because then only the inconsiten-

cies, from time to time, in a man's response embarrass the effect of



Treatment. Otherwise, it suffers the greater embarrassment of the inconsis-

tency from man to man.

It is obvious, of course, that in Medicine it has long been the practice

to try alternative Treatments, such as sedatives, on a given patient. And

this is a legitimate and v-aluable experimental technique. The matter under

discussion in the present book is the trying of several Treatments,

successively, on a patient and the policy to be pursued under such condi-

tions as perhaps there being fewer alternatives possible than there are

Treatments. Such questions have not, however, to the writer's knowledge

been pursued so far in Medicine as in Animal Husbandry. There

change-uver experiments are much used. Thus one may use several diets or

medications on a given cow because she is more like herself from time to

time than she is like other cows. The comparisons of the Treatments are

subject nnlv to the inconsistency or variability within a cow rather than

from cooi cow. The situation is, of course, complicated by the possibil-

ity that there may be lingering effects, and it is with this possible

complication that the present book is largely concerned.

The considerable experimental advantages of Change-over experiments

have been sought after with the most effort in Animal Husbandry, but

apparently are as real in other fields. Statistics is a curious thing--the

same problems arise in such various fields. To meet a considerable variety

of problems both in Agriculture and in Industry the writer has taken

advantage of Change-over experiments. In industrial experimentation, the

experimental units, such as a machine to make something, resembles itself

from time to time much more than it resembles alternate units--as in distant

Animal Husbandry. In such cases, one is inclined to comparisons of Treatments

7
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(or methods or materials) within units. One is inclined to try 2 or more

Treatments (or methods or materials) on a given Machine in order to compare

them. Such change-over design is perhaps particularly suitable to machines

which continue much the same for fairly long periods, in contrast to, say,

cows, which are subject to lactation cycles and other major trends. If it

is a matter of a subject to try various Treatments, the argument is the same.

In this book the author sets forth the more simple and productive aspects of

such a procedure; much chaff has been avoided. The exhaustive exploration

of an idea, as is proper in a theoretical study, has not been attempted. On

the other hand, it has been attempted to cover and illustrate such ideas as

seem profitable very fully. It is hoped that the author's experience may be

useful to workers in the fields mentioned and very probably in the Social Scienci

The discussion, so far, while true enough, must be tending to create

the misconception common from the literature, i.e., that change-over experi-

ments are to be justified by their efficiency. And a shrewd man may say he

prefers simplicity to efficiency. In fact, one may have change-over experi-

ments forced upon one, as it has been said "some men have greatness forced

upon them." Thus Industry has often had change-over experiments forced

upon it By way of a simple example, suppose one had 4 different Treat-

ments; suppose further that one wanted to try e,ch of them about three times.

One might not be able, like the classical agronomist, to assign 12 Machines

to the problem, giving each Machine some one of the Treatments--this because

one has, in fact, only 4 Machines. Perforce, one must do something like

assigning 3 Treatments to each Machine, one is in a change-over experi-

ment. Such a problem in the extreme forced itself upon the author in his

work on paper making. There, due to practical considerations, he wb,s

restricted to a single great paper-making whine. He was forced accordingly
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to arrange a change-over ex.oeriment where a succession of bactericides was

tried on the recirculated water of one great machine in an experiment spread

over weeks. Thj_s was change-over operation in the extreme.

The idea, as initially proposed, of comparing the Treatments (1) and

(2) on each 'patient can be extended to a whole sequence of designs. First

there D4 be More than 2 Treatments, say (1), (2) and (3), of which one

patient tries (1) and (2), another (2) and (3) and a third patient (1) and

(3). Such maY be termed paired comparisons. In various forms they are in

wide use. Tney are discussed in the next section. One may go on to cases

termed Chang3-over in Youden rectangles, where several, but not all,

Treatments are tried by each subject, patient, or machine. As discussed

in the section, after nest, one may, given 7 Treatments,try 3 on each of

7 subjects9 patients or machines. Alternatively one might try 4 Treatments

on each experimental unit. From these one may go on to change-over latin

squares, where all Treatments are tried on all experimental units. These

are discussed belOw. All these Designs arise very naturally as extensions

of the fundaraental idea of paired comparisons. The most attractive and

easily handled of the designs is the Latin squareall Treatments by each

experimental llnit--but it is unfortunately often not practical. If one

wanted to trY 7 ld-nds of sedatives each for 2 weeks it would be inadvisable

to use a latLr& square becausc before 14 weeks were out many of the partici-

pants would Mire been lost by death or recovery. Accordingly, one would try

a Youden rectangle which would require only 6 weeks. Again a subject, in

order to try a Treatment fairly, may have to use it 3 weeks. Then it is

practical to try only a few Treatments on a given subject on account of this

consideration of time. Since, however, there are many people, a great deal



of information can be gathered fairly shortly. Accordingly, one uses a

Youden rectangle. In industry, not only are experimental subjects liable

to death or discharge, but experimental results may be required very

shortly--"We must have the results within 5 weeks." Such press may make it

difficult to try many Changes-over on a machine.

Changes-over involving 2 Treatments per unit - In the realm indicated a

very simple and oft-used Design is the paired comparison of Treatments

(1)...(t) , 2 at a time. To be at all satisfactory the Design should

compare each Treatment with every other Treatment, at least once. It should

be at once indicated that, to the contrary, there is extensive discussion,

in the literature, on paired comparisons where a judicious subset of

comparisons is made. An example is the writings of Cox (1958), which is

discussed under the heading of missing data in Chap. VIII. The concept

that it is best to make all comparisons an equal number of times is based

on two notions. First, such comparison will be of comfort to the "practical"

man. Secondly, any other arrangements will give rise to elaborate allow-

ances for the various accuracy of the vaiious. comparisons. For the-situ-

ation. of 2 Treatments per unit, accordingly, the Design requires at least

t(t - 1)/2 pairs, since there are that many comparisons. Thus for t = 7

Treatments tried on 21 Men, each Treatment to be tried for one Day, we may

write the Design as shown in Table Ia. It is, of course, because t(t - 1)/2

may become inconveniently large that experimentalists take refuge in the judi-

cious subsets indicated above. Since the two Treatments are to be tried suc-

cessively the order of trying may be important. Then all Treatments were beet

tried equally on the first and second Days, or in the first and second Column.



It would not do to assign some particular Treatment largely or wholly to a

given Day which might be the favorable or unfavorable day. The treatment

and day effects would be confounded. Thus, if in Table Ia the Design had

been such that Treatment (2) fell always in Day 2 and, if that Day the

response had been particularly favorable, (2) would appear to considerable

but false advantage. As matters stand Treatment (2) occurs equally in Days 1

and 2 and so any favorability of Day 2 must be balanced by the unfavorability

of Day 1. For 21 Treatments such balance can be managed in the 21 pairs. In

general for t odd, it can be managed in t(t - 1)/2 pairs. The situation

for t even, is discussed below.

The fundamental issue of the Design of Table Ia can be seen most

simply in the form of what may be termed a comparison table as shown in

Ib. It is something like the schedule of games of an athletic league.

In this comparison table, x indicates a comparison and o indicates its

repetition in the opposite order. The form of expression depends on

whether one says (3) vs. (4) or (4) vs. (3). Thus the x in the second

Row and first column arises from Man /3 'who tried both Treatment (1)

and Treatment (2). At the same time the o in the first Row and second

column, also arises from Man Since all cells, off the principal

diagonal, are filled once we may say the comparison table has fill of 1.

One might, of course, employ some multiple of 21 pairs, such as 63 pairs,

to get the comparison table filled thrice. In the business of designing

the experiment, one would simply write out the arrangement of Table Ia

three times over. It may be added that since Treatment (1) occurs thrice

on the first Day and equally on the second Day the totality of comparisons

1 _1
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Table . - Comparisons of 7 Treatments in 21 pairs

The Design by Men";Days and

Man

Treatments

Da 1 Day 2 Man Day 1 Dny 2Man Da i Da 2

(1) (2) VIII (1) XV (1) (6)
(2) (3) IX (2) (5) XVI (2) (7)

UI (3) (4) X (3) (6) XVII (3) (I)
IV (4) (5) XI (4) (7) XVIII (4) (2)

V (5) (6) XII (5) (I) XIX (5) (3)
VI (6) (7) XIII (6) (2) XX (6) (4)
VII (7) (1) XIV (7) (3) XXI (7) (5)

b. The comparison table

Trcatmer

vs. 2 3 L-L 5 6 -7

C f) 0 o o o

(4)

.....1 5 )

...ia_ x x x o

x x x x .

c. Differences in percentage Satisfaction achieved by 7 types of

Treatment given to 21 Men

Treatment

vs. (1) (2) (3) ()) (5) (6) (7)

(1)
1

-3 -3 -2 +4 -9 -9

(2) +3 +11 +4 +5 +2 -2

(3) ; +3 -11 -10 +1 -15 -2

i(4) +2
1

4-10 +5 -3 +8

(5) -4 -5 -1 -5 -12 -4

(6) +9 -2 +15 +3 +12 0

(7) +9 +2 +2 -8 +14 0

Sun +22 -23 +34 -18 +31 -37 -9

10

12



11

of Treatment (1) with others can be nowise influenced by the one Day being

better than the other.

Table IT) is the situation as it might be conceived at the time of

laying out the experiment; Table Ic shows the resuT1' -ter completing the

experiment. Each Man stated his percentage satisfact or wi-h each Treatment

given him. The material question is, of course, the -mce n that

satisfaction between the two Treatru-nts. Thus Nan I g. eati nt (1) a

percentage satisfaction 3% greater than he gave Treatlinmt i2cordingly,

there is entered in the second Row and first Column of 7al Ic ae value +5.

By the same token, there is entered in the first Row, sec 1 Col.m, the

value -3. Treatment (2) lost to (1) by 3%. It is note:vc:thy th,t Treatment

(5) was given a higher rating than any of the 6 competitive Treatments, and

this by 6 men. On the other hand, Treatment (2) was only once rated higher

than any other Treatment, and the other 5 times it competed was rated

lower. To return to the example of the athletic league, we should say that

a team that always, or almost always, got more goals than the others was

probably a good team. Certainly we should prefer to put our money on team

(5) rather than on team (1). For Table Ic the situation is, obviously,

fairly well summarized by the sum beneath each Treatment.

The design of paired comparisons for t , even, is not quite as simple

as writing down all comparisons of t things 2 at a time, i.e.,

C2 = t(t - 1)/2 . The problem is that there will occur t - 1 pairs

involving any given Treatment like (1), and it is plainly impossible to

dispose an odd number of things equally between 2 Columns. In some measure

Column effects would be confounded with the effect of Treatment (1). In

order to arrange the Treatments se that each occurs _ame number of

13
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times in each Column--tne minimum number of pairs or Rows is t(t - 1) ,

i.e., twice as many as for

illustrated for a tr:st on

the case

t = 4

Period

of t , odd. The

Treatments as follows:

matter may be

Period

Row 1 2 Row 1 2

(1) (2) vii (3) (1)

II (2) (3) viii (4) (2)

III (3) (4) IX (1) (4)

IV (4) (1) (2) (1)

V (1) (3) xi (3) (2)

VI (2) (4) xii (4) (3)

This Design double-fills the comparison table. Thus any 2 Treatments

such as (1) and (2), are compared twice. One might, of course, employ

some multiple of 12 pairs, such as 36 pairs, to get the comparison table

filled 6 times. The results would obviously be more reliable with so

much more data.

It seems undesirable to go further here into the question of paired

Designs. It seems better to look at the whole field of change-over

experiment and then return in a very thorough way to paired Designs in

Chapter VIII.

There is associated with paired Designs, as just discussed, and

for that matter with all the Designs that will be discussed, what is,

for present purposes, a degenerate class called balanced incomplete blocks.

These are situations where only the comparisons are of importance, and the

order within the pairs is unimportant. Such may well be the case in the

spacial Designs of Agronomy where the two members of a pair are simply two

little plots of ground. Such cannot generally be the case for change-over
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experimehts. Accordingly, the following discussion will be concerned only

with Designs in the class where the Columns are important. In such a case,

the little distinction between n even and alternatively ocli disappears,

since there is no problem of balancing the Treatments between the 2 Periods,

or Columns.

Changes-over involving rather more than 2 Treatments per unit, i.e.,

Youden rectangles - Most people must be aware of the possibilities, just

briefly discussed, of writing paired comparisons but certainly many may

not at all have considered the possibilities and profit of trying more than

2 Changes-over on a given unit. Such Designs are called Youden rectangles.

For the moment consider them as cases where the number of items per Row,

i.e., the number of Columns is 2 < c < t , the number of Treatments. For

instance, suppose, one wanted to test 7 Treatments on 7 Machines, each of

which was to be subject to 4 of the Treatments. Then, one may write some

Design such as that shown in Table IIa. Since this has t = 7 Treatments

in c= 4 Columns for r= 7 Rows, it may be calleda txcxr or

7x4)(7 Youden. In any Row there are generated, implicitly, by a given Machine,

6 comparisons. Thus Machine I yields the comparisons (1) vs. (2), (1) vs.

CO, (1) vs. (T), (2) vs. (4), (2) vs. (7) and (4) vs. (T). All such compar-

isons double-fill the comparison Table IIb. Thus the present is balanced

Design, in contrast to the class of partially balanced. In a Youden rectangle,

at least for the type used in the present book, the number of Rows is always

the same as the number of Treatments although the number of Columns may vary.

The Rows in this Design might, in the widely used terminology that originated

in Agronomic experimentation, be called blocks. The term has, however, little
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Table II - CompL ison of 7_Treatments in sets of 4

The -bc4x7 Youden

a. The Design by Machines and by Periods

Period

Machine 1 2 3 4

I (1) (2) (4) (7)

Il (2) (3) (5) (1)

III (3) (4) (6) (2)

IV (4) (5) (7) (3)

V (5) (6) (1) (4)

VI (6) (7) (2) (5)

VII (7) (1) (3) (6)

b. The comparison table

Treatment

vs. J11.._ (2) (4) (5) (6) -(7)

(1) oo oc' cc 00 0) co

(2) xx oo oo oo oo oo

(3) xx xx "1111111"11
oo oo 00 oo

4 xx xx xx IIIIIIIII

xx

xx

oo oo oo

( xx xx xx

xx

Illibw..,

xx

oo oo

(6) xx xx oo

(7) xx xx xx xx xx xx

C. Experimental results

Period

3 4Machine 1 2

(1) 272.9 (2) 302.4 (4) 349.1 (7) 281.1

II (2) 384.4 (3) 424.7 (5) 372.0 (1) 316.4

III (3) 292.9 (4) 356.4 (6) 374.2 (2) 198.2

IV (4) 530.2 (5) 425.2 (7) 309.9 (3) 464.7

V (5) 304.1 (6) 51,0.6 (1) 412.2 (4) 417.4

VI (6) 319.0 (7) 474.3 (2) 4o4.0 (5) 221.9

VII (7) 457.8 (1) 337.9 (3) 3=7.1 (6) 403.4



Table II (continued)

d. Comparison table results

VS.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(1) (2)

-29.5
-68.0

+29.5
+68.0

-108.3 -40.3
+10.8 -94.7

-76.2 -46.7
-5.2 -158.2

-55.6 +12.4
+108.1 +182.1

-98.4 -176.0
-65.5 +85.0

-8.2 +21.3
- o 3

Treatment

15

(3) (4) (5) (6) (7)

+108.3 +76.2 +55.6 +98.4 +8.2
-10.8 +5.2 -108.1 +65.5 +119.9

+40.3 +46.7 -12.4 +176.0 -21.3
+94.7 +158.2 -182.1 -85.0 +70.3

+63.5 -52.7 +81.3 -154.8
+65.5 -39.5 +76.3 +130.7

-63.5 -105.0 +17.8 -68.o
-65.5 -113.3 +93.2 -220.3

+52.7 +105.0 +206.5 -115.3
+39.5 +113.3 +97.1 +252.4

-81.3 -17.8 -206.5 +155.3
-76.3 -93.2 -97.1 +54.4

+154.8 +68.0 +115.3 -155.3
-130.7 +220.3 -252.4

sum -515.9 -187.9 +62.2 +810.9 -998.2 +617.4 +211.5
Mn. -36.8 -13.4 +4.4 +57.9 -71.3 +44.1 +15.1
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meaning and no utility in change-over experiments. Accordingly, they are

referred to more conveniently as Rows, from the point of view of writing out

the Design.

In order to make the nature of the Design and the analysis abundantly

clear, an actual experiment is reported. There were 7 ways of setting up

Machines and 4 of the ways were tried on each of 7 Machines. This took 4

Periods of about 10 days on each Machine. The resulting yields are shown in

Table 11c. Finally, in the comparisons of Table IId, it can be seen how the

Treatments, or sets-up, for the Machines, compared within a given Machine.

Thus Treatment (1) gave 29.5 lb. less than (2) on Machine I; by the same

token (2) gave 29.5 lb. more than (1) on Machine I. Treatment (1) gave 68.0

lb. less than (2) on Machine II, etc. All in all Treatment (1) gave 515.9

lb. less than the Treatments (2). throbgh (7) with which it occurred on the

same Machines, I, II, V, and VII. (There is no question of comparing Treat-

ment (1) to other Treatments on Machines where (1) was not tried.) Similar

totals are formed for each Treatment (1) through (7). We must be struck by

the fact that Treatment (4) did better than any other Treatment except (5)

on all Machines on which it vas tried and got a total of +810.9. From these

totals averages may be struck (dividing by 14 and not 12 as one might have

expected). From this we learn that Treatment (1) gave 36.8 lb. less on the

average than all Treatments (including itself). It should nowise be supposed,

of course, that the above extensive but primitive piece of arithmetic is

intended as an example of how such a Youden rectangle should be analyzed in

practice. This arithmetic is presented simply to justify and recommend the

Design. Methods of analysis to be used in routine work are presented later;

they are much less laboriouE 2nd much surer methods.
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It is also possible to try 3 Treatments on each of 7 Machines, when

there are 7 Treatments to be tested,if one writes some Design, such as:

Period

Machine 1 2 3

(1) (2) (4)
11 (2) (3) (5)
III (3) (4) (6)

iv (4) (5) (7)
V (5) (6) (1)
VI (6) (7) (2)
VII (7) (1) (3)

This Design preserves the virtue of Table Ia, that each Treatment occurs

the same nutber of times on each Day, i.e., in each Column. Also if

Machine I gives some production for Treatments, (1), (2) and (4), there

are available the 3 comparisons (1) vs. (2), (1) vs. (4) and (2) vs. (4),

free of the differences that can occur from Machine to Machine, i.e.,

within a given unit or Machine. The 21 such comparisons, from the present

Design, just fill a comparison table like Table Ib. The Design gives rise

to a once-filled table of comparisons. The above Design, with 7 Machines.

during 3 Periods can be called a Youden rectangle with 7 Treatments (t)

in 3 Columns (c) for 7 Rows (r) , or it may be called a 7x3x7 Youden.

So far as actual use of the above 7x3x7 Design is concerned, when there

are many experimental units, it may be repeated 3 times on 21 of them

so that a good deal of information may be gotten conveniently.

It is impossible te write a Design, i.e., to try 7 Treatments'

on each unit 5 times and to satisfy the condition that all horizontal

comparison, i.e., wtthin Rows, should be made an equal number of times

in 7 Rows. We might call this a 7x5x7 Design. Just where it is pc-;sible

to write Youden rectangles is discussed in detail in Chap. III. HCJ it

is possible to write them is discussed in Chap. IV.

1 9



For general discussion of Youden rectangles the reader may refer to

Youden (1951), to Cochran and Cox (1957), or to Fisher and Yates (1967, 27-

.31). The reader of the above cited works will find an elusive element of

difficulty, if his practical experience is indeed of the change-over type.

This difficulty is that tne entire corpus of experimental Design rests on

and reflects its origins in the field trials of Agronomy. The reader will

find Youden rectangles are recommended for problems on, for instance, litters

of animals where it is required to try about 19 Treatments on highly consis-

tent litters of about 5. Such designs are recommended for laboratory and

technological processes where there is a limited number of Treatments pos-

sible on a group and varietal trials where there is a large number of varie-

ties. These recommendations are essentially in terms of field trials

involving contiguous plots and seem a little odd if one is thinking essen-

tially in terms of change-over experiments. Writers generally, within a

classical type of experimental design, as in Agronomy, think of Youden

rectangles as a means of getting smaller blocks and thus controlling varia-

bility. Sometimes, we are more interested in foreshortening the time required

for an experiment. Even in change-over experiments, however, it may be argued

that it is best to try only a few Treatments on a subject because over a short

time he is presumably more consistent in his responses than he is over a long

time. It can also be argued that insofar as subjects change variously with

time, the short experiment is the better.

As was previously discussed, in connection with paired comparisons, each

Youden rectangle is exactly paralleled by its balanced incomplete block. The

distinction is that in Youdens the Column in which a symbol occurs is

important, whereas it is not so in a. balanced incamplete block. To put the
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matter otherwise, a Youden rectangle becomes a balanced incomplete block if

the symbols within a Row are randomly permuted. The Design of Table IIa,

for 7x4x7, thus becomes, for instance:

Period

Machine 1 2 3 4

(2) (4) (1) (7)

II (3) (1) (2) (5)

III (4) (6) (2) (3)

IV (4) (3) (5) (7)

V (6) (5) (4) (1)

VI (7) (2) (5) (6)

VII (6) (1) (3) (7)

It will be noted that the Treatments on each Machine are exactly the same as in

the corresponding Youden rectangle but they do not necessarily occur in the

same Period. The Design obviously has not balanced Treatments against Periods.

In the analysis the effects of only Machines and Treatments would be considered.

If, of course, the Columns of a Youden rectangle prove, in some sense, unim-

portant, this class degenerates into balanced incomplete blocks. The same

Design may be used but analyzed either as a Youden or as a balanced

incomplete block. Note that any Youden Design can be used as balanced

incomplete block Design but the reverse is not true.

Double Youdens - There exists an extension of the simple Youden rectangle,

as first discussed, which may be termed the double Youden rectangle. It

has most of the general properties of the well-known simple Youden rectangle.

It has all Treatments equally represented, i.e., twice, in each Column.

21
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The horizontal comparisons, i.e., within a Row, fill each cell in a compari-

son table an integer number of times. It differs only in that t Treatments

require a Design of 2t Rows. In general it may be characterized as

t x c x 2t . Such a Design could, of course, be used in experiments that

are not change-over but are simply spacial, as in Agronomy. They have been

so used by Cochran and Cox (1957) with the appellation of Type V. The neces-

sity for such a Design arises because, as has previously been indicated, it

is not always possible to write a Youden rectangle which might be convenient

for an experimental program. Thus one cannot write a 7x5x7, i.e., the numly-r

of Treatments, t - 7 , the number of Columns, c = 5 , and the number of Rows,

r = 7 , in a balanced Design. Thus in terms ,-.)f a comparison table, like

Table IIb, there would be 10 comparisons per Row or 70 in all to fill 21 cells

of the comparison table (below the principal diagonal thereof). Accordingly,

some would, at best, be filled thrice and some four times: The non-existence,

for present purposes, of 7x5x7 is not important, in a practical way, because

one can write 7x3x7, 7x4x7 and 7x6x7 (as will appear in the next Section).

The issue does, however, become important if one has 9 Treatments because it

is then impossible to write any Youden rectangles at all, except the special

large case of 9x8x9 (Yates rectangle) in 8 Columns or the even larger latin

square (9x9x9). This is very unfortunate because there always seems to be a

lot of experiments with 9 Treatments. The practical difficulty can, however,

be met by writing the double Youden rectangle 9x4x18, as in Table III. This

only requires 4 Periods or Columns. Just when it is possible to write Youden

rectangles or double Youdens can be discovered from Table IV which shows all

possible Youden situations, single and multiple, for any number of Treatments

22



Table In Comparison of 9 TrestmentS in sets of 4

Tbe 9x4x18 Double Youden

a. The Design by Croups and by Periods

Grou
I
II
III
IV
V-
VI
VII
VIII
.IX
X

XI
XII
XIII
XIV
XV

XVI
XVII
XVIII

Period
I 2 3 4

(1) (2) (4)
---

(8)
(2) (3) (5) (9)
(3) (4) (6) (1)
(4) (5) (7) (2)
(5) (6) (8) (3)
(6) (7) (9) (4)
(7) (8) (1) (5)
(8) (9) (2) (6)
(9 1 3 '7)
(1) (6) (3) (2)
(2) (7) (4) (3)
(3) (8) (5) (4)

(4)
(5) 91))

(6)
(7)

(5)
(6)

(6) (2) (8) (7)
(7) (3) (9) (8)

(8) (4) (1) (9)
(9) (5) (2) (1)

The comparisontable

Treatment
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up to t = 36 in any number c < t - 1 of Columns. As might be expected,

the multiple Youdens have their parallel balanced incomplete blocks.

Table IIIa shows the Design for 9x4x18. Table lib sets out the compar-

ison table, i.e., the comparisons within Rows. Then we may check off the

comparisons in the first 9 Rows with an x and in the last 9 Rows

with a y .Thus Treatment (1) is compared with Treatment (2) once in the

first half, i.e., in Row (Group) I and twice in the second half, i.e.,

in Rows X and XVIII. So its comparison shows xyy . The counter compar-

ison of (2) with (1) may be again, as in Table I, indicated by an o. This

comparison Table IIIb shows that the 9x4x18 gives rise to a thrice-filled

table of comparisons. If the first half had been used alone some comparisons

would have been made once and some twice and the same may be said of the

second half. As things have been worked out, however, the two halves comple-

ment each other and all comparisons.are made thrice.

These double Youdens may not only be useful when, for some value of

t , like 9, there exists no single Youden Design, but also when they

require a smaller number of Columns than the single Youden. Thus it is

shown in Table IV that for 25 Treatments one can write the single Youdens

25x9x25 and 25x16x25 but it may nonetheless be more practical to employ

the double Youden 25x4x50.

To go somewhat beyond the idea of double Youdens, it may be noted that

there do exist various classes of multiple design where the number, r = gt ,

of lbws involves g > 2 but still an integer. Thus it might be said that

the case of a triple Youden, 7x2x21, f = 1 , has already been shown in

Table I. While in a theoretical way we might get a variety of integers, it

seems hardly worthwhile to consider cases other than g = 2 , i.e., what the



writer terms "double Youdens." The exception is the case of paired compari-

sons c = 2 , where we may go to quite high multiples, or values of g > 2 .

Cochran and Cox (1957), it may be noted, do show multiple Designs beyond the

double.

Yates rectangles - A special class of Designs was first suggested by Yates

(1936), where r , the number of Rows, is the same as t , the number of

Treatments, but c , the number of Columns is always t - 1 . In thes

Designs every Treatment must, of course, occur in every Co=-1. Furthermore,

each Row must contain all Treatments but one and that one 1-11:2_: be missing in

no other Row. Yates rectangles may be conceived as simpl:- ing dowl_ all

combinations of t things t - 1 at a time, i.e., Ct_l Rows, and then

permuting within Rows until the condition that each Treatmc. occur once and

only once in each Column be met. Such Designs can be writt_n for any value

of t . An example is the 7x6x7 Design as follows:

Row 1 2

Column

.4 5 63

I (1) (2) QI-) (7 ) (6) (5)

11 (2) (3) () (1) (7) (4)

III (3) (4) (6) (2) (1) H
Iv (4) (5) -(7) (3) (2) (6)

v (5) (6) (1) (4) N (7)

ATI (6) (7) (2) (5) (4) (1)

VII (7) (1) (3) (6) (5) (2)

The comparison table is always filled t - 2 times. This Design fills the

comparison table 5-fold.
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These rectangles due to Yates (1936) are of great interest historically

because they antecejded Youden Designs in general. Yates had in mind

not Change-over experiments but those more like Agronomic experiments where

the observations were made on contiguous plots of land. These Yates rec-

tangles are not of general utility because, among other things, they are

overshadowed by the closely related latin squares which will be discussed

next. There is, however, one exception and that is in problems involving

Carry-over, which will be discussed below, and which makes Iatin squares

with t odd awkward, whereas the associated Yates rectangle is very

well behaved. It may be preferred to use the Yates rectangle.

Latin squares A very special class of change-over Designs are those where

the number of Rows and Columns is the same as the number of Treatments.

These may be written txtxt. They are called latin squares. In these,

every Treatment must occur in every Row and in every Column. The comparison

table is always filled t times. This wellin Design is abundantly

illustrated in the remainder of the present book. The first case shown

is that of Table VI.

Latin squares are of great general untility. They are comparatively easy

to design. rartyare easy to analyze. Latin squares are of the greatest inter-

est historically because they were among the things that Sir Ronald Fisher

gave us when he inaugurated experimmtal design in the early 1920's. Origin-

ally, and in most of the current writing, latin squares arise typically as

contiguous plots of land, ratl-er than as Change-over experiments, but there

seem to arise few difficulties on account of this background.

The historic order in which things arose was first the latin square,

for practical purposes by Fisher in 1925, then the Yates (1936) rectangle,
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and then the Youden (1937) rectangle. Properly we shculd perhaps speak

of Youden squares in contrast to latin squares, but that name has been so

firmly established by the illustrious Sir Ronald Fisher, that it must be

retained. To the contrary, in the literature Youden rectangles proper are

often spoken of as incomplete letin squares. This term arises because

the latin squares anteceded the Youdens. In a sense, this is a fair des-

cription because a Youden recta_agle may always be co=leted to a latin

square. On the other hand, it s nowise true that a Iatin square can

always be reduced to a Youden r.32tangle. Corlionly, is quite impossible

to choose any set of columns f Dm the latin square aLd get a Youden

rectangle. It is, of course, fair to call a Youden square, or latin

square, complete in the sense that a given Row contains all Treatments

once and once only. On the other hand, a Youden rectangle, c < t , is

incomplete in the sense that a given Row contains only a fraction of the

Treatments.

The usual textbook discussion of latin squares, arising as it does

from spacial rather than Change-over experiments, discusses their character

in terms best forgotten in the present context. They are said to possess

a "double control," i.e., they are arranged so that systematic effects in

the Rows and Columns do not affect the comparison of Treatment estimates.

While this is true enough, it were best forgotten so far as change-over

experiments are concerned. For them, just as for any other Youden

( c < t ) Design,Columo effects are eliminated automatically from the

Treatment comparisons bec?Puse every Treatment occurs in each Column and

Lheir effects are quite unconfounded. The matter is best conceived as

:f differences within Rows filling a comparison table t times.
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It may be suggested in a ger way that the Latin square ari-7;es

.'d.mply as a special case txtxt, of the Youden type txcxt, of Designs. It

nonetheless _aas many special properties. It may be considered as an tro

boundary of the Youden Designs in a very general sense. The latin squa:e

also is imi:Drtant since several rules as to existence of Youdens turn c

it. These :.ules will not be discussed here further, however.

The reader will encounter in the literature much difficulty in the

analysis of louden rectangles and even more when he attempts to extend L-t

to change-over experiments on account of the reverse order in which the

Designs arose--from special case to general case. The literature attempts

the form of the analysis of variance that Fisher derived for the latin

square. With the development of the field, later writers have attempted

to generalize the analysis of all types of design into the form of analy-

sis of variance. This Procrustean effort is of dubious value particularly

when one gets to the analysis of change-over experiments. The arithmetic

becomes extremely heavy and the interpretation muddled. Accordingly, it

seems best to recast the analysis of data from Youden rectangles in a

form more natural, more meaningful and,in certain circumstances, more

easily calculated. This form is, of course, applicable to latin squares

for which it about ties with analysis of variance.

The Iatin square, like the previous Youden rectangles, has its degener-

ate form, when the character of the Columns is supposed trivial. This is

known as randomized blocks. This Design is of considerable importance in

laying out trials on plots of land hiat of no interest in Change-over

experiments.
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Metalatin DesIgns - We shall cmsider only very briefly ce,zes valere the nuMber

of Columns e-_ceeds the nurf.:..e: f _Treatments, i.e., where Q > t Beyond

lin square one may, at L.,az theorezically, go on to cses where each

experimentaJ_ unit (Patient, Subject or Machine) try all Tfat/nentS and try

some of them more than once. Fo: instance, each subject Aght try all Treat-

ments twice, in a rather simple-minded aesign. For such elere seems to

exist no name, therefore, Is coin the term of meta1at3-4 rectangles.

There seem -7,o be 3 types , Iype III of Cochran and Cox (1951), where the

number of Columns is c = mt l(m > 1); their Type IV whel"e C mt + 1(m > 0)

m being an integer; andanameless type which arises give/1 txcxt,

being such that c' = c - t g_ es rise to a Youden Desigo., i4 the sense of

the present book, t x c' x t In these, some Treatment AUSt occlAr more

than once in a Raw and therefore be compared within the ROW ylth itself. In

the comparison table the cells of the principal diagonal 0,1e to some extent

filled--in the comparison table for c < t these cells 0,ze empty. Approach-

ing the problem from another direction, one will find such behs discussed

as latin squares with extra plots.

There is only one place where the use of metalatin De2 igri5 seems possi-

bly justified, i.e., the case of tx(t + 1)xt . These are hiehtioned very

favorably by Patterson and Lucas (1962). They favor a latih Ware where

each Treatment is followed by every other Treatment and the4 by repeating the

last Column so that it is also followed by itself. Such clesIgn flakes Treat-

ments and Carry-over completely orthogonal but at the expense cf confounding

with the Raw. It is possible that some such Design would av016 the difficul-

ties in Change-over referred to later, of writing latin t odd

but the matter is not explored L.-- the rcoent book.
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The Designs we have el metalatin, i.e., of the present general

type except that c > t not be discussed much further in this book

so that perhaps a few ge-I.E_ 17emarks are in order here. Metalatins may

conceivably be useful in lnusual situations where one is poor in

experimental units but cc:1 tively rich in time. Such a case might, for

instance, arise in a pape: on an experiment on 3 great paper

machines, which are all t- are in a paper plant. Accordingly, one might

try out 3 bactericides ov _Pre than 3 periods. The case is some-

what forced and the whole Lss seems so far outside all probable experi-

ence that it will not again be discussed beyond this section. The Design

3x5x3, taken from Cochran an Cox (1957, their plan 13.16 of their Type III),

is

Column

Row 1 2 3 4 5

(1) (2) (3) (2) (3)

II (2) (3) (1) (1) (2)

III (3) (1) (2) (3) (1)

The resulting comparison te is

Treatment

vs. 1 2) (3)

(1)

(2)

xxoo

xxxx
xxxx

XXXX

XXXX

0000
0000

xxoo

XXXX

XXXX

0000
0000

0000
0000

XX00
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The historic limitations of experimental design - It so happened that the

necessity for clear thinking with regard to experimental design and the

analysis of experimental data were first realized in Agronomic work at

Rothamsted Experimental Station. Az a result the terminology of experi-

mentation has an Agronomic flavor. In a most serious way, the whole realm

of thinking is limited and stilted by the circumstances of Agronomy in the

1920's.

It should be understood that the agronomic experiment is peculiar in

that in a general way it consists of units of area upon each of which, in a

usual way, oray one Treatment is tried. One tries only one fertilizer on a

given piece of land. These small plots are usually clustered in compara-

tively homogeneous groups called blocks. There may be great variability

from block to block although ideally but little within. The idea of the

Block or of the Row, as we handle things, is very important. It is the

dimension in which we accept chance variability. We anticipate there will

be much more variability among Rays than within them. A contrast to Change-

over, in behavioral work, that is analogous to the plots and blocks of

Agronomy is what is often called matched panel operation. One Treatment

is given to one group of men and another Treatment to another group.

9?lere are, say, two such groups. An effort is made to get men of about

the same age, background, etc., matched or balanced into the 2 groups.

Such endeavors generally seem to work out poorly. The experimental control

of a change-over experiment seems to work out better.

The reader with a background in statistical experimentation wL11 be

surprised that the present book gives but little attention to the

arrangement of Treatments, as compoundings of various factors etc., but great



attention to the evaluation of Treatments regardless of their origin.

The writer's experience has been that his great problem has been to

discover the actual result of his Treatment--how people react to such and

such a Treatment. How much steel did come from the use of each Oil?

These facts require more than careful and abundant observation; they re-

quire the careful design with which this book is preeminently concerned;

they require careful allowance for probable differences among the experi-

mental units. The facts having been clearly discovered, the particular

policy that should be pursued as a result of the experiment is often

patent. There 'is, on occasion, necessity to break treatment variability

up, as has been done in each of Chapters V through VIII in connection with

various types of problem. This is essentially the partitioning of treat-

ment effects that looms so large in the classical analysis of variance.

Indeed, Table XXXVI is devoted to such partitioning. It will, however,

be noted that the numerous examples of the present book are almost entirely

concerned with the qusstion, in fact, of what was the response to various

Treatments in simultaneous trials.

Finally, experimental practice and analysis are still heavily influ-

enced by the fact that they were directed towards the use of desk calcu-

lators. A science carries its rudimentary aspects in the same way that

animals carry rudimentary organs. One can indeed still find in statistical

texts elements from the pen-and-paper days preceding the desk calculator

early in this century. In fact, we have the electronic computer and should

shape our mork for its use. The matter of form of anaiysis will be taken

up fully in the later chapters.



II. Exploration of Youden field

The general character of louden Designs

Latin squares and Yates rectangles

Youden Designs, c t - 2 , that may exist

Single Changes-over or paired comparisons

51

Page

32

34

34

36



:52

The general character of Youden Designs For the type of Design indicated

in Chapter I, we may write in a formal way that it involves t Treatments,

applied to c Columns in r = gt ( g an integer) Rows. For c < t , no

Treatment is repeated within a Row, whence each Treatment occurs g times

in each Column. In order that the comparison table, in the sense of

Chapter I,be filled an integer number of times, the number,

2rC
2 rc(c - 1)

(1)

of comparisons within a Row over all Rows must be a whole multiple of the

total,

2C
t

= t(t - 1)
2

number of combinations in the comparison table, i.e., the schedule of

paired comparisons. The integer fill is then

c t
f = rC

2/C2

(2)

rc(c 1)/t(t - 1) .

(3)

The value r is generally chosen so that f is minimal. The case of

r = t is, of course, that of the usual (single) Youden. Then, of course,

we get the simplification

= c(c 1)/(t - 1) . (4)

Cases where r = gt , g an integer, greater than 1, but minimal, are what

we have termed multiple Youdens. We are particularly interested in the case

of g = 2 , which is here termed a double Youden.
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The term Youden is used in the present book in the somewhat restricted

sense of Designs that seem to have proven useful and easily useful. They

are restricted to situations where the numbers of Rows, typically subjects,

and corresponding to blocks of the classical experiment in Agronomy, is

equal to the number of Treatments. There is also a special class where the

number of Rows is twice the number of Treatments. Each Treatment appears

the same number of times (once or twice, according to type of design) in

each Column. Very importantly, each Treatment is compared with each other

Treatment the same number of times within some Raw. The number of compari-

sons within ,Raws is called the fill. The term Youden is used somewhat more

broadly than usual in the literature, to include not only the common cases

where the number of Columns is less than the number. of Treatments but also

cases where Columns equal Treatments.

There exist, in the :literature, Designs where the number of Rows

is less than t , whence a given Treatment cannot be represented in every

Column. There are also Designs where the number of Rows is greater than

the number of Treatments, but not an integer multiple. In the terms of

the immediately preceding discussion, g is not an integer. Such Designs

are unhandy to execute and put an unnecessary strain on one's faith in the

algebraic interpretation. It seems idle to get into such unnecessary

complications. It were better to spend our time understanding fully,

and familiarizing ourselves with, the more limited type of Designs,

covered in the present book. The present book excludes the metalatins,

where c > t .
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Latin squares and Yates rectangles - It is always possible to write a

latin square, which requires t Rows. Then g = 1 . Then from Equ. (4)

since c=t, f=t. Similarly, it is always possible to ,1-rite a

Yates rectangle, which requires t Rows and c = t - 1 , whence from

Equ. (4), f = t - 2 .

Youden Designs, c < t - 2 that may exist - In order to find what

Designs are possible, for a given number t of Treatments, one need only

consider the value of f in Equ. (4) for any value of c (with that t ).

Then a single Youden can exist for cases where f is an integer. Double

Youdens are cases where f comes out 1.5, 2.5, etc., and then it is

necessary to make g .= 2 . Triple Youdens are cases where f comes out

a multiple of 1/3 and then it is necessary to make g = 3 . Using thus

Equ. (4), Table IV was constructed. L.is table shows for t through

36 all single and double Youdens than can possibly exist and for t

through 16 all triple Youdens. For each Design, the fill, in the

appropriate compariT,on table is shown. It should, of course, be realized

that the conditions considered in Table IV are necessary but not sufficient.

Only for the cases shown can there exist a Youden rectangle, but not for

all cases has a Design been written.

It will be noted in Table IV that if any Design, single, double or

triple, for t Treatments can be written in c Columns, then for the same

t Treatments, one can be written in t - c Columns. One may term two

such Designs complementary. The procedure for so doing is discussed in

Fisher and Yates (1967:26).



Table IV Possible Youdeniph arr:_a_nanents with_mlyennumber t

of Treatments c of Columns resultinp in fill of f

Youdens sinGle or proper42Ealaqinz Yates rectanalp_l_and latin

b.

squares)? all EsTalble.up to t-= 36

t c ft c c t c ff t f t c f

7 3 1
4 2

1152
6 3

13 4 1
9 6

15 7 3

8 4

Double Youdcns

16 6 2 23 11 5

10 6 12 6

19 9 4 2593
10 5 16 10

21 5 1 27 13 6

16 12 14- 7

22 7 2* 29 8 2*

15 10* 21 15*

all possible up to

tool' 'tcf

31 6

10
15
16

. 21
25

34 12
22

t = 36

t c

1

3
7
8

14
20

4

14

f

35

36

t

17
18

15
21

c

8

9

6
12

ftcf
5

9

2

3

4

5

1

3

3

5

13 36
7

10

17 8

9

1
5

7
15

7

9

21 6
10
11
15

3
9
11
21

25 4

12
13
21

1
11
13
35

29

33

7
14
15
22

16
17

3
13
15
33

15
17

c. Triple Youdens, all possible up to t = 16

t c f t c f t c f t cf t c f

4 2 2 7 2 1 1032 1355 16 5, 4
5 10 4 It 8 14 11 22

6 10
7 14

* Proved non-existent.



One can only suppose that the possible Designs of Table IV would soon

be obvious to anyone who looked at all closely at the present field. Such

a list is given, over somewhat different range from that of Table IV, by

Fisher and Yates (1967). They shaw the cases for which it has been proven

that no Design is possible. Often, however, the reader may be told the

Designs that are known but not those possible. In this sense, some are

missing even n-om Cochran and Cox (1977). They show in their list of

plans all the striLle 'Youdens up to the case of t - 21 and occasional

higher values of They omit Designs that exist for t = 23 and 31;

that possibly exist for t = 27, 34, 35 and 36; and that might be expected

but are proven not to exist for t - 22 and 29. A number of other writers

give lists but these seem to refer back pretty generally to Cochran and

Cox. Many more Designs are added in the present book, but even here

Designs remain unfound.

It is probably surprising that when t < 36 how few single Youdens

are even possible from Table IVa. There t is most commonly odd,

because then it is much easier to satisfy Equ. (4). There are even fewer

double Youdens because for them it is almost necessary that t be some

multiple of 4 plus 1. Such limitations are not, however, important in

practice. For instance, with 10 Treatments to test, one could be tried

twice, or some other llth could be found, and so the very convenient

Youdens of 11x7x11 or 11x6x11 would become applicable.

Single Changes-over or paired comparisons - Paired comparisons, i.e., cases

where only 2 Treatments are offered in succession to each participant or

machine initiated the entire present discussion. They remain of peculiar

dd
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practical importance. Only in their case are we interested in Designs

where g is larger, and sometimes considerably larger, than 2. Then, of

course, it is always possible to write a Design. For t Treatments it

is only necessary to write r = C2 Rows to get all comparisons. This

indeed does for t odd, although if it is also required that each

Treatment occur equally in each of the 2 Columns it is necessary to write

r = 2C
2

Rows. Under these circumstances, paired comparisons are always

filled once for t odd, and twice for t , even. Chapter VIII is devoted

to the consideration of such paired comparisons and includes some discus-

sion of their design.
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The general L7 Carr:, ,cver in Change-over experiments - Change-over

experiments while admirable in many respects suffer from the problem of

the Carry-over of effects from one period of Treatment into at least the

following period under another Treatment. For example, in the classical

field of Animal Husbandry Uhere a cow's lactation may be subdivided into

three Periods each under a different diet, the effects, such as vitamin A

content, of one Period must persist into the following Period. Likewise,

in an industrial experiment on the use of bactericide in the recirculated

water of a paper machine, the bactericide of the 2nd period may persist

into the 3rd period. A similar problem arises when people are given a

series of Treatments. The character of one Treatment tried, for example,

in the 2nq ueek, may influence their response to Treatment tried in the 3rd

week. The matter may be one of simple physical persistence of Treatment or

it may be a matter of changed attitude on the part of a patient. It is

often easy enoUgh to show experimentally that such Carry-over occur without

being able to judge whether the effect is physical or psychic. While such

problems seem to have been first considered in feeding problems of Animal

Husbandry, they occur, however, widely and clearly.in studies made in many

fields. The carry-over effect present is usually boldly ignored, often to

the total confusion of the experimental results.

The possibility of Carry-over is very important because it influences

not only the analysis of data from change-over experiments but their design.

Occasionally one wants information on Carry-over per se -- how long does a

Treatment effect persist? More commonly one wants to free the estimates of

direct Treatment effects from Carry-over with which they may be confounded.
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Even the latter not always done. It may be sufficient to balance carry-

over so that it affects all Treatments equally. Certainly it is

foly to have a given Treatment often or even always preceded by some

other Treatment which may cast a heavy shadow. Yet the literature is full

of such designs. The balancing of carry-over effects can, moreover, be

usually done at no experimental or monetary cost --.it is simply a matter

of arrangement of Treatment sequences.

The general f-i.eld of Change-over experiments has been reviewed by

Patterson and Lucas (1962). Their review allows for what seems to the

writer extremely complicated Design; it allows for cases where say a number

of subjects are first divided into subgroups which a2e comparatively homo-

geneous within themselves aad on all this is the Design built. The writer

thinks that perhaps such complexity has unduly burdened the application of

their techniques. Certainly the writer has had trouble enough.to. get the

more simple of their Designs, as discussed in the.present book into use.

Even then comparatively simple Designs have suffered from men disappearing

or at least failing to complete their assignment.

In the previous discussion the idea of Carry-over effects from an

Lnmediately preceding Period is involved rather than, say, from some yet

earlier Period. Indeed the following discussion is almost entirely in terms

of the immediately preceding Period. In fact, very commonly one can find

traces of Carry-over for 2 Periods. It usually seems to be much the same

as the Carry-over of immediately preceding Period but weaker. Theoretically,

and.to some extent practically, one may be plagued by the Carry-over

extending back several weeks in an experiment.



Carry-over in a simple non-Youden situation - A clear illustration of

Carry-over comes from a very simple experiment for which data and Design

are shown in Table Va. Treatment (1), which, as will appear, proved in-

ferior, was tried against regular Treatment (2). This Design does involve

Change-over but is outside any of our regular Youdenish patterns. It is

presented because the Design was such that the evidence of Carry-over is

unequivocal. Each Treatment was tried by each of a number of men. Some

men started with (1) and some with (2) and then followed a sequence of

trials. The men were divided into 12 groups each of about 20 men. The

men of a given group followed a given sequence of trials. For each Week

there was calculated the percentage of the time that the men said they

were satisfied with the Treatment.

The Oth week was set aside, as a conditioning week, i.e., as a week

in which a participant tried one or the other of the two competitive

Treatments but he returned no comment (at least one that was used). For

the next 4 weeks he was given one Treatment to try for each week, and his

satisfaction was considered. It can be seen that in each case there is an

(1) preceded by a (2) and one preceded by an (1); similarly there is a (2)

preceded by a (2) and one preceded by an (1). The symbols (1) and (2) are

balanced in Weeks. It is, accordingly, interesting to summarize the results

according to the Treatment given and the Treatment preceding as shown in

Table Vb. Finally, as in .11.c averages are formed. The things that are

striking about these numbers are that Treatment (1) averages less than

Treatment (2) but secondly that both Treatments average higher after (2)

than after (1). That is to say that the character of the two Treatments is
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evidenced just about as well in the response to other Treatment a week

later as it is evidenced in the week that the Treatment is tried. The

carry-over effect is of much the same size and nature as the direct or

main effect. Our evidence seems to suggest that the use of good Treatment

improves performance of subsequent Treatment in much the same way as an

experience with bad Treatment depresses performance of subsequent Treatment.

It may be noted tilat the Design of Table Va is perfect for the strict

detection of both the direct Offect of the two Treatments and for their

Carry-over. As the statistical term is they are not confounded with

column or week effects. Each Treatment is tried equally each Week and

each Change-over and presumably Carry-over occurs equally each Week cf

the trial.

Carry-over may be physical as when an animal is subject to a suc-

cession of diets and traces of diet in one Period may linger on into the

next Period. Again it could be physical if medication similarly lingered.

In this case we should call the Carry-over positive because benevolent

Treatment tends to give a desirable response in the following Period. On

the other hand it could be psychological. Someone judging the degree of

satisfaction of a Treatment may be influenced by the satisfaction of some

previous Treatment. Then it is hard to say whether the Carry-over will be

positive or negative. If the preceding Treatment was satisfactory then the

Treatment under immediate consideration may be jadged favorably in associa-

tion in which case we say there is a positive Carry-over. Here good

Treatment tends to elicit favorable response at the next Period. On the

other hand, if the preceding Treatment was satisfactory then that under
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Table TwoTreatments each tried b 12 Grouips of Men

a. Design and Results

Week

Grou 0 1 2 4 sum
((2, ) 1 72.3 (1) 56.9 (2) 59.-4 (2) 70.0 258.6

II ((1)) (2) 76.0 (2) 75.0 (1) 72.8 (1) 77.5 301.3
III ((2)) (1) 61.7 (1) 51.7 (2) 61.7 (2) 64.2 239.3
IV ((,1)) (2) 75.6 (2) 75.6 (1) 71.1 (1) 70.2 292.5
V ((2)) (1) 36.4 (1) 38.2 (2) 52.7 (2) 57.8 185.1
VI ((1)) (2) 61.8 (2) 49.1 (1) 61.8 (1) 70.9 243.6
VII ((2)) (1) 65.5 (1) 56.4 (2) 61.8 (2) 81.8 265.5
VIII ((1)) (2) 57.8 (2) 70.6 (1) 60.0 (I) 62.0 250.4
Tx ((2)) (1) 60.0 (1) 62.7 (2) 68.2 (2) 69.7 260.6
X ((1)) (2) 68.9 (2) 67.8 (1) 60.0 (1) 57.3 254.5
XI ((2)) (1) 63.8 (1) 58.3 (2) 60.7 (2) 67.8 250.6
XII ((1)) (2) 60.4 (2) 67.3 (1) 67.3 (I) 54.4 249.4
Sum 760.2 729.6 757.5 804.1 3051.4
Mean 63.4 60.8 63.1 67.0 63.6

Sortin

After

results accordin to Treatment and revious Treatment

(1)

2

Sum

(1)
56T,9 56.4
77.5 62.0
51.7 62.7
70.2 57.8
38.2 58.3
70.9 544
72.3 65.5
72.8 60.0
61.7 60.0
71.1 60.0
36.4 63.8
61.8 67.3

Treatment
(2

717.0

= 752.7

1

59.4 61.8
76.0 57.8
61.7 68.2
75.6 68.9
52.7 60.7
61.8 60.4 = 765.0

Sum

70.0
75.0
64.2
75.6
57.8
49.1

1469.7

c. Averages
Treatment

After 1 (2)
I 6777

(2) 62.72 68.06
Mean 65.90

oontrib. -2.33 +2.33

81.8
70.6
69.7
67.8
67.8
67.3 = 816.7

1581.7

Mean
-7)1.75

65.39
b3.57

1482.0

1569.4

3051.4

Contrib.

+ 1.82
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immediate consideration may be judged harshly in contrast, in which case we

say there is negative Carry-ovcr. It is indeed hard to tell how matters of

judgment will go and one can only be guided by the ascertained facts.

Insofar as the reader is impressed by these facts and by others of

the same kind produced later, he should be warned of a curious phenomenon.

The irresistible inclination of people, who are not statistical, is to start

discussing the machinery of such an effect. They want to argue as to what

must go on in the minds of the participants. That seems an innocent enough

thing to consider. The next thing, however, they become so involved in one

another's hypothetical machinely that they start disputing about it. They

proceed tangentially to the question of the machinery of how Carry-over

might work. There arises much speculation as to what is in the hearts and

the minds of the participants. They end up by proving to their own satis-

faction that some machinery does not exist and feel that they have therefore

dismissed the fact. The fact remains actually. Accordingly, we should not

discuss the fairly Obvious machinery but stick to the facts and their

implications. Our proper business is to discover, in fact, whether (and

not why) the response of participants to some type of Treatment is affected

by previous Treatment.

Men who pass as practical are inclined to confuse themselves with

the foregoing type of result or to ignore it entirely. They are inclined

to try 2 Treatments, one after the other. The first Week they may try

ono Treatment entirely, the second Week the other. By doing this they get

a situation where the effect of particular Weeks is confounded together

with carry-over effects with true treatment effects. They had better almost

guessed at the quality of their Treatment. At a somewhat more sophisticated

4
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level they may have half the men try a given Treatment in one Week and the

other half the men try the other Treatment. Then the second 'Jcek each man

will try the Treatment he was previously denied. There are, however, dangers

in such a 2-treatment experiment completed in 2 Periods. Where Treatment

effects are significant we see what would tend to have happened if we had

run 2-treatment studies, (1)-' the type where half the Groups get Treatment

(1) the first Week and Treatment (2) the second Week, while the other half get

(2) the first Week and (1) the second Week. This is what may be characterized

as the straightforward, commonsense approach to the question. We must,

however, ask ourselves how far such a commonsense program wisely advises and

how far it misleads. It can be seen that the typical 2-week, 2-treatment

study tends to underestimate in this case the extent to which the Treatments

differ from the control; it judges Treatment (1) which probably deviates

considerably from (2) as deviating little. They may judge poor product,

(1) i.e., (63%), as in Table V when preceded by good Treatment, (2), to

be much the same as good Treatment, (2), i.e., (6)-%), when preceded by

poor Treatment (1). Would -Are then do right to say that the two kinds of

Treatment are the same?

Given t:r:e data of Table V, a well-instructed man would have two serious

alternatives in reporting or recommending. First, he might say that there had

been tried out the two Treatments properly to balance out any possible

carry-over effects so that at least they are equally associated with the

treatment effects, in the Design above. Then (1) preceded equally by (1)

and (2) gives 61% satisfaction whereas (2) preceded equally by (1) and (2)

gives 66% satisfaction. As an alternative, he might report that a
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man using one kind of Treatment at all regularly will be more like (2) after

(2), i.e., 68%, and (1) after (1), i.e., 60%.

If there is Carry-over but jt is of negative character, i.e., makes a

man judge particularly ill Treatment in general after he has experienced good

Treatment, problems of quite another kind would arise. The alternation of

Treatments (1) and (2) would tend to heighten the contrast between them and

greatly gratify an experimenter anxious to find statistical significance of

some kind. He might report that Treatment (1) gave very low satisfaction

while (2) gave very high satisfaction. He, in this way, might mislead. If

the experience of having tried (2) much depressed the satisfaction enjoyed

with further such then (2) would appear to much less advantage in the long

run than on the short run of the experiment.

Change-over and Carry-over in a LAin square - The realm where the writer and

it seems other people have done the most work and thinking on Change-over

and where we have the most experience on Carry-over is that of the latin

square with t , the number of Treatments, even. For c.7ses of t , even,

there is always possible, as is discussed in Chapter IV, a Design with the

desirable kind of Change-over, as below. Consider, in illustration, a test

on 6 Treatments, (1) through (6), for which results, in a measure of satis-

faction, were as shown in Table VIa. The Design is a regular latin square

(except for the conJitioning Week marked 0 which is extra) but it has the

unusual feature that each Treatment follows all other Treatments so that we

may form some opinions about the Carry-over. These data may be sorted, along

the same lines as the data of Table V, accordina to Treatment and precedin6

4 8
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Treatment. This has been done in Table VIb. It will be seen that, in

general, if a Treatment has a high average the results following that Treat-

ment are high, i.e., the means for Rows and Columns in VIb go together. In

such experiments with several Treatments tried, when the Treatments have

considerable effect the Carry-over is considerableit is very often in the

same direction or so-to-speak positive. It may be noted in this case we

get again the curious result that poor Treatment following good Treatment does

as well or better than good Treatment following poor Treatnent. So there can

be a serious danger of misleading by bad experimental design and analysis.

In Table VIb the original Columns are equally represented in each Treatment

(vertically) and following each Treatment (horizontally). The original Rows

remain equally represented in each Treatment but, of course, the original Rows

are a little confounded with the Carries-over. Thus in row I, the Carry-over

of Treatment (1) appears twice but the Carry-over of Treatment-(4), not at

all.

In Table VIb, there is shown against each Carry-over the mean. The de-

parture of the mean for Treatment or for Carry-over (After) from the corner

mean of 56.4 is shown as the appropriate contribution. It is of some interest

to notice the correspondence bc Teen Treatment and carry-over effects. This

can be assessed by calculating the correlation coefficient* for means or

for conLributions. It is considerable, being +.93.

Typically in the kind of experiment involved in Table VIa, the condi-

tioning or Oth week would be omitted. Accordingly, the values on the

In case anyone does not know, the correlation coefficient measures th-7

correspondence of two sets of Ares. It is +1.00 for perfect direct coi.

respondence; .00 for no ,;orrespondence ancl -1.00 for perfect contrariwise

correspondence. 4u
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Table VI - Satisfaction reported by 6 Groups on. 6 Treatments over. 6 Weeks

Grou

Sum
Mean

0

a. Data collected

5 6 Sum Mea,1

Week

2 3

((1)) (1)46.4 (3)45.8 (2)40.8 (5)62.4 (6)59,9 (4)61.7 317.0 52 8
((2)) (2)60-9 (4)59.2 (3)44.9 (6)64.2 (1)-5.5. (5)52.0 336.5 56.1
((3)) (3)50.0 (5)50.0 (4)64.2 (1)60.9 (2)58.206)53.3 336.8 56.1
((4)) (4)63.7 (6)72.0 (5)71.7 (2)57.3 (3).53.3 (1)52.i 370.7 61.8
((5)) (5)48.8 (1)50.4 (6)56.4 (3)58.9 (4)65.6 (2)64.2 344.3 57.4
((6)) (6)63.2 (2)58.7 (1)51.8 (4)49.6 (5)49.6 (3)53.6 326.5 54.4

333.0 336.1 329.8 353.3 342.1 337.5 2031.8
55.5 56.0 55.0 58.9 57.0 56.2 56.4

b. Data arranged by Treatment and by Treatment of

(5) (6); Sum

the preceding Week

Mean 1Contrib.After (1) (2)

Treatment

(3) (4)

(1) 46.4 58.4 45.8 49.6 52.0 56.4 308.6 51.4 -5.0
(2) 51.8 60.9 53.3 59.2 62.4 53.3 340.9 56.8 + .4
(3) 52.7 40.8 50.0 65.6 50.0 64.2 323.3 53.9 -2.5
(4' 60.9 64.2 44.9 63.7 49.6 72.0 355.3 59.2 +2.8
(5) 50.4 57.3 53.6 64.2 48.8 59.9 334.2 55.7 .7
(V) 55.3 58.7 58.9 61.7 71.7 63.2 369.5 61.6 +5.2

Sum 317.5 340.3 306.5 364.0 334.5 369.0 2031.8
Mean 52.9 56.7 51.1 60.7 55.8 61.5 56.4
Contrib. -3.5 +.3 -5.3 +4.3 -.6 +5.1
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principal diagonal of Table Vlb would be omitted, i.e., the results for a

given Treatment would not include a case wherethe Treatment would be preceded

by itself, i.e., the treatment total would not embrace its own Carry-over.

The mean for that Treatment would be necessarily biased by the imbalance of

the Carries-over. The corresponding estimate of Carry-over would be

necessarily biased in the direction of the balance of the Treatment. The

Carry-over, in brief, as will te discussed in detail in later discussion on

Carry-over, would,to some extent, be confounded with direct treatment effects

as well as previously discussed, to some extent with row effects. This

confounding is, however, small in degree in a latin square, as compared with

other Designs. The direct treatment effects would be confounded to some

extent with Carry-over but with nought else.

Since in many cases the Carry-over of a Treatment varies as much, or

almost as much, as the direct effect of the Treatment, it might in some sense

be used to discover the Treatment effect. Perhaps even more pointfully the

direct Treatment effect and Carry-over might be used conjointly to discover

the effect of Treatment. Such procedure would be very efficient but it is

perhaps a shade questionable under the practical conditions. It has not

been developed.

The occurrence of Carry-over in routine latin squares, particularly of

the type 4x4x1[ for t even and a kind of double Design two (3x3x3) for

t odd, as will be discussed later, has been thoroughly examined by the writer

f.,1 numerous tests rsing men. mhe conclusions reached have been that the pat-

tern of Treatment of participants should be such that one test Treatment has

much the same background as another. In practice, the Designs, termed
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balanced Carry-over, should be regularly employed. This should be done

because there is often clearly a Carry-o-vr.r of Treatment responses from

the Treatment used prior to a given test Treatment. Insofar as the pre-

ceding point is sound, experiments consisting of several (such as 6

kinds of Treatment) are superior to those consisting of 2 kinds of

Treatment. The experiment on 2 Treatments or Materials in 2 Periods,

to which the uninstructed mind will be found to turn freely may be bad

because possible Carry-over can.be balanced only with a certain difficulty

as in Table V. In experiments with t > 2 one does not c-v-en need the

conditioning Period as shown at the beginning in Table VI; this matter wil

be gone into later in detailed discussion of the analysis of experimental

data. The conditioning Oth Week of Table VI is simply included because

for the moment it simplifies the argument as to the existence of Carry-

over. In practice Designs with t=2 should be used as little as possible

The idea of confounding of effects will occur frequently throughout

the following discussion and so should perhaps be considered now. It

occurs in Table VI in the sense that the Carry-ov,-r of Treatment (1)

appears twice in Group I and not at all in Group IV. Now if for some

reason these Groups are inclined to give higher readings than the other

Group,,..., the Carry-over of Treatment (1) will appear favorable. There is

nothing but good luck to distinguish such possible Group effects from

effects of Carry-over. They are confounded.

Carry-over in Youden Designs (c <:t) - In Youden Designs, other than the

Iatin squares, where the number of Columns is less than the number of

Treatments, (c < t), it is difficult to discover the generl nature of

Carry-ow!r in so simple a way as frcm a latin square. There the
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confounding of Carry-over with Rows is trivial, so tht the Carry-over

stands out, as in Table Vib, pretty plain. When, hOwever, .c < t as

in Table II (c = 4 , t = 7) , even the calculation of direct Treatment

effects in the Youden is not immediately obvious. Certain Treatments and

certain Changes-over occur in some Rows but not in others and if those

happen to be Rows with high values the Treatments or Changes-over, involved,

appear high at first glance. When c < t , it is difficult, or impc ble,

to demonstrate Carry-over in any rough but at all convincing way. It does

occur and can be demonstrated by more involved analysis, as will be done

in Chapter VI. With Youdens, c < t , it is possible, but generally im-

practicable, to use a conditioning Period such as that shown for the

latin square of Table VI.

In case, Carry-Oyer effects do occur in Youdens, c < t , they can be

controlled to a large extent; we may at least reassure ourselves that no

Treatment is repeatedly preceded by some other Treatment so that the direct

effect of the first is confounded with the Carry-over of the second. In a

Design such as that of Table IIa, 7xhx7, plainly we cannot have

Treatment (2) preceded by every other Treatment because (2) occurs but four

times. The most we can ask is that (2) or any other given Treatment, shall

not be preceded by a given other Treatment more than once. This was

achieved in the Design presented although the matter was not rointed out at

the time. There are two rewards fo: this arrangement. First, if we neglect

Carry-over, any possible tendency to obscure main Treatment effects will be

minimized. Secondly, if we choose we can set up the necessary equations to

solve for Carry-over--they will be considerable although, of course, far from

oJ



the almost impossible level that they would attain if we just randomly

assigned Treatments to Groups. If we suppose that in the first Column,

there was common background Carry-over, the pattern of direct Treatment

and Carry-over is as follows:

After
1
2
3
4
5
6
7

Common

Treatment

(4) (5) (6) (7)
x x x

x x x
x x x

x x x
x x x
x x x
x x x x x x

L/P

It can be seen that the appearance of both types of effect, in themselves,

are regular and also in conjunction with each other are regular. Thus

is the isolation of the effects simplified and strengthened. All the Youden

squares used in the present book are consucted when possible on this

principle of no repetition of Carry-over. It has been necessary to rewrite

the Designs given by the textbooks to achieve this. By so doing, not only

is the effect of Carry-over minimized but a good basis has been laid to

estimate it by algebraic operation, if that be required.

The desirability, or one might even say necessity, of controlling

Carry-over in experimental d,:,.sign, bears on the question of balanced incom-

plete blocks, as discussed in Chapter I, in connection with Table II. In

the little example given the.A.e of a balanced incomplete block gotten by

random permutation within the Rows of a 7x4x7 Youden, we find, if we

ignore the first Column, which has perhaps some common backgrolind Carry-over,

the pattern of direct Treatment and Carry-over as follows:
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Treatrlent

After
TT-
(2)
(3)
(4)
(5)
(6)
(7)

2) (3)

..A.

x

.!
/

x

x

xx
x
.

.

i ,

I
i

1

x
x

x

-

.

1
,
,
I

x
xx

x
1

x

It can be seen that the Carry-over is irregular. Thus it is plain that the

disposition of Treatments in Columns may be of some importance even in

balanced incomplete blocks. This.necessity bears on design of the type dis-

cussed in this book, where one must L:onstantly wonder whether it is necessari

to control the occurrence of Treatments according to Colamn, i.e.,.whether

Youden Designs are really necessary or whether balanced incomplete blocks

might not suffice. Such a question is inevitable if effect of Columns seems,

as it often does, trivial. The difficulty remains, however, that when the

procedure is by change-over, Carry-over will be confounded with Treatment.

The problem we are faced with is that even if Columns are nct important in

themselves, the Change-over may amount to the same thing. So the balanced

incomplete block cannot actually be employed freely and one might as well

use Youden Design anyhow. Then in the analysis the effect of Cblumns can be

ignored but Carry-over can still be considered.

Carry-over in paired comparisons - In paired comparisons, i.e., Changes-over

involving 2 Treatments per unit, carry-over effects may occur just as in any

of the Designs discussed just previously. Carry-over mgy be simply allowed

for by controlling the Treatments that a given Treatment follows or it may

be estimated. An example of unrepeated Change-over is given in Table I

where it can be seen that no given Treatment is preceded twice by any other

Treatment Shortly after that table there is given an example of testing
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4 Treatments where the Design has not only unrepeated Charge-over but

balanced Change-over. A given Treatment is preceded by all other Treatments.

It may oe noted that if it is required to have a given Treatment preceded by

all other Treatments it is necessary to write 2C
2

Rows for t , odd, the

same as for t , even. A conditioning 0
th

Period may be used or simply a

preceding period of common background. The former is illustrated later in

Table XXXVIII althoupfn it is hard to work such things out. The latter (com-

mon background) iS the more practical.

Contiguity problems - The previous discussion of Change-over where one designs

in 1-space of a Row and time progresses to the riht is closely related to

the even more general and not uncommon problem of contiguity of Treatments, in

2-space. This is somewhat outside the purpose of the present discussion but

may be touched on briefly Tre. Thus even in the classic field of Agronomy

a Treatment may effect the response to another contiguous to it.- Agronomy

is no proper part of our 1-pusiness,:so we must leave this discussion as a

suggestion. One must wonder, however, whether in the classical agronomic

experiments contiguity may not have some bearing, whether it has not been

neglected and whether it should not be controlled. The writer has dis-

cussed with Dr. W. J. Youden his work in this realm 1;ut there seems to be

na extensive literature on the subject.

The type of Design, discussed in the present work,that assures that no

Treatment is ever preceded twice by any other given Treatment automatically

assures us also that no given Trea follows it twice. Hence no Treatment

has any other Tre&ment beside it unduly. For work as in Agronomy, however,

it would be necessary to consider neighbors in a second dimension. By way of

a suggestion, an ap.oroprl.ac Design, with unrepeated Change-over in Rows and
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from Row to Row, can be written in the case of spacial latin squares. The

matter is disCussed at more length in Chapter IV, in connection with the

topic of latin squares, t even. Here we may simply give the example of

a 6-treatment experiment, like that.shown in Table VI, but wit4 somewhat

different arrangement, i.e.,

(1) (3) (2) (5) (6) (4)

(3)- (5) (4) (1) (2) (6)

(2) (4) (3) (6) (1) (5)

(5) (1) (6) (3) (4) (2)

(6) (2) (1) (4) (5) (3)

()4) (6) (5) (2) (3) (1)

This is gottn, of course, by simply rearranging the Pows of Table VI.

Here, of course, contiguity in both Rows and Columns f_s. well taken care of.

Any Treatment like (1) has any other Treatment (2)'through (5) contiguous

in either a Row or Column 4 times. It may be of concern that 20/36 of

the plots are edge plots. If so there might lpr- put buffer plots, judiciously

treated but not counted, about the Design as above. Perhaps we might

designate buffer plots by double parenthesization and write:

((1)) ((3)) ((2)) ((5)) ((6)) ((4))

((1)) (1) (3) (2) (5) (6) (4) (()4))

((3)) (3) (5) (4) (1) (2) (6) ((6,)

((2)) (2) (4) (3) (6) (1) (5) ((5))

((5)) (5) (1) (6) (3) (4) (2) ((2))

((6)) (6) (2) (1) (4) (5) (3) ((3))

(()4)) (4) (6) (5) (2) (3) (1) ((1))

((4)) ((6)) ((5)) ((2)) ((3)) ((1))

Now any Treatment like (1) has every Treatment, including itself, contiguous

in either a Row or a Column 4 times.

Two positions, with regard to analysis, might be taken with such data,

just as they may be taken in handling change-over experiments. The more simple

position is to comfortoneself that insofar as contiguity is of importance, no

Treatment will be heavily confounded by tbe nature of its neighbors. The

more difficult position is to eliminate, if necessary, the effect of contiguity
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from the estimates of effect of Treatment and always eliminate it from the

estimates of residual variability. Such analysis could he easily enough

completed along lines indicated in the later chapters. Contiguity, pre-

sumably, would work not only in t',To dimensions but so-to-speak, backwards

and forwards.

58
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The general roblem of writi g Youden designs - It should hP rpnli.zpd that

while Table II shows what Youden rectangles txcxr, where r t or 2t

can exist, it does not necessarily prove they do exi t. In fact the liter-

ature knows of two as discussed later, that do not exist and a third such

case has been discovered, as in connection with Table XIV, in the course

f the present work. For some no Design of any kind has ever been submitted,

as was discussed in Chapter II, on exploration of the Youden field, and even

in this book no Design is submitted. Even granting the existence of a

Design in a general way for any particular ca e it may not exist subject to

the restriction that no given Treatment is ever preceded or for that matter

followed by any other Treatment more than once.

It seems good practice to write Designs indicated as possible in

Table II subject to the restriction that the Treatments in a Column are

arranged in cyclic order. This matter was illustrated in the Designs of

7)0)(7 and 7x1kx7 which were previously pre ented and discussed at some length.

To repeat the Design fol. the latte

Column

Row 1 2 5

(4)

()
iii 3) (4) (6)

Iv (4) (5) (7)

5) (6) (1)

vi (6) (7) (2)

VII (7) (1) (3)

4

The advantages of such Design, when it is possible, are many. In the first

place one may ex_ ine the forward differences in Row I, i. 1, 2 and 3
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The -e containing no repetition, it follows that Treatment (1) can never be

followed twice by any other Treatment. From the relatio- hip existing

between any to Rows, it follows that if Treatment (1) is never followed

twice by any other Treat-ent that the same kind of statement can be made

for ( ), ) .(7). There are many theoretical advantages such as the fact

that the sequence of forward differences 1, 2 and 5 proves immediately that

the Design is Youden but on these let us not dwell. Rather let us con.ider

the enormous practi al advantage of being able to hand such simple Design

to the unsophisticated man who must apply it in the fury of the clinic.

its simplicity he can comply--let the reader examine some of the noncyclic

examples that follow and imagine himself applying them in either fury or

heat. Further let us remember the ease with which we can discover a misap-

lication of a Design in the present simple form; it can be done at a rapid

glance; it requires no elaborate proofing. The writer suspects that one of

the reasons that adequate experimental design has found as little applica-

tion as it seems to have found, is that it often seems too complex to

administer in practical situations.

Cyclic form is not only easy to proof and easy to manipulate but it is

easy to abbreviate. For instance, we may abbreviate the case of 7pc4x7

shown to

73c4x7 f =
Row 1 (1) (2) (4)

A 1 2

When it is understood that the Columns are, of course, written in cyclic

order, modulo t . First forward differences, which may be useful, have

been added to the state ent of Treatments in first Row. The fill, which



may be useful, has been noted against each Design. The other example,

previously employed, can be written much more cunningly and economically as

7x3x7
Row I (1) (2 ) (4

A 1 2

This form saves a great deal of space. The forward differences, adde

reassure us that the Change-over is indeed unrepeated. They are_ also some

reassurance against copying

abbreviated fo_ Thus

errors. Double Youdens can be written in similar

we can write 5x2x10, f = 1 , at length as=

Coluian

2
Row I (1) (2)

II (2) (3)
III (2) (4)

IV (4) (5)
V (5) (1)

V1 (1) (4)
VII (2) (5)

VIII (3) (1)
IX (4) (2)

X (5) (3)

in abbreviated form we may wri

10 f = 1
Row 1) 2

1
VI ) 4

3

Se ±ew multiple Youdens g > 2 when c , 2 with which we are concerned,

w be written in the abbreviated form:

4x2x12 f . 2
(1) (2)

1

(0 (3)
2

caj (4)
3



The Designs, just shown for 730x7 and 7xilx7 are cases where no Ch ge-

over is repeated but they are not balanced in the sense that every Treat-

t is preceded by every other Treatment. There are simply not enough

Columns. They are cases of the type that was recommended in Chap. III a

the best possible for distinguishing Carry-over from direct treatment eff c

In Designs with ui epeated Change-over at least no Treatment is ever preceded

(or for that matter followed) more than once by any other Treatment. The

Designs with balanced Change-over have every Treatment preceded once and

once only by all other Treatments. Let us turn at once to an example of

the latter, i.e., the double Youden, 9x5x18, f = 5 , as in Table VII. It

can be seen there where every Treatment following (6) is, for the sake

illustration, underlined, that (6) is followed by eve hing (except of

urse, (6)). It is inevitable that no single Youden c < t can be

balanced. There are t 2 or fewer Changes-over so no Treatment can be

followed hy all t - 1 other Treatments. Designs with balanced Change-

over seem very desirable. If one is working roughly one may comfort

oneself by ignoring any possible Carry-over saying that it will have little

or no effect on the judgment of treatment effects. If one is working more

exactly it is comparatively easy to eliminate arithmetically, or to estimate

arithmetically, the magnitude of such Carry-over. This matter is discussed

later in the section on analysis of results. Looking at the matter in

another way, unrepeated Change-over gives the maximum chance of separating

Carry-over from direct treatment effects.

For latin squares, it is possible to balance Change-over in an

especial way by having them preceded by a Oth conditioning Period (or

Column) as in Table VI. Such a conditioning Period is possible for single

63



Table VII. A double Youden 920.321IL illustrat1n balanced. Chanmps.

1 (4
(5)
(6)
(7)
(8)
(9)
(1)
(2)

3:6
(7)
(8)
(9)
(1)
(2)
(2)
(4)
(5)

Row 1

II (2)
III (3)
IV (4) (5)
V (5) (6)
VI (6) (7)
VII (7) (8)
VIII (8) (9)
IX 9 1)
X 1 9)
XI (2) (1)
XII (3) (2)
XIII (4) (3)
ECV (5) (4)
XV (6) (.2)
XVI (7) (6)
xv-ll (8) (7)
XVIII (9) (8)

Column

7
(8)
(2)
(1)
(2)
(3)
(4)
(5)

(5)
(6)
(7)
(8)
(9)
(1)
(2.-)
(3)

(5)
(6)
(7)
(8)
(9)
(1)
(2)
(8)
(9)
(1)
(2)
(3)
(4)
(5)
(6)
(7)



or multiple Youdens, but is unnrofitablc since balance of this especial

character remains unachieved.

The following sections list various single Youden Designs, t x c x t

t , for purposes of listing subdivided into kinds essentially classified

according to the ease of their writing but also bearing some correspondence

to their utilit. The range of Designs cove -d in these tables is, arbitrarily,

2 36 and 2 c 18 Over this r,ige Designs are shown wherever

possible. There are commonly many more Designs for a given t x c x r

situation than the one shn in the following tables. In some cases it is

impossible, with exhaustive search, to find. a Design, and this is reported.

Finally, there are some Designs which are still unformedfor lack of time.

The Designs shown in the follo ing tables were found to some extent

in the literature--essentially from Cochran and C (1957) who give an

extensive table of actual Designs of single Youdens of the type to which

we have restricted ourselves. They make little distinction between cyclic

and non-cyclic Designs although some are of each type. Also, some of their

non-cyclic Designs can easily be put in cyclic order. An extensive table

of balanced incomplete blocks is given by Fisher and Yates (1957). Such

is the co espondence between these and Youdens that some Youdens can be

extracted. They poiht out that some Designs can be written in cyclic form.

They do not allude to the utility of this feat Cox (1958) stresses the

usefulness of cyclic Des_gns. None of these sourc s was anywise concerned

about Change-a-v-er or any other form of cont.igiiity. One finds in the litera-

ture, indeed, many Designs where a given Treatment is preceded in all cases

by some other one Treatment, so that a given Carry-over must be completely

confounded with some given Treatment effect. All the Designs that could be



adopted required rearrangen nt, particularlj with regard bo unrepcated

change-over. It was necessary indeed to work out most of the following

Designs. They were found principally by various devices which will not

be discussed here* because they would surely not forward the business of

this book which is to facilitate the application of such Designs.

It should perhaps be mentioned, in a cautionary way, that the experi-

men al Designs to be indicated shortly, and all through the present book

are not to be subjected to any randomization. This has to be mentioned

because randomization is so commonly recommended that e innocent may

take it for granted. Randomization, beyond perhaps the ordering of the

experimental units (Men, Machines or whatever) would be of no use in the

Designs proposed. As was discus ed in Chapter III, randomization within

the Rows of the present Designs will turn them into balanced incomplete

blocks which will probably be appropriate if one is doing agronomic work

but will be highly inappropriate for change-over experiments. Some people

may be uneasy at the set and systematic nature of our Designs. They may

be concerned that successive experiments may, in some way, be correlated.

Such uneasiness may be allayed by their assigning Treatment numbers randomly.

The Youden Designs c < t recommended themselves to us, as at the

beginning of this book, because we could get work done quickly. By employing

many participants one could form opinions on t Treatments in less than

Periods. There is, of course, a limit to such economy because, from

Equ. (4), if f

*Beall, G. & J. J. Ferris. On discovering Youden rectangles with

Columns of Treatments in cyclic order. Research Bulletin 71-37. Princeton,

N. J.: Educational Testing Service, 1971.
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for single Youdens. Similarly, for double Youdens,

Vt/2

It should be noted that in the present change-over YDuden rectangle

and latin squares, as in such Designs more generally, each Treatment

occurs once, and once only, in each Period. Thus are the effects of

Treatment freed from any systematic additive effect of Periods. In the

literature, particularly of Animal Husbandry, one may find much conce n

as to whether such effects of Treatment are systematic. Thus it nay be

asked what is the pattern of lactation of a cow with time. Such enquiry

may be very important but is in the present book avoided; here the

concentration is on the restricted question of what does Treatment do.

The larger question of investigati g the enti e system requires a famil-

iarity with more general statistical theory.

Latin squares, t even - It is desirable to have latin squares txtxt,

t even, wIth the usual property of each Treatment once and once only in

each Row and in each Column. For present purposes they should additionally

have Treatments in Columns in cyclic order mod. t ). They should also

have unrepeated Change-over, i.e., no Treatment to be preceded by any other

Treatment more than once. For a latin square the l st condition actually

means automatically balanced Change-over, i.e., each Treatment to be

preceded by all other Treatments. To indicate the nature of a Design it

is of course, sufficient, as discussed previously, to write the first

For that matter, in order to set up the Design, it is sufficient to
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investigate the first Row. Thus if one wants t- write a latin square of

the present type for 4 Treatment 4x1,4 with fill, f 4 , a suit-

able Design is

Column

Row 1 2 3

(2) (1) (4)

3) (4) (1)

(4) (1) (2)

It is however, sufficient to wTite

4x4x4
Rev I 1 2) (4) (3)

1 2 3

f 4

Bradley (1958) has provided a method for designing latin squares with

unrepeatedChange-over, f-- t even. His specifications for filling the

first Row are as follows. ssign successively the integers from 1

to the t cells in the fi: t Row by proceeding from left to right entering

only cells in odd-numbered p lumns, then reversing direction fill

cells in even-numbered Columns. Then complete the Columns in cyclic

order, modulo t . Thus for 8x8x8 one gets the Design,

Row I (1) (8) (2) (7) (3) (6) (4) (5)
A 7 2 5 4 3 6 1

As he observes, while the Period immediately preceding Tre- ment t can

be occupied but on e by any other Treatment, the one before that is occupied

by only two Treatments. Specifically, for Treatment (k) these are

Treatments (k - 1) and (k -I- 1) This is somewhat undesirable if there

is any tendency towards 2-period Car.y-over.



It rems worthwhile to write Designs fre- as far as posAble from

this shortcoming in the period preceding, but one, a given Treatment.

Such designs for latin squares, are shown in Table VIII. Every T at.-

ment is followed once and once only by every other Treatment. This is

accomplisAed by writing the Treatments in the first Row so that no forward

difference is repeated. Designs of this kind have been found for all cases

of t ,even,that have been at al] extensively examined. There is only one

solution for t = 2 , two solutions for t = 4 , while there are four solutions

for t = 6 and increasingly large numbers of solutions as t increases.

In Table VIII, there shown only one Design for eadh value of t .

was chosen so that Periods previous to that Immediately antecedent c ntained

as little as possible the same Tre tments. In the Designs given for Gx6x6,

10x10x10, 12x12x12, 16x16x16 and 18x18x18 no Treatment is repeated two

Periods previous, nor for that matter, three four or whatever previous.

It will be noted that the numbers 6, 10, etc are ail one less than a

prime number. The quality of the Designs seems to be related to the matter

discussed in connection with Table IK. For 8x8x8, there exists, by exhaus-

tive examination, no Design where the Treatment two weeks previous is

unrepeated, so that the Design of Table VIII is the best that can be done.

It is improbable that there is such a settlement for 14x14x14 so that

given in Table VIII is as good as possible. These solutions are not diffi-

cult to find* even as t becomes gr6at, so that Table VIII could be much

extended if anyone wanted larger latin squares of this type.

*Beall, G. 'On writing latin squares with unrepeated Change-over.

Educational Testing Service, Princeton, N. J.-(in.Process 1971).
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Table VIII - Designs ior latin squares t even, with Co1umns cyciic

2x2x2 f = 4x4x4 6x6x6
Row 1 (1)

A
(2

1

(1)

A

(2)

1

(4)

2

(-) I

A

(1) (

2
(2) (5) (6)
5 3 1

(4)
4

8x8x_ c=8 10x10x10 f = 10
(1) 2 4) (7) ( ) (8)

_

(6 ) (5 (1) (2) (9) (3) (5) (10) (8) (4 ) (7 6)
A 1 2 3 4 5 6 7 A 1 7 4 2 5 8 6 3 9

12x12x12 - 12
Row 2 5) (3) (10) (6 ) (12 ) (4) (9) 1 8 (7)

A 1 3 10 7 8 6 4 5 9 11

18x18x18
Row I (1)

A
(2)

1
(14)
12

3,717)
7 14

(15)
16

(7)
10

(4)
15

(9)
5

(1_8) (1
9 13

contin. Row I (26 ) (12) (31 ) (19 0) (30) (21) (131
contin. A 17 18 19 20 21 22 23 24 25 26 28

*For the Design of 2x2x2, no satisfaet-ry analysis -a- be made with

estimation of both direct treatment effects and Carry-over. The matter is

dis-ussed at length in Chap. V.
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The latin squares where t is a power of 2 are particularly easy to

write in cyclic column form. Thus we have for 4x4x4 the Design as in

Table VIII and one other solution. Fof t = 8 , i.e. 8x8x8 the solution

as shown and other solutions. For 16x16x16 one can write, as can be see

a Design with forward differences of 1, 2, f), etc. through 15. For 52x52x52

one can again write this kind of Design, where the forward differences stand

in arithmetic series. All this is convenient in at least a mall way,

because Designs involving the powers of 2 are very popular in some circles

and one may accordingly easily be called up n to evaluate 2n kinds of

treatments. For De igns of this kind there sometimes appears a given Treat-

ment twice at the Period two weeks previous to another given Treatment but

this may be somewhat better than the proposal of Bradley (1958), as previously.

For squares with t 1 prime there is a second type of Design where

the -olumns are not in cyclic order but which is worthy of mention nonethe-

less. It is illustrated in Table IX. It in-olves constant forward differ-

ences in a given Row, modulo t 1 , where t is the cc-der of the square

and different forward differe ces in each Row. Thus for 4x4x4, the forward

differences in the first Row are 1, in the second Row 2 etc. The Designs of

the type in Table IX do havc: thc advantage that they can be very rapidly

found, whereas those of Table VIII require a little searching. So if one

wanted to go beyond the latter, it is fairly obvious how Designs might be

written for t = 22 28, 30 etc. In the Designs of Table IX no Treatment

is repeated two Periods previous toa given Treatment, nor for that matter,

three or four or whatever previous. A similar result is obtained by Alimena

(1962), again for t 1 prime, but by what seem more involved and difficult

methods. He refers to the Designs as "perfectly counterbalanced latin squares.



Table D Typica1 De igns f r 1 tin squine
4x4x4 f = 4

Colman
Rov 1 2

(2)
II 2 (4)

TIT 3) (1) 4
111 (4) (3) (2)

6x6x6 f 6

TTin
Ty
ir

VI 6)

(1) 5
(3) 1)
(5) (4)

10x10x10 f = 10

Col_...
Row 1 2 3 4

1 1 4 7

,
(1)
(6)
(4)

III
Ili

IT

VI L1
VII

IX
X 10

(4) (6) (6) (10 ) (r
(9) (1) 1.4)
(1) (3). (9)

(10 ) (4) (9) (3)
(1) (7) (2) (8)
(3) (10) (6) (2)
(5) (2) (10 ) (7) (4)
(7) (5) (3) (10)
(9) (8) (7) (8)

(3)
(10 ) (2) -,

(6) (10)

((`-,) (4)
(3) (1) (8)
(1) (9), (.- ip 1

(8) (8) (4)
(4) (3) (2)
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It will, of course, be realized that the Des gnr of Table IR are quit

difficult to assign to the unsophisticated person, previously invoked, who

may have to apply them in the clinic. He will probably botch somewhere and

we shall be lucky if we notice that. If possible, give him a cyclic De ign.

The difference in type from Table VIII of Table DC is, howeve , not

substantial because the Designs of that table may be transmuted into cyclic-

column form. Thus in the case of th 4x4x4, if one call Treatment (4)

Treatment (3) and vice versa and similari, interchange the names of rows

III and IV, it becomes the

Row I (1) (2) ()

1 2

of Table X. By the interchanges

(2) 3)

(3) (2)

(4) (5)

and appropriate Row

(5)
(6)

(6)

(4)

ing the 6x6x6 of Table IX becomes

Row I (1) (3) (2 ) (5 ) (6) (4)

The lOxl0xl0 is very easily so transmuted.

t 1 prime when the background of previous

Obviously, these cases with

Treatments is totally unrepeated

will give rise by such transmutation into cyclic Designs with the same
a

quality. Such Designs were mentioned in connection with Table VIII.

The Designs of Table a have contiguity balanced in 2- pace. This has

been previously. indicated in Chap. II which introduced the matter of Carry-

over. On the other hand, those of Table VIII have contiguity confounded

with Treatment in 2-space. It is, however, also possible to control
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2-dimensional contiguity in the Designs from Table VIII, by rearranging

Rows. One is governed by the order in which the Treatm.ents appear in the

first Row and must rearrange the Rows so that the Treatments in the first

Column appear in the saTile order. Thus given the 6x5x6, one miglY write

RowA 2 5 3 1

(1 ) (3 (2 ) (5) (6) (4)

TI 2 (3 ) (5) (4 ) (1) (2) (6)

iii 5 (2 ) (4) (3 ) (6) (1) (5)

Iv 3 (5 ) (2) (6 ) (3) (4) (2)

v 1 (6) (3) (1 ) (4) (5) (3)

VI 4 (4) (1) (5) (2) (3) (1)

Such working from Table VIII makes Des gns for t I not prime, possible,

whereas Table IX suffers from that limitation.

Ir setting up latin squares it is always theoretically possibl

generally desirable but commonly impolitic for t > 2 to precede the

general Design by a conditi ning Column (or Period). This is con eived as

a Peri d when various Treatments are administered or Materials are tried,

according tc appropriate plan, in order to introduce as conveniently as

possible the Carry-over effects that may be in the expe iment. The analysis

will be discussed later. From the point of view of designing the matter is

very simple--the program that could otherwise be the first Column is admin-

istered beforehand. In tile illustrative Designs below, the indication is

the double-bracketed Treatments are for conditi ing, i.e., for the sake of

subsequent Carry-aver. No experimental results would be recorded for these

Periods. Thus for the two kinds of 6x6x6 Designs one might alternatively,

writ



Row

TI

III
IV
V
VI

Ro

IT
III
IV
V
VI

Column

2

)

((4) ) (4)

((5)) 5)

((6)) 6)

(4) (2)

(5) (3)

(6) (4)

(1) (5)

(5 a)
(4) (6) (5)

(5) (I) (6)

(6) (2) (1)

(1) (3) (2)

(2) (4) (3)

Column

1 2 3 6

(2) 3 5 (6)

(4) (6) 1 (3) (5)

(6) (2) (5) (1) (4)

(1) (5) (2) (6) (3)

(3) (1) (6) (4) (2)
6 (5) (4) (3) (2) (1)
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Faired latin squares, 2 txtxt t _odd - Designs for paired latin

squares, 2 (txtxt), are shown in Table X. It is neces ary to mrite these

later squares in this form because it is impossible to use the more simple

form of txtxt, With Columns cyclic and no repetition of Change-over, as

when t was even. In the case of 5x5x5 for instance, it is, of course,

easy enough to mrite a latin square mith cyclic Columns and all latin squares

are Youden. It is, however, impossible to avoid repetition of Change-over,

so that in the sense of the present discussion, it is impossible to write a

Youden Design. If one thinks of writing Designs in the form of Table VIII,

i.e. , of the first Row of treatment numbers and the forward differences of

those treatment numbers, then it is impossible to write the Treatments from

(1) through (0 in any order such that at least one forward difference mill

n t be repeated. The theory of the matter has been discussed by Houston

(1966). It is possible, however, to write 2 such latin squares where the

forward difference repeated in one is omitted in the other and vice versa.



Tabl X ns _or paired la .n with cyclic columns

and balanced Change-over.

Jc3x3 f=6
Row I (1) (2) (3-

A 1

IV (
A

) 3)

2 2

I 2(5x5x5) f=10
(1) (2) (4) (3) (9)

A 1 2_ 4 2

VI (1) (5) (3) (4) (2)

A 4 3 1 3

2(2x.99.)______
Row 1 (1) (2) (5) (9) (7) (4)

A 1 3 4 7 6
X (1) (9) (6) (2) (4) (7)
A 8 6 5 2 3

f-18

(3) (8) (6)
8 5 7

(8) (3) (5)
1 4 2
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2 (7x7x7) f-14

(2) (4) (7) (6) (3) (5)

1 2 3 6 4 2

VIII (7) (5) (2) 3) (6) (4)
,A 6 5 4 1 3 5

x11) f=22
3) (10) (1) (4) (8) (7) (5) (6) (11)

5 7 3 4 10 9 1 5

10) (3) (11) (9) (5) (6 ) (8) (7) (2)

6 . 4 8 9 7 1 2 10 6

6 1

6 9 5

3 ) (2 ) (5) (6

7 4

Row I (1)

2 (11 xl7x17)

(4) (7) (11) (16) (6
2 3 4 5

(15) (12) ) (3 ) (13) (5) (1 10) (4)

16 15 14 13 12 10 9 6 8 4 1 3 11

1= 34

2 19x19x19

Row I ) (4)(7)(11)(16)(6)l1.2)(19)(15)(
A 1 2 3 4 5 9 6 7 15 1

xJc 9)(17)(14)(10)(-)(15)( 9) ( 2)(6
A 18 17 16 15 14 10 13

(17)(14) (13) 1SoTi37-rw5
8 16 15 14 10 11 12 2

12)( 4)(7) (13)(3)(11)(18)(16)

9

_2 4 6 11 3 1 5 9 8 7 17
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Accordingly, one gets a total Design where every Change-over occurs t ice.

A list of such Designs is shown in Table X. The claims made for th

Designs are illustrated in Table XI for the case of 2(7x7x5), f 10 .

It is hardly neCessary to draw up the comparison table becau e obviously

any such Treatment as (1) is compared once with every other Treatment

in each Row and there are 10 such Rows. The question of what Treatments

follow what may be of some interest and so 5he matter is tabled.

For the paired latin squares, as previously for the single latin squares,

t even, it is probable that one might introduce a preliminary conditioning

Period or Column for the sake of Carry-over.

Yates rectanles, t x - Designs for Yates rectangles

t x (t - 1) x t , t even or odd, are shown in Table XII. It is possible

always to write Yates rectangles with Treatments in cyclic order in

Columns and with unrepeated Change-over. Their presentation in Table XII

is similar to that of the latin squares in Table VIII, i.e., the Treat ents

of the 1st Row and their forward differences are shown.

As has been previously pointed out in connection with the Design of

loudens, generally speaking when t < 36 - 1 is even one gets

few single Youdea arrangements and no double, whereas for t odd, and of

the same magnitude, c < t - 1 'there are many single and double Youdens.

In the related field of balanced Carry-over latin squares c = t the situa-

tion is in a sense opposite; the squares with t even can be written with

Change-over well-balanced but the squares with t 'odd cannot be written with

satisfactory Change-over; we have to use the device of paired latin squares,

as discussed previously. The happiest class of designs are the Yates

rectangles, c t - 1 which can always he written just as me want them.



Table Xl. -- The character

20x5x51

in s.uares illustrated in the case

Design, as Table X ip full

Row.

11
III
Iv

VI
VII
VIII
IX
X

Column

1 2 3

(I) -72T-311
(2) (3) (5) (4)

(3) (4) (1) (5)

(4) (5) (2) (1)
(1 ) (3 (2

(1) (5 ) (3 4
(2) (1) (4) (5)

(3) (2) (5) (1)

(4) (3) (1) (2)

(5) (4) (2) (3)

Treatmen

(1)

(2)

(3)

(4)

_After (2) (4) (5)

1 xx Jar
(2) xx xx /CC

(3) xx xx /CC xx
(4) /CC /DC /CC 3C/C

(5) xx rx xx
Bk.Gr. MK AX 30C



Table Xii. DesignThratesrectang1es .

32 =1* 14x3x14 f=2**_ 5x4x5 f=
Row I (1) (2) I (1) (3 ) (4) I (1) (5

A 1 A 2 1 A

7x6x7 f5
Row (2) (4) 7) (6

1 2 3. 6 4

8x7x8 f6
1 ( 4 3 6

Li 1 2 3 4 5

10x9x10 f=8

(7) (9) (3) (5 ) ,(10
17 14 2 5

1

9xEtx
9 7

1 3 4 7 6
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6x5x6 f=4
(1) (3) (2) (5)

A 2 5 3

5

12x11x1L f=11
Row I (1) (2) (3) (10) 6 (12 ) ) (9) 11 8)

A 1 3 10 7 8 6 4 5 2 9

.13x12
Row 1) (74 (4

1 2

Row

11 12) S (10) (9) 3)
5 10 12 74 6 9

4 f°12
C'ir(12

2 -4 5 6 7- 8 9

16x15x16 g.44
_7) (11) (16) 1 (14 ) (8) (3) 15) 12 10

1 2 3 4 5 6 7 8 9 10. 11 12 13 14
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16x15x16
Row I

A

7
6

14
7

(13)
15

(2 )

5

17x15,07
7 4)(7)(11)(16)(6 ) (i+)(

2 3 4 5 7 8 11

f=14
(4 16)
2 12 3

1 8 (12)
8 13 4

f.=15

(10 )

14
(5

1

6

1
5)

9

)(17)(13)
"9 13

12
16

(1)(15 ) (140) (3)
14 6 12 10

18x17x18 f = 16

Ro 14 (3) (17) 5 (7)

A 1 12 7 14 16 10

(2

A 1

19x18x19
4 (7) (11) (16)

3 4 5 92

(12 ) (19)
6 7

(4) 9 1 8 12 (5 ) (11

15 5 9 13 2 14 11 6

f=-17

(15 ) (9) (17 ) (14 ) (13 -77-18) (10)

15 13 8 16 18 14 10 11 12

*The Design, 3x2x3 cannot be used to estimate Carry-over. It is advisable
to use the paired Design

Row I (1) (2)
A 1

IV (1) (3)
Al 2

See Table XXXII for example.

**The Design, 4x3x4; will yield estimates of direct Treatment and Carry-
over but provide no test of significance without repetition.



79

They are of particular inp rtance in the case of t odd, for which the

paired latin squares are necessary, if latin squares one would have in

the present connection. Considerable difficulty arises, as in connection

with Table X with this. Most of the advantages of the latin square can be

obtained from a Yates rectangle with less difficulty in design and applica-

tion. In a sense the Yates rectangle may play the role of the latin square

when t is odd and might profitably be used far more frequently than seems

the case.

From the comparison of Tables VIII and :KII, plainly for t even the

Yates is gotten by dropping the last Column of a latin square and this approach

may be usefully extended to Designs of the type shown in Table IX. Thus

if you should want the Youden, 22x21x22, one could follow the general line

f the latter table and then drop the last Column.

Single Youdens where c= (ttl)/2 AMi extremely useful class of single Youdens

is that where the number c of CollYMns is about half the number of the Treat-

ments. This may, perhaps, be thought of as central Youdens in the sense that

c is about half-way between its Minimum of 2 and the critical point of t

i.e., the latin square. It takes labout half the time, i.e. , number of Columns

that is required for a latin square or Yates rectangle. These Designs

shown in Table XIII have unrepeated Change-over and Treatments in cyclic

order in the Columns. In these Designs obviously, t = 4m 1 m being

the successive integers starting with unity. The 5x2x3 already shown in

Table XII is, of course, omitted. For all members of the series t < 31

Designs were found except for 27x15x27 (and complementary 27x14x27) for which,

by exhaustive exploration, none exist. In the case of prime numbers, t =

41a 1 On > 0 an integer it is pretty plain, from the cases where t 43

1
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and t = 47 how things probably go if one should want to go beyond the list

shown in Table XIII.

For these Youden rectangles1 and for those in the immediately following

section it is impossible to control 2-space contiguity In the way possible

for latin squares, t even, as previously discussed. This is impossible,

because tht it was necessary to rearrange Rows so that the downward

differences were never repeated and that is impossible when t is necessarily

odd. This impossibility is the same as that of arranging latin squares,

with t odd, so that forward differences are never repeated.

Single Youdens where f = 1 - There has been found one other class of single

Youdens that may be written in cyclic Columns with unrepeated Change-over,

to wit, those where f = 1 i e.,

c (1 At 3)/2

They are extremely useful because the c is necessarily quite small, of

magnitude $7t- , and so if Columns are time the work can be done very quickly.

The Designs 3x2x3 and 7x3x7 belong to the present series

but have been presented in earlier tables. The 3 Designs 13x4x13 etc.,

found, are presented in Table XIV. Together with each Design, where txcxt

gives f - 1 there exists a complementary with t x (t c) x t It may be

found readily enough but is generally not of much use because t c is too

close to t The Design 43x7x43 would be expected in Table XIV but it

cannot* be written in any way, cyclic or non-cyclic. The next highest member

*Beall, G. A balanced incomplete block which might be expected but does

not exist and other members of its respectable family. Educational

Testing Service, Princeto- N. J. 1-- process 1971).

82



Tab1 XIII- Desirns ., ±1)/2

7x3n7 f=1 *
1. (t ) (2) (4)

1 2

7x4x7 115x11 f='.).
I (1) (2) (4) (7) RP 14 (1 ) -(2) (7) (I I)
.6 1 2 3 A 1 2 3 4

11x6x11
1) (2) (4 )(7) (11) (3) Row I

1 2 3 4 5 4

1502-7.15 f= 4
7) (5) (6)(12) (8) (15) Row I
6 5 11 7 2 1

19x10x19 f=5
R.t4i i 1) (2)(4)(7) (11 6)(3 ) (10 ) OS) (g)

A 1 2 3 4 5 6 7 . 8 9

23x31=x23 f.5
Row I ( ) (7-) (4) (7) (II) ( IG) (n) (6)

z 1 2 3 4 5 6 7

15x7x15
) (5 (3) M (C) (II

1 3 13 6 12 5

19x9x1.9 f4
1)(2)0) 7 (11) (16) (3) (10 ) (1.6)

1 2 3 4 5 6 7 8

(14) (23) (Lo)
8 9 10

23x12x23 f=f7
7;7 r TIT --ir(4r(f)-(11) (lb-F-(0.) (-6)-(14) (2.)) (1OTTiir

3 4 5 6 7 8 9 10 11

31x16x31
(1) (4) (11 (7) ( If ) (Igo)

A 1 2 3 4 5.
/) (6) (IS) 151 (5) (f1)

6 7 9 1U 11 12

43x21x4
1-7-Vn171672-7711i7) 11 16 (22 29 (37) 13 6 6)(20)(35j( 8)(25)(4:3)M()

A 1 2 3 4 5 6 7 8 10 11 12 13 14 15 16 17 18 19 20

011
4 25)(43)(19 )(34567 8910 11 12 13 141 ,i 16 17 18 19 20 21
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Table XIV - Single Youdens whe

Row I
A

Row I
A

Row I
A

Row I
A

Row I
A

Row I
A

13x4x13
7-(5) (6) (8)4 12

2) (5 )(7)
1 3 2

.)2
1

4-19
2 5

(13)
4 6

1
7
2

14
7

22)
8

Row I
A

Row ) 5 4-2 54 (56)
A 1 7 li 13 3 8 7 12 2

133x12x133
Row (26) 39) (119) (56) (67) (83 ) (88) (89) (91) (103)

A 25 4 9 10 7 11 16 5 1 2 12
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of the series 111x11x111, has not been found in extensive, Lt not exhaustive

exploration; there is some reason to suppose that no Design exists. The

series might be profitably extended to deal with problems usually of prelimin-

ary character, where a very great many Treatments must be explored.

With regard to the writing of complementary Designs the practice may be

briefly stated. GivenaDesign txcxt then complete each of the t

Rows by the t - c Treatments that it lacks. In this way there will be pro-

duced the balanced incomplete block pattern for t c Treatments. Rearrange

these by permutations within Rows so that each Treatment occurs once and once

only within each Column. The condition that a given Treatment be preceded not

more than once by any other given Treatment may be added.

Intractable single Youdens - Many of the possible single Ypudens thown or

suggested by Table IV remain unWritten with the Treatments cyclic in the

Columns, let alone written with unrepeated Change-over. They are a mis-

cellaneous assembly where c0t, ct- 1 , cO(t ± 1)12 and

f 0 1 . There are situations where a single Youden, such as 16x6x16,

f = 2 , may exist, but cannot be written in cyclic form. This part lar

Design can, however, be written innon-cyclic form with unrepeated Change-

over, as below in Table XV.

In the series of single Yaadens with f 2 2x2x2, 4x3x4, 7x4x7 and

11x5x11 belong, of course, to earlier series and for each of them a Youden

Design with cyclic Columps and unrepeated Change-over has been shcjwn . For

the next member of the class, otherwise, i.e. 16x6x16, there 3. s no cyclic

arrangement; this by exhaustive exploration. For this fairly common and very

useful situation, there has been found a Youden, as shown in Table XV, with



Table XV on-avel Youdensiithunree

85

16x6x16.

a. Desivn

Column

Row 6

(8) (9) (1) (13) (6) (7)
11 (5) (10) (2) (14) (7) (8)
III (6) (11) (3) (15) (8) (5)

Iv (7) (12) (4) (16) (5) (6)

v (4) (13) (5) (9) (2) (3)
v1 (1) (14) (6) (10 (3) (4)

VII (2) (15) (7) (11) (4) (1)

VIII (3) (16) (8) (12) (1) (2)

Ix (16) (1) (9) (14) (15)

(13) (2) (10) '6) (15) (16)

xi (14) (3) (11) ,7) (16) (13)
xii (15) (4) (12) (8) (13) (14)

XIII (12) (5) (13) (1) (10 (11)

xiv (9) (6) (14) (2) (11) (12)

xv (lo) (7) (15) (3) (12) (9)

(11) (8) (16) (4) (9) (10

Changeover

Followed by

14)(15)(16)Treatment 1 (4) (5) (6) (7)_(8) (9)(10)(11)(12

(1) X X X X

(2) X X

(3) X X

(4)

(5) X X
(6)

(7) X X

(8) X X

(9) X X

(10)
(u)
(12)

(13)

(14)

(15)
(16)
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non-cyclic Columns but with unrepeated Change-over. This Design is Youden

in that it double-fills the comparison table. It does have unrepeated

Change-over as may be seen in Xlib. This is the type of Design shown by

Fisher and Yates (1967) except that, of course, they have no concern with

Carry-over. For the next two potential members of the series 22x7x22 and

29x8x29, there exist no Designs, as are previously the case for 43x7x43,

f - 1 according to Hussain (1945 and 1946).. Curiously enough, there is

for the next member a Cyclic arrangement.

37x9x37 f = 2

Row I 1) (2) (4) (8) (18) (25 ) (30) (- 6 ) (26)
A 1 2 4 10 7 5 6 27

In the series of single Youdens with f = 3x3x3, 9x4x5, llx6xll and

15x7x15 belong, of course, to earlier series and for each of them a Youden

Design with cyclic Columns and unrepeated Change-.over has been shown. For

the case of 25x9x25, there is by exhaustive examination, no such arrangement.

Also probably for 31x10x31, f = 3 there is no such arrangement. For the

moment a Design for 25x9x25, f = 3 taken from Cochran and Cox (1957) with,

however, repeated Ch -over, and similarly one for 31x10x51, f = 3, from

the statistical handbook of the Chemical Rubber Co., with the same short-

coming, are shown in Table XVI. Probably it is just a matter of the necessary

effort to rewrite each with unrepeated Change-over.

The situation seems Much the same for the series where f=4, i.e., 4x4x4,

15x8x15, 54x12x34 etc. The first 2 members belong to earlier series and

have been shown. No cyclic-column Design was found for 34x12x34, f=4, although

the matter was not explored thoroughly.



Table XVI - Non:cyclic Youdens with repeated Change-over when

a._ 25x9x251 f =

5 6 7 8 9

(1) (2) (3) ) (5) (6) (7) (8) (9)
ii (18) (1) (14) (22) (15) (23) (19) (3) (2)
III (3) (16) (1) (2) (17) (24) (21) (25) (20

(4) (7) (10) (1) (21) '(20) (11) (14) (15)
(7) (4) (12) (13) (1) (16) (17) (18) (19)

VI (5) (9) (19) (25) (18) (1) (24) (iA) (10)
VII (9) (5) (13) (20) (23) (21) (1) (12) (22)
VIII (6) (8) (16) (11) (22) (17) (10) (1) (23)
ix (25) (15) ( 6) (14) (12) (13) (8) (24) (1)

(10) (12) (2) (9) (24) (15) (22) (17) (4)

xi (11) (13) (4) (23) (25) (9) (14) (2) (16)
XII (12) (10) (5) (8) (14) (2) (16) (19) (21)

xIII (13) (11) (8) (5) (20) (18) (2) (15) (17)
xiv (2) (20) (23) (7) (10) (25) (18) (6) (12)

xv (19) (24) (22) (21) (2) (11) (13) (7) (6)

XVI (21) (3) (18) (10) (4) (8) (23) (13) (24)
xvii (20) (19) (11) (3) (8) (4) (12) (22) (25)

xviii (15) (22) (7) (16) (13) (5) (25) (10) (3)

xix (14) (17) (24) (12) (11) (3) (5) (23) (7)
xx. (17) (14) (9) (6) (19) (10) (3) (13)

xxi (16) (18) (21) (15): .(3) (12) (6)
.(20)

(9) (11)
XXII (22) (6) (20) (24) (16) (14) (4) (5) (18)

xxiii (23) (21) (25) (17) (6) (19) (15) (4) (5)

xxiv .(8) (25) (17) (18) (7) (22) (9) (21) (14)

rAv (24) (23) (15) (19) (9) (7) (20) (16) (8)

Note that Change over is repeated; this matter has not been adjtisted.
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Row 1 2

i. 31xl0x31, f

7 89103 4 5

Column

6

(1) (2) (4) (8 ) (9 (11) (15) (16) (18) (28)
ii (2) (3) (12) (9) (10 ) (17) (16) (19) (5) (22)
III (3) (4) (20) (10) (17) (13) (6) (18) (11) (23)

Iv (4) (5) (7) (11) (12) (21) (18) (14) (19) (24)

(5) (6) (1) (12) (13) (8) (19) (20) (15) (25)
v1 (6) (7) (13) (16) (14) (9) (20 (21) (2) (26)
VII (7) (1) (15) (14) (8) (10) (21) (17) (3) (27)

VIII (8) (11) (17) (25) (16) (23) (29) (7) (26) (5)

TX (9) (12) (24) (29) (27) (18) (1) (26) (17) (6)
(10) (13) (18) (19) (29) (25) (2) (27) (28) (7)

x1 (11) (14) (22) (26) (19) (20) (3) (28) (29) (1)
xII (12) (8) (27) (23) (20) (29) (4) (22) (21) (2)
xiii (13) (9) (29) (28) (21) (15) (5) (23) (24) (3)
xiv (14) (10) (25) (22) (15) (16) (24) (29) (6) (4)
xv (15) (24) (26) (5) (2) (27) (11) (10) (30) (20
xvi (16) (25) (6) (30) (3) (28) (12) (11) (27) (21)
xvir (17) (26) (28) (7) (30) (22) (13) (12) (4) (15)
xvIII (18) (27) (23) (1) (5) (30) (14) (13) (22) (16)

xIx (19) (28) (30) (2) (6) (1)4) (8) (2).t) (23) (17)
xx (20) (22) (8) (3) (7) (24) (9) (30) (25) (18)
xxi (21) (23) (10) (4) (1) (26) (30) (25) (9) (19)
xxII (22) (21) (11) (17) (2)4) (1) (25) (2) (31) (13)mn (23)- (15) (3) (18) (25) (2) (26) (31) (12) (14)
xxiv (24) (16) (19) (31) (26) (3) (27) (4) (13) (8)
XXV (25) (17) (14) (27) (31) (4) (28) (5) (20) (9)
xxvi (26) (18) (5) (21) (28) (31) (22) (6) (8) (10
mil (27) (19) (31) (15) (22) (6) (23) (9) (7) (11)
x-xvIII (28) (20) (16) (24) (23) '(7) (31) (1) (10) -(12)

xxix (29) (30) (2) (6) (4) (5) (7) (3) (1) (31)
xxx (30 (31) (9) (13) (1a) (12) (10 (8) (14) (29)
xxxi (31) (29) (21) (20) (18) (19) (17) (15) (16) (30)

Note that Change-over is repeated; this matter has not been adjusted.
From, Handbook of tables for probability and statistics. Chemical
Rubber Co., Cleveland, Ohio.



89

Paired Youdens balance of Ch -over - Table XVII shows paired

Designs, 2(txext)' each single Youden, txcxt, c<t, in its own

right, but used together to get balanced Change-over. The single Youdens used

for the combination come at least in a sense, from TableXIII. Theretunrepeated

Change-over was obtained but there were not enough Columns t balance the

Change-over. Here, however, were c = (t 1)/2 , t being necessarily

odd, the 2(

These Designs

- 1) Changes-over must exactly embrace the gamut possible.

of the type 2(t x c x t) resemble somewhat the doubl

Youdens which follow and where balance may also occur. An example of the

Youdens arises from 7x4x7 From this there may be written a Design of

two

2(7104]e7) which has, of course, 6 Ch _s-over and these may be balanced.

The Design is:

Raw (I ) (2) (4) (7) Row VIII (1) (5) (3 ) (2)
11 (2 ) (3) (5) (1) IX (2) (6) (4) (3)
III (3) (6) (2) X (3) (7) (6) (4)
IV (4) (5) (7) (3) XI (4) (I) (6) (6)
V (5) (6) (1) (4) XII (6) (2) (7) (6)
VI (6) (7) (2) (6) XIII (6) (3) (1) (7)
VII (7) (1) (3) (6) XIV (7) (4) (2) (1)

-Here Treatment (1) is preceded once and followed Once by ejtoh other Treatment

(2) through (7

and followed.

Al1 other Treatments (2) through (7) are similarly

this Design is written in brief form,

2(7x4x7
Row I (1) (4) (7)

1 9 3

VIII ) 5) (3) (2)
Ith 4 5 6

preceded

it can be seen that since Change-over constantly changes, (1) can never be

followed, or preceded, by any other Treatment twice. This design fills a

paired-comparison table 4 times. Rows I through VII are a Youden rectangle

with unrepeated Chang -aver; Rows VIII through XIV are likewise.



Table XVII ins for paired nuclei , txcxt with cyclic Columns

and balanced Chane-over

.2(7c4x7)__

Row 1 (1) (2)

VIII
a 4 5 6

a

2 (11.1:6x11)
) (2) (4) (7) (11) (5)

1 2 3 4 5

1 (1) (7) () (11)
6 7 8 9 10

' 2 191:10_::19)
Row I (1) (2) (4) (7) (11)

1 -2 3 4

_2 _

(7) (12
ji 6 '

XVI (1) (LG )(5)(9
A 9 10 4 8 12

90

5
( ) (11)

10

. 2 (23%
Row I (1 ) (2)

2
XXIV (1) (

6 12 13

2(31x16x31 =16
Row I (1) (2) (4) 7) (11 ) '16) (22) (29) (6) (15) (25) (5) ( 7 ) (30) 13 (2L

At- 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
XXXII (1) (17) (19) (10) (2) (26) (20) (15) (11) (3)---(6)-7-05T

16 17 18 19 20 21 n 23 24 25 26 27 2[ 29 30

3) (10) (1&)
6 7 8

19) (16) (14 ) (1

15 16 17 18

9

0

(22) (10) (21)

4 5 6 7 8 9 10 11'

(17) (9) (2) (19) (14) (10) (7) (5) (4)

14 15 .16 17 18 19 20 21 22
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The foregoing judicious combination of two single Youdens raises tempta-

tions that should be firmly resi ted. By the combination of various numbers

of single Youdens much could be achieved. In connection with any given Youden

where the Change-over is unbalanced but unrepeated it is, naturally, possible

to combine several in an appropriate may to achieve balance. The only problem

is that of having enough experimental units. Consider thus the simple Yates,

4x5x4, i 3 forms, as follows:

Row I (1) (2 ) (4) Row V (1 ) (3 4) Row IX (1 ) (4) (3)
1 2 2 1 3 3

Treatment

or in total

Treatment

After

(2)

(3)

(4)

After (1) '2 3
(1) YOC ac
(2) XX QC
(3) xc 30C

(4) XX

Treatment

(2) ( ) 4

Treatment

This is just an application of an idea developed at some length by Patterson

and Lucas (1962) where several variants of a Design may be combined to give

handsomely balanced Change-over. Such temptation should, however, be resisted

because there is suggested a complexity that is in fact quite trivial but which

maY disconcert and alarm men who might otherwise use new techniques.



Double Youdens where - It was proposed in Chap. II t write Designs

called double Youdens, of type t x c x 2t , or in general cases where

r = 2t as in the discussion about Equ. (3). We cannot write, for instance,

a 9J(4x9 Youden rectangle because it yields, in the sense of the comparison

table of Table lib or elsewhere, 18C = 108 corlparisons within Rows to

fill the 2C3 = 72 positions in the comparison table, i.e., there would

be 3/2 fill. Accordingly, we write 18 Rows or 9x4x18 to get 216 comparisons

to fill 72 positions thrice; f = 3 . For the moment attention is restricted

to what were previously, _in connection with single Youdens, as in Table XIII,

called central cases, e. , where c = (t ± 1)12 Such Designs are shown

in Table XVIII. The particular Design of 9x4x18 is illustrated with data

later in Table XX(I and it is again discussed, in another connection,

in Table XXXV. In this table all the Designs have cyclic Columns or perhaps

one should say double-cyclic. Change-over is of course, always unrepeated

but in some cases, such as 3x2x6, it happens also to work out balanced.

These are cases where 2(c - 1) , the number of Changes-over occurring equals

t 1 , the highest number possible with repetition. These central double

Youdens of both kinds are, disappointingly, practically the only double

Youdens with cyclic Columns that exist in the realm of t < 36 .

There are, among these central double Youdens two kinds, as follows:

Firsts those where = (t 1)12 . Then the number of Changes-over must

be less than the number of Treatments with which we should like to comi3are,

say, Treatment (1).. Accordingly, the Change-over will not be balanced

although we may suppose that it should be unrepeated, which will commonly

be possible. An example is Design 9x4x18, f = 3 , of Table XVIII, where
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Row I (1) (2) (4) (8) Row X (1) (6) (3) 2)
11 (2) (3) (5) (9) XI (2) (7) (4) (3)
III (3) (4) (6) (1) XII (3) (8) (5) (4)
iv (4) (5) (7) (2) XIII (4) (9) (6) (5)
v (5) (6) (8) (3) XIV (5) (1) (7) (6)
VI (6) (7) (9) (4) XV (6) (2) (8) (7)vu (7) (8) (1) (5) XVI (7) (3) (9' (8)
vIII (8) (9) (2) (6) XVII (8) (4) (1) (9)
IX (9) (1) (3) (7) XVIII (9) (5) (2)

Treatment (1) is followed only by (2 ), (3) (5), (6), (7) and (9) Each

other Tre tment is ne_essarily followed by only some of the other Treatments.
a

Within a given half of the Design, the comparisons within Rows involve

two Treatments not less than calce and not more than twice, but the matter

is not redressed in the other half. Secondly, there are those central

double Youdens where the number of Changes-over must be exactly the number

of Treatments with which we should like to compare, say, Treatment (1).

Accordingly, the Change-over will be balanced. An example is 9x5x18,

f = 5 of Table XVIII, where:

Row I ) (2.) (4) (7) (3) Row X (I) (9 ) (6) (4) (8)
II ) (a) (5) (i) (4-) XI (24 (1 ) (7) (5) (9)III (3) (4) (6) (i) (5) XII (3) (2) (a) (6.) (I)
IV (4) (3) (7) (1) (6) XIII (4) (3) (9) (7) (Z)
V (3) (6) (3) (2) (7) XIV (5) (4) (1) (9) (3)

VI (G) (1) (9)
'(1)

(3) (6) XV (6) (5) (4) (9) (4)VII (7) (1) (4) (9) XVI (7) (6) (3) (i)VIII (8) (9) (1) (5) (I) xvII (6) (7) (4) 04 (6)lx (1) (1) (3) (6) (2) XVIii (?) (g) (5) (3) (7)

Treatment (1) is followed once by each of (2) through (9) Each other

Treatment is similarly followed by all alternative Treatments. The compari-

sons within Rows involved any two Treatments not less than twice and not

more than thrice in one half. In both halves) each comparison occurs five

tima3altogether.



Table_ XVIII - Designs for double Youdens txcx2t with cycli Columns and

eza: balanced Cha_ e-ing There

3x2x6 f2
Ttc-3471--

iv (2) (3)
2

balanced

Row I

5x2x10

Vi (1) (4)
3

unrepe ated

-8 flp3_ 9x5x18 fO
(2) 4) (8 ) Row I (1) (2) (4) (7) (3 )
1 2 6 I 2 3 5

1) 6)

5 6
unrepeated

13x7x26
2

1

XIV
A

X (1) (9) (6)-(4) (8)
A 8 6 7 4

none

1 x6x26
Row I (I (2 (4 ) (7

la _ 1 2 3

XIV (1) (9) (6)(13T(11
A 8 10 7 11 9

balanced unrepe ated

f-a7
4_ 11

7 6
) (4)

8 10 9 3 12
balanced

(7)
11

Row I (1)

8) WM (1)
4 A

(2) (4) (7) (n) (16) (5) (12)
1 2 a 5 6 7

(9) (6) (5) (15) (7) (2-) (17)
8 14 16 10 9 12 15

unrepeated

17x9x34 je_ 21x10x42 f=9
Row I (11T-5)(71(-8 11, 9 17 13)(10) Row I (1)(2)(4)(3) (6)(12)(10)(17)(9)(13
_ A 42 1 13 14
XVIII ( )(13)(3)(12)(6)(11 T(17)(16)(9)

Row

12 7 9 11 5 6 16 10
balanced

(131f1;1(5- 3

_1 2_ 20 3 6 19 7 13 4
XXII ( )(11)(6)(2)(14)(8)(17)(10)(15)(12)

10 16 17 12 15 9 .14 5 18
unrepeated

f;-1

141 C8) 7T 53
1 2 20 3 ,5 17 7 _15 9 _19

XXII (1) (la) (18) (5) (2) 14) (3) (17) (21) (16) (a)
11 6 8 18

balanced
12 10 14 4 16 13

Row I (I) (29) (6 (8) (9 ) (12, (10)
28 6 2 1 3 27

XXX (1) (8) (5) (18) (7) (23) (19Y (9
7 26 13 18 16 25 19

unrepeated

29x1515_8
Not completed

fal3

24) (17) (25) (16)
11 22 8 20

7) (15) (10) (20)
12 21 14 17 24 10
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*It is possible to write the Design:

5x3x10 f=3
-(1) (2)-- ()4)

A 1 2

A 4 2

but the Change-over is unavoidedly repeated. A Treatment say (1 ), is

preceded by (4) twice and (3) not at all. So if there is any Ca y-over

it is confounded more than one would like with direct Treatment effect.

Accordingly, if something of this sort must be used, one or the

other halves of this Design may be employed and the lameness made up in

analysis.
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It was earlier remarked that apparently the writing of cyclic single

Youdens with unrepeated Change-over would be extremely imple for t

almost any size, when t = 4m 1, m an integer, and is prime. Unfortunately

the writing of comparable double Youdens, when t = 4m 4- 1 arid is prime,

is not so simple; to write the second half is hard.

Double Youdens, non-central -- There seem to exist very few double-cyclic

Youdens, with unrepeated Change-over, other than those of Table XVIII. It

might have been nnticipated that there would be, further, a series of

double Youdens, of desired character, with f = 1 , in analogy with single

Youdens. In fact, there are but two--5x2x10 of Table XVIII and

13x3x26
I (1) ())

2

V 1) (5) (4)

4 12

unrepeated

f=1

-(-9)

6

but 25x4x50, f.1 cannot be written in 4 Columns of 25 Treatments, twice over--

there is no solutionthis by exhaustive examination. This seems a little

curious when we consider the series for single Youdens where f = 1 . The

next member of the series, 41x5x82, f I was not investigated. There

are, of course, no double Youdens with f = f is necessarily odd. Double

Youdens where f = 3 can be conceived as belonging to the series, 5x3x10,

9x4x18 21x6x42, 29x7 58, etc. f 3 The first 2 members belong to

earlier series and for each of them a double Ybuden Design with cyclic

Columns and unrepeated Change-over exists and has already been shown. Exhaus-

tive exploration of the double Youden 21x6x42 showed there is no Design with

cyclic ColuMns. The Design for 29X7x58 was not explored exhaustively.
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For the intr ctable double Youdens, with c small as in 25x4x50

and 21x6x42, there should be found, if that is the best that can be done,

solutions where the Treatments are not cyclic in the Columns but the Change-

over is unrepeated. Something like the Design of Table XVs for 16x6x16

is required.

Whenever it is possible to write a Youden square with cyclic Columns

as t x C X t then it is possible to write a conjug te Design t x t c )

Thus the Delign 13x10x26, , conjugate to 13x5x26 can be written easily

enough. While, however, the Design for c < (t - 1)/2 is useful that for

t c is unattractive. The number of Changes-over must exceed the number

of Treatments but not be an integer multiplier of that number. Thus

13x10x26 must have 18 Changes-over when there are only 12 different, so that

6 Changes-over must be repeats. For such a situation we shall not attempt to

find a Design. It would not be worthwhile or of practical value.

Single Change7over - The general lines on which single Change-over Designs,

whem Treatments AI. e p'ired within an e perimental unit, are written were

indicated at the time of their introduction in Chap. I. They will not be

listed in particular like the higher Youden Designs. To recapitulate, for

t odd one may write along the lines of the model for t = 5 , as

5x2x10 f = 1

Row I (1) (2

VI (1) ---(4)

a 3

Here every comparison occurs -nce f = 1, and each Treatment (1) through (5)

occurs equally in each Column. Automatically, the Chang_-over is unrepeated
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although necessarily unbalanced. If balanced Change-over is desired for t

odd, and there are enough Rows possible, such may be achieved by some De iEn

along the lines appropriate for t i.e.

}row I
5x2x20

(2 )

V I

XI

XVI

In order to get a given Treatment the same number of times in each Column

for t even it is necessary to write a larger Design which is most conveniently

in the form, as for t = 4:

which has, auto a ically and always, balanced Change-over.

1 0 U
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S ecial features of the latin square - Latin squares are design-wise a very

special case of Youdens. Not only for this reason are they worthy of some

special attention but they are, of course, widely known and commonly employed.

They are a very desirable design for change-over experiments provided that t

the number of Columns or commonly the amount of time required, is practical.

The 1 tin squares are easily understood by men innocent of Statistics and

are easily analyzed. As however, t becomes great, Youden rectangles,

c < t , have to be employed.

The peculiarity of latin squares is that the experiment is so organized

that one's esti ate of any effect, be it in Row, Column or Treatment, contains,

in a nice balanced way, all other possible effects. Thus a given Row con-

tains an item in each Column once, and once only, and each Treatment once,

and once only. Similarly, a given Treatment is represented in each Row

once, and once only, and in each Column once, and once only. Similarly, is

the effect of a Column disposed. Rows, Columns and Treatment-, are said to be

orthogonal. This orthogonality accounts for many of the steps that are taken

in handling latin squares and in the form in which their analysis is presented.

Unfortunately, people have tried to extend those steps and that form to cases

when the effects are not orthogonal and the arithmetic contortions are ext eme.

The data from a single latin square, with or without consideration

for Carry-over, may be analyzed by the procedure ampropriate for Youdens

in general. These methods are developed and illustrated at length in the

subsequent discussion and a program for electronic computer is shown in

the Appendix. Alternatively, it may be analyzed by special methods, .e.,

analysis of variance, which are widely shown in the literature and are

perhaps more simple than those appropriate to Youdens, in general. Let us

say that they are the more simple so long as Carry-over is not involved.
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To s me extent the procedure chosen will depend on the background of the

biome+rician and, to some extent on the equipment available to him. He may

use the general Youden program, if this is convenient as in a program on an

electronic computer. Why bother with a special program for the latin square?

If the business must be done on a desk calculator, he is more likely to use

the special methods, which were, after all, designed for a desk calculator

or even for pencil work in 1925.

Analysis for direct Treatment effects in sin le latin squsTe - The

traditional analysis of data, for direct treatment effects, from a latin

square is very well known Let us then record it briefly and illustrate

t with the data of Table VI,a 6x6x6. It happens to have balanced

Carry-over, as was taken up when the Design was introduced, and to be

arranged with constant forward differences as in Table IX. As was dis-

cussed in connection with that, this is effectively the same thing as

Treatments cyclic in Columns, none of these things is, however, of moment

in the analysis for direct effects.

In the traditional approach that we are discussing it is usual to

conceive the 36 observations to be something like

Yijk
4- 0 y

k
E..

j

where p is a general constant, a.is the effect of the

= 1...
th

Row, of the j-

Treatment and,

= 1...t) Column, kth (k = 1...t)

ijk
the effect of extraneous factors. Thus in the 9th

cell of Table XIX
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Y236 = 64.2

a2 03 Y6 E9

where a2 is the effect of the second Row, where the observation occurred,

03 is the effect of the third Column, y6 the effect of the sixth Treat ent.

it is usual to assume that Eiik is normal, distributed with standard devia-

tion a about zero. (The meaning of this matters little.) It is assumed

that the values of
i0k

are uncorrelated. It is further supposed that
E

E a. = E a. = E y
k

= 0
1=1 0=1 k=l

This last equation is of the greatest importance for it is constantly

appealed to in subsequent discussion. It must be noted that the whole

( 9 )

structure of traditional analysis of latin squares is based upon the

additive assumption of Equ. (7). Whether they are additive is not usually

investigated. We can only say that the model seems to have worked out

well in an historic way.

On the basis of Equ. (7) and (9), the estimates usual in a latin square

may be written very simply in terms of totals for a given Row, Column

Treatment or overall, respectively of

T. =
1 Yijk

T. = E .

Yi0k

T
k

= Yijk

G = y.

t
2 iJk

common)

( 0 common)

( k common)

(10)



The estimate of the general level of response is

2

p = G/t

The estimate of the

i.e., the esti

ect of the k
th Treatment is

or (k) = (T /t) G/t2

th
he effect of the

_

.10 5

(n)

( 12 )

Treatment is the average for

all observations under that Treatment less the average G/t2 , for all

observations. This is what is known as a least squares estimate although

let us n t bother here what that means or why we should want it. Let us

simply comfort ourselves in the fact that most stati tical estimates are best

made by setting up least squares estimates. Even when more general methods

of estimating are used, they usually include ieast squares method for so e

special case. The actual estimates for Treatments are shown in Table XIKb.

They are labelled contributionS; they are often thought of as the amount

each mean differs from fl . The means or averages are quantities often

more useful for practical reporting. Equations similar to Equ. (12) can be

written for Rcrws and Columns if they should be needed.

A matter of more difficulty, although of less consequence than is

often supposed, is that of calculating the significance of the variability

among treatment averages. The quEstion is whether they vary as much as they

do just by accident as judged from the general instability of the experi-

mental result . Traditionally, there is found the reduction in variabiljty,

or as it is called, the sums of squares, due to Rows, Columns and Treatments

respectively from

105
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S =

s

(t E T2 - G2)/
i-1

(t E T2 - G2 /

j=1

T2 G2)/
-k

k=1

2

2

2

(13)

he:L is called the total sum of squares is found as

S
G

= (t2E y2. - )/t2
t2 ijk

Finally there is found the residual variability or that due to ex raneous

factors (which is often called the sum of squares for error)i.e.,

S = S - S_ - S S
E G (15)

:ach sum of squares has associated with it what is called the degrees of

'reedom. These are one less than the number of ite s involved. Thus,

ince there are 6 Treatments there are 5 degrees of freedom. The reduction

y unity is associated with the conditions of Equ. (9 ). The analysis of

ums of squares together with the analysis of mean squares, or the

nalysis of variance, is as shown in Table XIX. Values of F , for testing

ignificance, are found by dividing error mean square into mean square for

ach of the superior lines. These values are referred to Table L. This

of course, a very well-known test, it is to the point that the estimate

f random standard error from among say Treatments is greater than from

rror to a degree that could hardly happen by accident. Hence we argue

lat the estimates of Treatments vary more than could reasonably be

Kpected by chance. Just where one draws the line is to some extent a
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Tj2:21_LiDsisof latin s uare

treatment etc-k on

a. Data collected re eated from Table VI

Sum
piean

Week

2 3 4 5 6

. 10 5

Sum Mean

1)46.4 (3)45.8 (2)40.8 5)62.4 6)59.9 (4)61.7 317.0 52.8
2)60.9 (4)59.2 (3)44.9 6 64.2 1)55.3 (5)52.0 336.5 56.1
3)50.0 (5)50.0 (4)64.2 1 60.9 (2)58.4 (6)53.3 336.8 56.1
4)63.7 (6)72.0 (5)71.7 2 57.3 (3)53.3 (1)52.7 370.7 61.8
5)48.8 (1)50.4 (6)56.4 3 58.9 (4)65.6 (2)64.2 344.3 57.4
6)63.2 (2)58.7 (1)51.8 4 49.6 (5)49.6 (3)53.6 326.5 54.4

333.0 336.1 329.8 353.3 342.1 37.5
55.5 56.0 55.0 58.9 57.0 56.2

Treatment estima

(3)

Contrib. -3.52 +.28 -5.36

Mean 52.92 56.72 51.08

sum 317.5 340.3 306.5

Traditional analysis of variance

(C)

2031.8

+4.23 -.69 +5.06

60.67 55.75 61.50

364.0 334.5 369.0

Source d. f. Sum Ssuares Mean gaamt__
Rows

Columns

Treatments

Residual

t-1

t-1

t-1

-1)(t-2)

SR

S
-C

ST

SE

(t-1)SR/

S
0
/(t-1)

ST/ (t-11

S
E
At-1) t-2)

Total t2-1

1

56.4



Source d . Suni S.uares Mean S uare F

Rows or Groups 5 280.5856 56.1171 1.04 N.S
Columns or Weeks 5 57.4322 11.4864 .21 N.S
Treatments 5 510.7722 102.1544 1.90 N.S
Residual 20 1074.9356 53.7468

Total
4

35 1923.7256

General and reasonable analysis for significance

Facto s

_
p , Rows & Columns (control)

Control factors plus Treatment

d.f.

25

20

Residual Variability
S. uar s

1585.7078
1074.9356

1585 7078 7_g074. 215_//_P5-20
1074.9356/20

= 1.90 N.S.
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matter of disposition. Usually it is drawn at 5; We say there is only one

chance in 20 that the variability among Treatments could be so great.

is however, shown in Table L, one may draw the line at 1% or .1%.

It may be noted that Table XIXd has been added for the sake of

comparison with subsequent work, although its supporting discussion is

necessarily deferred. The quantity 1074.9356 is easily recognizable in

Table XiXeand the quantity 1585.7078 = 1074.9356 510.7722.

The ideal of classical experimental design is that the several categor-

ies of a situation are so disposed that their effects are entirely uncon-

fused or orthogonal and a e readily estimated free of each other. The

categories may be Men, Periods and Treatments. In the earliest Designs to

appesr, historically, i.e. , the latin sQiare, all Men are present in each

Period and try all Treatments. Then one can form a tidy 3-dimension table.

In saying that the systematic elements, Rows, Columns and Treatments are

orthogonal, we mean that if one were systematically to add something to any

one of them the relative standing of the others would be unaffected. Thus,

in Table VI, some ill-disposed person were to add 12 to all observations

in Row or Group 1, but there only, the data would become:

Week

Groups 1 2 3

(1) 58.4 (3) 57.8 (2) 52.8 (5) 74.4 (6) 71.9 (4) 73.7
II (2) 60.9 (4) 59.2 (3) 44.9 (6) 64.2 (1) 55.3 (5) 52.0
III (3) 50.0 (5) 50.0 (4) 64.2 (1) 60.9 (2) 58.4 (6) 53.3

etc. etc.

The mean for Group I would, of collrse, be increased by 12 and the contri-

loutions for Groups would be generally disturbed. Then the treatment

means and contributions would be

10J



Mean 54.92 58.72 53.08 62.67 57.75 6 .50

-3.52 +.28 -5.36 +4.23 -.69 +5.06

108

The means have been ine-a 'ed by 2 over what they should have been f_om

Table VI but it can be seen that the treat- --t contributions are quite

unaffected from their values in Table XIX. Treatment is orthogonal to Group.

The quality of orthogonality is very important to the latin square.

It is for this reason that the effects of the categories are found simply

as the marginal averages. The problem of determiniLz significance, as

lllust ated above, is cor-espondingly simple. Unfortunately, in the real

world to be discussed in following chapters the effects are rarely

orthogonal. So both the business of estimating effects and testing

significance has to be looked at in a more serious way. This i- done below.

The procedure of Table XiXc as traditionally carried out to make an

analysis of variance was in 1925 singularly fresh and powerful but in the

year of this writing (the 44th year of statistical,grace ) it seems more

than a little stilted and awkward. In the first place it makes no distinc-

tion between the control factors, Rows.and Columns and the experimental

factor, Treatments, that is to be tested. Usually we do not want to know

the effects, in themselve Groups or Periods but simply want to get

them obt of the picture. They may be regarded as factors necessary for the

experimental control of variability. A novice c uld hardly realize this

because these estimates or the mean squares that correspond to them are

handled in exactly the same way as those for Treatments which are of prime

intere-t. In a cautionary way, it may be added that circumstances do control

cases and if anyone should want to know the significance of Rows or Columns

1 0
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it can be handled in exactly the same way as that for Treatments or Carries-

over. The procedure is illustrated for one problem, that of Table XXXIII

which deals with the full and what seems best method of analysis for Youden

rectangles. In the second place tTle concept that has been called residual

variability is commonly called "error." The concept of "error" apparently

comes from the physical scLences where all relationships are supposed to be

in functions (particularly if one leave out the aberrant observations). What

passes for error is perhaps best thought of as the effect of extraneous factors.

It is variabilit*y in the results y that cannot be accounted for by the

classification of data into Rows, Columns Treatments and possibly Carry-over.

There is a curious effect that is encountered fairly regularly in change-

over expe iments when they are subject to considerable Carry-over and that is

that the Columns or Periods seem too uniform. This can be seen in Table XIXe

wllich is full analysis of variance. The effe t of Columns or Weeks is

taken out as if it were an experimental factor and required testing for sig-

nificance. It will be seen that its "mean square" is only 11.49 in contrast

to residual mean square of 53.75. Such happens pretty regul ly. The reason

seems to be that since each Treatment occurs once and once only in the preced-

ing Column, therefore, each Carry-over occurs once and once only 1n the given

Column. The same is true in all Columns and accordingly the Carry-over con-

tributes not at all to the variation among Columns. It may, however, be

contributing very heavily to the residual variability, which may thus be the

greater when no allowance is made for Carry-over.

Analysis for direct affects in repeated Design - In practice one often Sets

up multiple latin squares even), i.e., repeated in the sense of the pre: nt

discussion and by this we mean not that a given Treatment is repeated, or

11 1
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is generally said replicated, but the whole square may bL repeated.

Thus one may set up a Design, from Table IX on 4 Groups of men as foll

Grou

Period

42 3

(1) (2) (3) (4)
11 (2) (4) (1) (3)
III (3) (1) (4) (2)
Iv (4) (3) (2) (1)

and then repeat this 5 times so that 20 Groups of men are covered, as has

been done in Table XX. It is, of course, realized that it would be some-

what more sophisticated to give each fresh set of 4 Groups a fresh Des gn,

so far as possible. It would even probably yield better results. The

stumbling block is one of practicality. It is better not to write out

eJaborate instructions for other people to execute and the,- will require

proofing by the writer. Also in actual practice the result would probably

be incomplete in some way, with cells missing or even lines missing,

so that the total Design would then become quite intricate and its analysis

involved. In Table XX which was chosen for illustrative purposes, the Design

is complete. It will be noted that Table XXa is concluded by quantities

with the label'sum sq:' These are simply the sum of the squares of the

observations 53, 57, 50 etc. in, say, Column 1 and are added to save work later

for anyone choosing to verify the calculations. Such quantities were shown

at the foot of Table XIXa.

The analysis for direct treatment effects in paired latin squares,

2(txtxt ), as in Table X, which occur when t is odd, must, of

course, be just the same as in a once repeated latin square Design.
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It is possible to make for this situation of multiple latin squares an

analysis of variance very similar to that for single latin squares, as shown

in Table XXd. Such is indeed, the general procedure in the literature.

This analysis has no longer, howver, the justification of convenience. Its

generalization leads to increasing complications to the point where, for the

more intractable cases that arise in practice analysis becomes impossible.

Accordingly, it seems best to turn in the directi n of methods suitable for

this and all later problems. It is assumed that a fundamental structure of

general row, column, treatment and extraneous effects exists as in Equ. (7)

and that row, column anc treatment effects add to zero as in Equ. (9). Now

a man, reasonable but innoc nt of Biometry, let alone the Calculus, required

to form some estimate of the quantity p in Equ. (7) from the data of Table

XX would presumably proceed along a line of thought that may be conjured up.

He would argue that in view of Equ. (7) eveiv one of the 8o observations in

the table contains the quantity p. so that none may be safely ignored without

throwing away a potential bit of information on p. . Surely the sum or the

average of the 80 observations would give him some idea of p. 7 Naw sta ting

out to consider what we get besides 4 in the sum he would find

57 17- a2 61 4" 11 E5

55 `" i + a 2 + 13 2 12 + C6

58 = a20 04 4- Y1 660

flj

(16)



whence

80p + 4(ai + a2 + a3 a20

El E2

=4241

+ 20(r3_

112

03 04) 20(y1 Y2 Y3

Upon reflection, remembering Equ. he would simplify and say

80P El
= 4241

E80

(17)

(18)

Now since, can be shown, there is no sure way of estimating El E2

etc. he could only hope they would to a considerable extent cancel,

some being positive and some negative, and otherwise f iget them. So finally

he would come to the comfortable,

8o1^1 . 4241 (19)

which, of course, results in the average

= 53.01 (20)

(Note the little hat means that even when all is done he would not know

p , but only have an estimate subject to accidental variations ) Next

s_ppose the reasonable man wanted to get an estimate of the control factor

of Group. He would first esti ate the level of satisfaction for Group I.

He would argue that in view of.Equ. (7 every one of the first 6 observations

in the table contains the quantity al so that none may be safely ignored

without throwing away a potential bit of information on al . Surely the sum

or the average of the first 6 observations would give him some idea of a
1

?

Now, starting out to consider what he would get besides a1 in the sum, from

the first four of Equ. (16),



222 = 4p + 4cti + 82 + 03 4. 04) (Y1 12 4-

upon reflection, remembering Equ. ( 9) he would say

4al + 4p + ei + e2 + e3 + = 222 .

NOW since, again, the only thing he can do with el ,

them and write comfortably

4al + 4p = 222 .

Yit

c2

Let him then write for Group I through XX, the equations:

4al + 4p = 222

4a, + 4p = 211

4a3 + 4p = 226

4a4 + 4p = 225

4a20 + 4p = 220

E

etc

113
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21

(22)

is drop

(23)

In more or less the same way he would get equations for the control factor

of Period as

20$ + 201j = 1121

20$2 + 20p = 1048

20$3 + 20p = 1029

2064 201 = 1043

In this way he would get estimates:

a2 (13 al+ 6 6 6 a20

+2.49 -.26 +3.49 +3.24 ... +1.99

+3.o4 -.61 -1.56 -.86

(25)

(26)



By a si ilar argument, he would get equa ions for the experimental Treat-

ments as follows:

20yi + 20p = 1040

20y2 + 20p = 1075

(27)
20y3 + 20p = 1092

20y4 + 20p = l034

yielding estima es of Treatmcnt effects, as in Table XX b. All the tr_at-

ment estimates, or contributions, yk are shown in Table XX b as

which is a more convenient way of reporting them. As previously in Table XIXb,

there are added the means for the Treatments.

It must that in the preceding passage a mountain has labored

mightily to bring forth a very small mouse. The point of view is importan

because it applies to later cases of more involved design or imperfectly

executed design. One can set up quite easily oneself what are called

"least squares" estimates for all the effects in a latin square without

getting all involved in the elaborate business of partial differentiation

usually given in their derivation. These equations are at least for all

problems in the present b very easily set up along lines that a reason-

able man would follow anyhow. For criven Treatment he would form the

total or average result, although we do adjust it a little for any effect

of Rows, Columns, etc., which happened to become involved from the nature

of the.Design. This approach, it should be understood clearly, leads to

results identical With those usual. The approadh is convenient and meaning-

ful in an experimental way.

116



While esti ates o eatment effects should probably be considered
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the main output of an experiment, such as that of Table XX, i.e., the

results of Table XXb, it is often important to test the significance of

those estimates. Important or no it is generally done as in Table XXc.

It is often necessary to go beyond these and the estimates of effects

us in Equ. (26), to the question of the chance variation in these

estimates and the gen _al chance variation in the observations that is not

accounted for by the systematic effects. here the intuition of the

reasonable man would be inadequate and it would be necessary for him

appeal to a biometrician. And this is a good thing because it makes it

possible for biometricians to earn a living. With regard to the residual

variability it is necessary to think of the problem in two steps. First,

what would be the residual variability if one made allowance only for the

control factors, Rows and Columns, and secondly if one made allowance for

the factor of experimental Treatment. The vital questi n is whether it

is much reduced by the inclusion of Treatments because then we shall be

inclined to regard them E7 significant.

Consider the first problem of getti g the variability, residu 1 on

the control factors. Here we may take advantage of a rule without attempt-

ng to justify. It is that for all least squares equations and their solu-

tions the variability, in a certain sense, that is not explained, ix gotten

from the sum of the 80 observations in Table XXa, each squared (229,057),

the above estimates and the right-hand members of the equations. Then one

takes advantage of the fact that the reduction in squares achieved by each

estimate is given by the product of that estimate and the right-hand member

of the equation from which it arises. Thus the reduction in variability, due
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, is -53.01(4241) as from Equ. (19), the reduction

due to is -2.49(222) as from Equ. (24), the reduction due to 1

is -3.04(1121) as from Equ. (25). In total the variability residual on

control variabl employing row and column estimates beyond those of

Diu. (24) and (25) and not shown elsewhere) 2s:

229,057 - 53.01(4241)

-{ 2.49(222) - .26(211) '3.49(226) + 3.24(225) + 2.99(224) A- 2.74(22

+4,49(230) + 2.49(222) - 6.26(187) + 4.74(231) 2.76(201) - 6.01(188)

-3.76(197) 2.74(221 ) + .49(214) - 9.76(173) 2.26(203) f 5.49(234)

-5.76(189) -I- 1.99(220)

_f+3.04(1121 .61(1048) - 1.56(1029) .86(1o43)1

2507.91

This result is exact, except for rounding error, due to the fact that in the

illustrative calculations there are very few decimal places. If the business

is carried out with abundant decimal places the r stilt of Equ. (28) is

2518.51, as in Table XXc.

Finally, we must considL,- the v iability residual on the model when

not only control factors, but also the experimental factors or Treatments,

are included in the model for th e. data of Table]a . Since the effect of

Treatments is orthogol,.al, on account of the peculiar nature of the Design,

*The reader should not be alarmed that some raw estimates seem to give

an increase, rather than a decrease, in residual variability. Matters are

arranged so that R as a whole, Columns, as a whole, and Treatments as

a whole, give each a reduction in variability.
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to those of Rows and Co:umhs, the various equations are independent,

we may write the further reduction due to the consideration of Treatments,

after the fashion of Equ. (17) as subtracteddirectly from th previous

residual to give a final residual of

2507.91- -1.01(104C -4- .74(1075) 1.59(1092) I. 1(1031-))= 2381.07 . (29)

or if abundant decimal places are used to the 2402.27 of Table )Q(e, where the

results are summarized. There the mean.reduction in variability per degree

of freedom for Treatment is (2518.51 - 240.27)/3 = 38.75 . The mean variability

per degree of freedom residual to the entire model is 2402.27/54 = 44.49 .

The ratio of the e quantities is called F = 38.75/44.49 =

significant n referral to Tab1, L.
1

, which is not

should be realized, of course that ex-ctly the result gotten by

tile classic Equ. (15) could have been obta4ned by operations like those of

Equ. (26) and (29). Equ. (15) is just a facilitation, convenient for a desk

calculator, when one is dealing with a single complete latin square. It

really does not matter how one analyzes--it is so easily done. It does not

even matter much how one presents the analysis. Thus it can be presented in

the classic way as in Table XIXe or in more concise but general manner as in

XIXd. The approach is, however, important because the classical one becomes,

often, unbearable in the more complicated cases that arise in the real world.

Then the designs tend to be multiple, incomplete and not latin and the

analysis had better be done by setting up the necessary equations and then

considering the amount of variability left in hhe data after those ecuations

have been used to make necessary estimates:
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If onc hd only a desk c'l,lator, one would use Equ. (10) through

Equ. (15) with a small modification in the definition of S
T

to get the

results shovm in Table XX d. Geierally in practice, however, research men

would use the approach of Table XX c but take advantage of something like

the appendix program. If one has access to an electronic computer it is

much more simple just to give it the Design and resIlts, as in Table XX

and have it yield the results as in Table XX c.

The writer suggests that this problem might more logically be thought

of along the lines used in fitting a polynomial of indeterminate order, as

Sir Ronald FiSher also taught us in 1925. Argue that there is a certain

residual variability when allowance ha- been made for the control factors,

i.e., Rows and Column.. Then consider the residual variability When allowance

is further made for the TreaLftents. Consider the reduction in residual

variability due to the addition of Treatments. Compare that reduction with

the variability still residual te see whether the reduction due to Treat-

ments is relatively so high that it could not be due to chance of the nature

of the residual factors i.e., are the particular Treatments concerned very

meaninC,11. In all this handling about of resi ual =lability it

necessary to bear in mind degrees of freedom, as set forth in Table XXe.

We may say there were originally 80 degrees of freedo i.e. 8n observa-

tions. There have been fitted constants, 1 for 19 . 20 1 for Ro s

and 3 . 4 - I for Columns. This leaves 8o - 1 - 19 - 5 . 77 d.f.

associated with the residual squares of 2518.51 on the control factors.

Bow if the model is extended to in2lude = 4 - 1 more constants for Treat-

ments there are left only 54 d.f. with associated residual squares of

2402.27. There has been achieved a reduction in variability of



Table XX Succ ss in s usin Treatments each for

1 Week, durin 4 Weeks

Desil re ults

1 (1) 53
v (1) 57
IX (1 ) 50
XIII (1) 60
xvii (1) 64

IT (2) 60

XIV (2) 5>

vi (2) 64
x (2) 53

XVIII (2) 57

III (3) 77
VII (3) 44
xil (3) 50
XV (3) 63
XIX (3) 62

IV (4) 46
VIII (4) 58
XII (4) 54
xvi (4) 42
XX (4) 52

We_eh

4

(2) 58 (3 ) 58 (4)

(2) 55 (3) 54 (4)

(2) 66 (3) 57 (4)

(2) 55 (3) 55 .(4)

(2) 52 (3) 49 ()-I.)

(4) 57 (1) 55 3)
(4) 51 (1) 53
(4)

(4)

58
44.

(1 )
(1)

51
48

13333 i

(4) 64 (1) 53

(1) 47 (4) 30 (2)

(1) 49 (4) 48 (2)
(1) 46 (4) 57 (2)

(3 ) 51 (4) 52 (2)
(1, 42 (4) 56 (2)

3) 35 (2) 47 (1)

(3) 51 (2) 49 (1)

(3) 63 (2) 51 (1)

( ) 49 (2) 51 (1)

) 55 (2) 55 (1)

Sum

53 222
45 211
53 226

55 225

59 224

51 223

66450027

187

230
222

231

47 201
irt 188
44 197
55 221
54 214

45 173
45 203
66 234
47 189
58 220
----

Sum 1121 1048 1029 1043 4241

sum s q . 64,075 56,032 53,633 55,317



b. Treat nt imates

(q) k3) (41_

Contrib. -1.01 +.74 +1.59 -1.31

Mean 52.00 53.75 54.6o 51.70

c. Test of sI'nificanceof Treatment -ffec

Factors d f. Residual Variability
S. uares)

p , Rows & Columns (

Control factors plus Treatments

57

54
2518.51

2402.27

(2518.51 - 2402.27)/3 .87 N.S.2402.27/54

Te tin

120

nificanc- usn. classic anal si- of variance

Source

Rows
Columns
Treatments
Residuals

°Total"

19
3
3

54

79

Sum Sq

1456.74
255.74
116.24

2402.27_

4230.99

Mn. Sq

76=67
85.25
38.75
44.49

.87 N.S.
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2518.51 - 2402.27 = 116.24 (as it appears in the traditi -Al XX d)

3 d.f. or 38.75 per d.T. Treatment. This is now to be contrasted with

the 2402.27 residual variability for 54 d.f. or 44.49 per d.f. on the total

model including control variables and Tr atment. We contrast the 38.75'

with 44.49 by striking the ratio of .87. Finally we decide if this is

bigger than might te the case by accident by reference to Table L

(5% point of F) to see the number 2.71. Our .87 is too small.

If we had gotten 2.71 or more in our experiment we should have said the

results were significant. Then what may seem curious subtraction above

of one from number of Rows, Columns and Treatments is due to the condition,

Equ. (9), which reduces the real number of things to be esti ated. Thus,

in Equ. (24), it seems thatthereare2Ovaluesofa.to be esti ated

but there are really only 19 because a20 is just the sum of al through

a19 mult iplied by minus one.

In the literature one can find the solemn handling of the control

factors, say Rows and Columns, as if they were experimental Treatments,

further ela.borated for repeated latin squares. This position was first

discuss d in connection with the single latin square involved in Table XIX.

The first 4 Groups, 1, II, III and IV, may be regarded as belonging to u

first square the next 4 Groups, V, VI, VII and VIII, similarly belong to a

second square. The Groups within a square may be more intimately related to

one another than they are to other groups. In agricultural problems where

the analogue of our Group is a Row of little exTerimental plots such is

often the case. Then there is piled up in place of the single line lead

by "Rows" in Table XX d an elabo ate subdivision of variability due to

squares, the interaction of squares with Columns etc. The reduction in

1
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variability (Sum Sq ) due to Treatments and the corresponding value for

Residuals are completely unaffected and the F test remains unaffected.

Accordingly, such elaboration seems generally to be an idle thing.

Breaking treatment va iability up Very often data such as th se of Table

VI are subject to general analysis as in Table XIXa but then ce tain

particular compari ons are required. The variability aim Treatments

muEt be broken up. The point is that insofar as the Treatments make a

substantial reduction in rL3idual squares, i.e. 1585.7078 - l074.9556 -

510.7722 it is because the treatment averages in Table Xac vary substan-

tially. It may be required to isolate thatvariability because there was

some fundamenta _ reason, known before the experiment was run, why certain

comparisons should be made. There is often a situatior where the v iabil-

ity among Treatnents must be in some way subdivided. The Treatments are

ot simply so many alternate varieties, in themselves. Thus it may be

required to compare Treatments (1) and which are two types of regular

Treatment ith the other Treatments as a set because they are experimental.

lternatively, it may be required to compare Treatments (2) and ) with

(4) (5) and (6) because the first 2 involved aureomycin and the latter 3

penicillin. Me division for comparison may involve, in som way, all 6

Treatments, although it may involve the intercomparison of only so e.

It is difficult and see s unnecessary, here, to go through the logic

involved in such problems. We may advantageously avail ou selves of

procedures well established in the analysis of variance. Consider there

the comparison of any set A of Treatments compared with any other set

B of Treatments. It is necessary to note the number of basic units



,D3

n and n
B

i thn the two roups. In e case o lati square, txtxt,
A

at present nA must be t times the number of Treatments in set A and

similar. Then the sum of squares or mean square is

2

whereTAis the total of all observations y in set A and TB the

total in set B . Such comparisons may be made as the nature of the

problem involved indicate. All such mean squares have a unit freedom.

The matter may be illustrated on two comparisons of Treatments in Table

or Table VI, oy calculating:

a. To compare Treatments (1) and (3 i h all other Treatments find

(624.0)2 (1407 8)2 (2031 8 )2

12 24 36
= 354.67 (3a.)

This mean square may be compared with the residual mean square of Table XiXd

to give

w120 '

= 35h.67/53.75 = 6.00-,

which on reference to Table L proves significant at the 5 level.

b. To compare (2) and '3) with 4) (;) and (6) find

(646.8)2 (1067.5)2 (1714.3)2 210.38
12 18 30

(32 )

(33)

This mean square when compared with residual gives.

F120_ = 210.38/53.75 = .91 (34)
-,

which on reference to Table L is not significant at the 5% level.

1
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This procedure may be paralleled by operations involving the esti a es,

as in Table XIXID f Treatment effects. The procedure proposed is not

exactly that usually given in discussions of the analysis of variance,

although It is algebraically identical. It has considerable advantages

in that it can be applied in a variety of situations without any special

concepts or equations. It is on the other hand, admittedly more clumsy

for the case of the single, perfect latin square.

The set A , may be supposed to rise mA
Treatments and set B

to comprise other Treatments. Then parallel to Equ. (30 ) we may write

that the sum of squares or mean square for the comparison of the two

set- is

2

E = K m
A

where Z
A is the total of treatment estimates for set A and Z

B
the

t tal for set B The constant K is to be found, as belog. Of course,

from comparison of Equ. (30) and (35) , for the single complete latin

squ_ e, ,t is simply the number of experimental units under a given

Treatment. In a more general way, K is the ratio of the reduction in

residual s[ es due t- Treatments, as in Table XiXa, to the sum of all

the treatment estimates squared, i.e.

(i)2 (-)2 2 + (5)2

matter is illustrated for the caL,e of Table XIX in Equ.
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To illustrate the matter, consider the contributions of Table XiXb.

We may find the value of

K =
1585.7078 - 1 4.9356

+.28 )2 + (6)2
+ (±.23)2 + (_.69) (*5

as previously discussed, actually 6, the number of observations under

each Treatment, except for the fact that in the illustration the Treatment

estimates', or contributions, are calcuaated with only two decimal places.

Following Equ. (35), the part of thc variability ,due to the comparison

of set A wheA it is Treatments (1) and (2) with set B , when it is

the balance of the 'reatments, is

(( I+ (5) 1- (W
4

when it will be noted that the third term of Equ, ishes because

the numerator sums to zero. Numerically,

52 - 5.36)2 + 4.2

2 4

2

(6)(8.88)

= 354.8448

2

(37)

Now this value is to be compared with the final residual variability of

Table XDa to give

F = 54
.84

4 - 6.6o
1,20 1074.9356/20

which on reference to Table L is signifian the 5% level. This

12

(38
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result is, of course, iden ical with that of Equ. 32), except for rounding

error. In the case of the comparison b t- en Treatments ( ) and (3) with

(4), (5) and (6), the part of the variability due to this single comparison is

there is a third "corre ti e" term within the complex brack ts. Thus

from Table XECb, again, the comparison yields

+ 9.06)2

2

= 210.4(07
(40)

Now this value is to be compared with the final residual variability of

Table XIXa to give

210.41911_
F, =

107 .93 6/20
.92

which on reference to Table L proves not significaLt. This result is,

f course, identical with that of Equ. (3)), except for rounding error.

In actual experimentation, there frequently arises the problem where

(41)

some one picks out, after the fact, of Table XIX-bthe most divergent Treat-

ment, like (3) at -5.36, and compares it with the balance of the Treatments.

The calculation is simple enough, being along the lines previously followed

to give



F1,20
6(6)(5.36)2(20)
1074.9356(5)

5
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(42)

There arises, however, a problem of testing this v lue for significance.

It is a problm in logic. The quantity F-1 20
cannot be referred in a

simple way to Table .1, if we deliberately chose 5.36 on account of its

being large; we did not predesignate it. There is a .considerable dis us-

sion on this matter in the literature although it will be found to center

around the quantity iF1 which is called "Student' (The choice

of symbols has no great significance but is an historIc accident) To

anyone interested in this question we recommend a search of the literature

on this logical problem.

There are subdivisions of the variability among Treatments, other than

the comparisons just detailed. For instance there are factorial experi-

ments where 3 chemicals are tried each at 2 concentrations to produce 6

Treatments. One may want, as it is said, to study the effects of the

factor of kind of reagent, the factor of concentration and possible inter-

action of these two factors. Such matters are covered in all standard

discussions of experimentation and should not be allowed to divert us

from more immediate business. Suffice it to say that in such discussions

the sums given may be judiciously replaced by estimates and then the

value K used to adjust matters.

123
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Analysis with allowance for Carry-over in latin squares with conditioning

Period - In Chap. II in connection with Table VI, it was suggested that

Carry-over of Treatment effects may often be considerable. On this basis

the Designs presented and discussed have made allowance for Change-over.

That is a given Treatment is not preceded by any other Treatment m re than

once. With such Designs we may at least comfort ourselves that Carry-over,

if it oeeurs,will be confounded in a =all and presumably minimal way with

Treatment effects. The matter often stops there. It may, however, be neces-

sary to free treatment effects from C y-ove . It may further be required

1;cp get Carry-over out of the residual mean square; Carry-over blows this up.

There are even times when it is of great practical importance to estimate

the effect of Change-over. Thus we are often under the necessity of analyz-

ing for Change-over. Consider first the situation when the Design contains

a conditioning Period, as in Table VI, and as reproduced in Table Ma, so

that there are Carri -over in the first Period of the experiment, proper,

just as in the subsequent Periods.

It is necessary to extend, for Columns after the first, the more

usual model for a latin square as given in Equ. (7) to

Yijkk E.
-k ijk2,

where the 1th
Row, jth

Column kth Treatment, and it.

over are involved with extraneous variability,

supposed, as in Equ. (91,

'

, of some kind. It is

C4241



Thus an observatiOn Y2364 1 conceived as being like Y236 of Equ. (8)

except that we recognize, additionally, that the 9th result 64.2 followed

Tr tment (4), i e., possibly contain Carry-over, rSLf . The variability

extraneous to the effect of all four factors in this particular cell is

ciom, . It is now possible to build again estimates of the various effects

and the amount of variability residual on them. There does arise a question

as to whether we are trying to test the significance of carry-over effects

or simply to elimlnat- them in the same way as the effect of Rows and Columns.

Then, of course, we may do, and shall do in the following discussion, both,

one at a time. Again, it must be noted that the following discus ion of

Carry-over is based upon the additive model of Equ. (43). In this it

parallels the traditional analysis of variance built on the same sort of

assumption. There is perhaps a little more reason to question the assumption

in the more elaborate model but it will not be done in the present book.

It may be now observed that there is a reward for the primitive

approach to the writing of le st squ quations as set forth pre i usly

in conneCtiOn with the multiple latin square, without consideration

of possible Carry-over. There are no well-known solutions for the present

effects. The procedure in the literature involves the calculation of

an elaborate set of preliminary quantities and their labyrint4ine

manipulation. Our reasonable but uninstructeC mn..1 would simply

form the obvious and appropriate totals and get exactly the right effects.

Thus he would argue that the sum of all the observati ns y would

contain p 36 times and all other row, column, treatment and earry-over

effects in such balance that they cancelled and find

36 v = 2031.8 (4 )
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like Equ. (19 ), where the argument is more detailed, because in total all

other effects balance out and disappear by virtue of Eqn. (9 ) and Equ. (44)

Incidentally,

P = 56.44 . (46)

What is more important is to gather up Equ. (45) as the first line in

Equ. (48) together with other equations. In order to form an estimaGe

of effect of Group I he would note that the sum of the observations

comprises in the terms of Equ. (43)

6u + 6al + (31 + 02 03

+ (2

= 611 + 6a1

= 317.0

1 62 1- 63 64 4'

Y1 12 4" 13 4' Y4 4' 15 16)

(L47)

In a similar way he might set up totals for all values of yijia, within

Row of the Design, to produce lines 2 through 7 of Equ. (48). Actually, the

7th has to be replaced from Equ. (9 ) because if one were to treat the first

T lines as simultaneous equations one would find what is called a singularity,

i.e. , they would not solve, but the matter can be resolved by this substitu-

tion. This problem did not arise previously when all the equations T-lere simple,

but now Carry-over is, as the word goes, confounded with raw effects, in

Equ. (48). Similarly, the Columns yield 6 more equations, including one from

Equ. ( 9). Treatments yield 6 more. Carries-over yield 6 more although

there the substitution is from Egli. (44). These are least squ res equations.
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A Z's

al 3 a4 a5 a6 $1 2 $3 $4 $5 h 11 12 13 14 15 16 61 66 = Const.

+36 = 2031.8

+6 +6 -1 = 317.0

+6 +6 +1 -1 = 336.5

+6 +1 -1 = 336.8

+6 -1 +1 = 370.7

+6 +6 -1 +1 = 3)44.3

+1 +1 + 1 +1 +1 .0

+6 +6 333.0

+6 +6 . 336.1

+6 +6 = 329.8

+6 +6 = 353.3

+6 +6 = 342.1

+1 +1 +1 +1 +1 +1 -0

+6 +6 . 317.5

+6 +6 = 340.3

+6 +6 = 306.5

+6 +6 364.0

+6 +6 = 334.5

+1 +1 +1 +1 +1 +1 .0

+6 +1 -1 +6 = 308.6

+6 -1 +6 340.9

+6 +1 -1 +6 323.3

+6 -1 +1 +6 355.3

+6 +1 +6 = 334.2

+1 +1 +1 +1 +1 +1 = .0

(The positions left empty contain zeroes nOt Shown

(4,8
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In a general way it is first necessary to test for the effect of Treat-

ments when Carry-over is uninvolved in the m del, as was previously done in

connection with Table XIX. Now, however, the _atter will be approached from

the point of view of the least squares equations. The basic mc.del will be

that of Egu. (43) but for the moment the elements of Treatment and Carry-

over will be neglected. In a general way the columns (14th through 25th)

involving k
and

k
of Equ. (48) and the corresponding rows must be

:opped. This is a matter of eliminating the control facto-s. In detail,

the equations are:

+36
+6 -6

+6 +6
+6
Vg.'7+6 +6
+6 +6

+1 +1 +1 +1 +1 +1
+6 +6
+6 +6

+6 +6
+6
+6

= 2031.8
= 317.0
. 336.5
-
-
= 344.3
. .0
-
=

333.0
336.1

. 329.8
+6 = 353.3

+6 . 342.1
+1 +1 +1 +1 +1 +1= .0

.

(The po i ions left empty contain zeroes, not shown)

The resultant estimates are:

()49)

al a2 a3

-3.61 -.36 -.31 +5.34 +.94 -2.02

-.94 -.42 -1.47 +2.44 +.58 -.19

c36

(50)

It now is necessary to find the residual squares on estimates of p , Rows



and Columns as control factors. This requires an operation similar to that

of Equ. (28). This residual variability is:

116,59 .26 56.44(2031.8)

-1-3.61(317.0) -.36(336.5) 31(336.8) +5.34(370.7) +.94(344.3) -2.02(326.5))

-{-.94(333.0) -.42(336.1) -1.47(329 8) +2.44(353.3) +.58(342.1) -.19(337.5)}

= 1590.38 (51).

or if the thing be carried out with 10-figure accuracy, of the estimates, so

that the results gibe with those of Table XIXa11585.7078. In order to find

the further reduction due to Treatments, from Equ. (48) the columns

(20th through 25th) involving and the cor esponding rows must be

dropped. In detail, the equations are:

+36
+6
+6
+6
+6

+6

+6
+6

= 2031.8
= 317.o

336.5
= 336.8
= 370.7

+6 +6 - 344.3
+1 +1 +1 +1 +1 +1 = .0

+6 +6 = 333.0
+6 +6 = 336.1

+6 = 329.8
+6 +6 = 353.3
+6 +6 = 342.1

+1 +1 +1 +1 +1 +1 = _0

+6 +6 = 317.5
+6 +6 = 340.3
+6 +6 306.5
+6 +6 = 364.0
+6 +6 = 334.5

+1 +1 +1 +1 +1 = .0

(The positions left empty contain zeroes, not shown)

The resultant estimates for a. and are as in Equ.. 46)
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and (50). Those for yx which remain as previously from Equ. (12) are

shown in Table).0Xb and XXIc. The residual variability is:

116,596,26 56.44(2031.8)

-{-3.61(317.0) -.36(336.5 ) -.31 336 8 +5.34 (370.7) +.94(344.3) -2.02 (32 .5)1

-{-.94(333.0) -.42(336.1) -1.47(329.8) +2.44(353.3) +.58(342.1) -.19(337.5))

-{-3.52(317.5)+.28(340. ) -5.36(306.5) +5.06(369.0) +4.23(364.0) -.69(334.5)1

= 1590.38

-{-3.52(317.5)+.28(340.3 ) -5.36(306.5) +5.06 69.0 +4.2 64.0) -.69 (4.5)1

= 1079.48 (53)

or if the thing be carried out with 10-figure accuracy, of the estimates, so

that the results give with those of Table Xa, 1074.9356. These results are

summ -ized in Table XXIb; the value F fails significance.

As a detail, in actual computer operation, both here and subsequently,

the reduction in matrix, from Equ (48) to (52) .is most ca ily and

accurately accomplished by submitting the first 19 lines, or equations, as

they are, replacing the 20th through 25th lines or equations by 6,Q 0 ,

for all If, for instance each line is a punched card, the last 6

cards have to be temporarily replaced. The last corresponding 6 columns

automatically become ineffectual. Thus in the present case, rather than

Equ. (52)) one might submit the equivalent,

136



A A A A , e ,. e, 0, 0, A 74 et , , e.

"35

1

'34 c5 c6 (34 1 12 3 Y4 15 16 = Con

+36 .
10= 2n31.+6 +6

+1 -1 = 317.0+6 +6
+1 -1 = 336.5+6 +6

+1 -1 = 336.+6 +6
-1 +1 = 370.7+6 +6 -1 +1 344.3+1 +1 +1 +1 +1 +1 = .0+6 +6

+6

+6
+6

+6
: iEi+6

+6
+6

+6 = M.
+1 +1 +1 +1 +1 +1 = .0+6 +6 = 317.5+6 +6 = 340.3+6 +6 = 306.5+6

+6

= n:c5?
+6

+6
+1 +1 +1 +1 +1 +1 = .0

+1 = .0

+1 .0
+1 = .0

+1 = .0

+1 = .0

+1 = .0

(The positions left empty =It in zeroes, not shown

5141
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It is, secondly, necessary to test for the effect of Treatments when

Carry-over is involved, i.e., J the full model of Equ. (43). In order to do

this we must find the estimates and residual variability when Treatmet is not

included and then when it is included. In a general way the columns (1)-th

through 19th) involving yk and corresponding rows of Equ. (48) must be

dropped. We are making an analysis on the basis of estimating Carry-over

as a control factor, like Rows and Columns. In detail, the equations are:

+36
+6 +6 +1 1
+6 +6 +1
+6 +6 +1
+6 +6 -1 +1
+6 +6 -1

+1 +1.+1 +1 +1 +1

-1

+1

-1

. 2031.8
317.0

= 336.5
= 336.8
= 370.7

344.3
- .0

+6 +6 = 333.0
+6 +6 ,. 336.1 (55)
+6 +6 = 329.8
+6 +6 = 3,3.3
+6 +6 = 342.1

+1 +1 +1 +1 +1 +1
+6 +1 +6 308.6
+6 +1 -1 +6 = 340.9
+6 +1 -1 +6 323.3
+6 1 +1 +6 = 355.3
+6 -1 +1 +6 = 334.2

+1 +1 +1 +1 +1 +1 = .0

(The positions left empty contain zeroes, not shown)

The resultant esti ates are:

al 042 a3 044

-2.71 -.65 +1.25 +4.44 +1.24 -3.57

which differ from those of Equ. (50) because the estimates of

1/4

1; 8

( 56 )

or
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Carry-over, have become involved while the estimates remain as

therri, because C -y-over is uninvolved in Columii estimates. The estimate.,

[i]or are as shown in Table ;ale. It is now necessary to find the

idual squares on estimates of i , Rows, Columns and C ry-over as control

factors. This requires an operation similar to that of Equ. (28). The re-

sid1.-1 variability is:

116,596.26 - 56.44(2031.8)

-(-2.71(317.0) .65(336.5)+ 1.25(336.8) +.14 44(370.7)+ 1.24 344.3) 3 (326.5))

-(-.94(333.0) .42(336.1) - 1.47(329.8) 2.h4(353.3) + .58(342.1) .19(337.5))

-3.82(308.6) + .69(340.9) - 3.36(323.3) 4- 1.59(355.3) -1.05(334.2) -I- 5.95(369.5))

= 1231.05 (57)

or if the thing be carried out with higher accuracy, of the estimates,

1233.5020. In order to find the further reduction due to Treatments it is

necessary to consider their esti ates which remain as previously from Equ. (12)

and Mown in Table Xab, since Treatments are confounded with neither Rows

nor Carries-over, in this Design. Accordingly one must make a further sub-

traction, like that of Equ. (53) from the result of Equ. (57) as:

1231.05

-t- 52(317.5) +.2 340.3) -5 6 06.5 +5 6(369.0 ) + 4.23(364.0) -.69(334.5)1

= 720.15 (58)

or if the thing be carried out with higher ace aey, of the estimates, 722.7298.

These results are summarized in Table XXid.; the value F fails significance,

although it is a little greater than the F in Table XIX--the introduction

of Carry-over into the model is responsible for this.
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The full model of Equ. (48), together with the various reduced parts

of those equations, as previously discussed will in a tual pra tice be handled,

automatically, by the program, for electronic computer, in the Appendix.

The procedure used in the pr sent section of fitting models

successive levels of complexity, g. , up to Ca y-over and then with the

addition of direct treatment effe t

connection with multiple latin squares, on the general principle familiar

in fitting polynomials of increasing complexity. There one may fit a

parabola and then see if any substantial improvement re ults if one goes on

to the complexity of a cubic. The only difference is that in the present

work one adds necessarily a whole cl ster of constants instead of a

single constant.

The alteinative analysis f r significance of Carry-over will no

usually be of practical importance; Carry-over is a means to an end, it

is just a control factor like Rows and Columns and it is surely

of little interest to test their signific ce. The results are shown in

Table Xne. The first line comes directly from the second line of

Table MXa. The second line directly from thesecond line of Table XXIb.

as was remarked previously in



Table XXImAILL1LL2[1T latin

Peri d

nditi-nin

direct T/eatment d

°

Data coll--t

1 2

Week

3

((1 )) (1 46.4 (3)45.b (2)40.8
11 ((2)) (2 )60.9 (4)59.2 (3)44.9
III ((3)) (3 )50.0 (5)50.0 (4)64.2
IV ((4)) (4 63.7 (6)72.0 (5)71.7
V. ((5)) (5)48.8 (1)50.4 (6)56.4
VI. ((6)) (6)63.2 (2)58.7 (1)51.8

SUM 333.0 336.1 329.8
Mean 55.5 56.0 55.0

Sum, S

d d from Table VI

4

(5)62.4
(6)64.2
(1)60.9
(2)57.3
(3)58.9
(4)49.6

5

(6)59.9 (4)61.7
(1)55.3 (5)52.0
(2)58.4 (6)53.3
(3)53.3 (1)52.7
(4)65.6 (2)64.2
(5)49.6 (3)53.6

Sum

1

ean

353.3 342.1 337.5
58.9 57.0 56.2

18,795.14 18,807.38 19,661.07
19,272.13 20,936.87 19,123.67

An direct Treatment alone (re

from Table XXc

Factors

A
V , RowS & Columns (control)

Control factors plus Treatment

25

20

roduced

317.0
336.5
36.8

370.7
344.3
326.5

2031.8

Residual Variability
(Squares)

1585.7078

1074.9356

5.7078 1074.9356)/(25-20
5,20 1074.9356/20 = 1.90 N.S.

Direct Treatment effects and Carrl- ver_effects

(1) _ (3) (14) (5) (g)

Contrib. -3.52 +
Mean 52.92 56.72

-5.36 +4.23 -.69 +5.06
51.08 60.67 55.75 61.50

[3] 4]

-3.82 +.69 -3.36 +1.59 -1.05 +5.95

141

52.8
56.J
56.1
61.8
57.4
54.4

56.4



Si nificance of direct Treat ent e fects

Factors

v 9 Rows Columns, Carries-:Over

Control factors plus TteatMntS
ntrol)

Id.f.
1

1 20

15

140

Residual Variability
(Squares)

1233.5020

722.7298

(1233.020 - 722.7298)15
2.12 N S.

5 722.7298/15

Significance

Factors

f Carry-Over effects

0 p ROwt Columns, Treatments control

Control fac ors plus Carries-pver

After

(1)

(2)

(3)
(4)

(5)
(6)

d.f.

20

(1074.9356 = 1.46 N.S.
515 722.7298/15,

Residual Variability
(Squares)

1074.9356

722.7298

Estimation of direct_Treatment and_Carry-over in a simaLt

-,12..LI,12.92.LiagRovreffec- from Table VIb)

Treatment

) (2) (3)_ (1) 5 ( )1 Sum Mean ntrib
46.4 58 4 45.8 49.6 52.0 56.4, 308.6 51.4 -5.0
51.8 60.9 53.3 59.2 62.4 53.3: 340.9 56.8 + .4
52.7 40.8 50.0 65.6 50.0 64.2 323.3 53.9 -2.5
60.9 64.2 44.9 63.7 49.6 72.0 355.3 59.2 +2.8
50.4 57.3 53.6 64.2 48.8 59.9 334.2 55.7 .7
55.3 58.7 58.9 61.7 71.7 63.2 369.5 61.6 +5.2

Sum 317.5 340.3 306.5 364.0 3314.5 369.0 2031.
Mean 52.9 56.7 51.1 60.7 55.8 61.5 56.4
Contrib, -3.5 +.3 -5.3 +4.3 -.6 +5.1
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The residual variability divided by its degrees of freedom may be

termed the mean residual square. Thus in Table XXib it is 1074.9356/20

53.75 whereas in XXid it is 722.7298/15 = 48.18. In either case it is

related to the amount of inconsistency in the data--inconsistency in the

sense that the variability of the data can be explained by neither the

control factors nor Treatment. The two values are fairly strictly com-

parable. The smaller the value the better the model--if it were zero the

model of control factors and Treat_nts would be perfe t. The concept is

often useful in studying the results from an exneriment. There is a

so ewhat related idea of mean square for Treat ent such as (1585.7078

- 1074.9356)/5 = 102.15. This is commonly found in the classic analysis

of vari nce. It seems t- be of little use and the ro_t of much conceptual

difficulty. It is the sort of thing best not thought about.

In connection with Table XXI , when allowance is made for Carry-_er,

note that a quantity called mean residual variability, i.e., terminal

residual (squares) variability divided by the appropriate degrees of

freedom, or the quantity that appears in the denominator of F , may be a

good bit the less than when no such allowance is made. The reduction is

less than might have been expected but goes from 53.75 in Table XIX to

48.18, i.e., is 10% less.. In much change-over material that comes to

hand it turns out that much more of the variability that we should other-

wise consider residual is, in fact, C ry-over. Insofar as this happens

something that previously passed for extraneous or chance variation is,

in fact, assigned to Carry-over. This affects the siificance of the

Treatments, proper. The ,,Jffect of Treat- ents which was not previously

143
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significant then beco es significant. In a formal way, the denominator

of the F ratio is reduced and so the significance ie increased. In a

more real way, we judge the treatment responses much more consistent

and subject to far less variability due to extraneous factors. In a

general way, for many people failure to allow in analysis of their

experiments for Carry-over must exaggerate the extraneous or chance

variation and often lead them falsely to the conclusi n that their experi-

mental effects are not signif3cant.

The correlation, +.93, between Carry-over and direct Treatment effect

in Table XXIc is considerable. In such cases one feels there must have been

some real treatment effects f-- how could they otherwise carry-over?

Such evidence seems almost more convincing than the familiar test that

the direct treatment effects contribute significantly to the reduction in

residual variability. Incic'entally, it may be n ted that this value for the

correlation was found prevIously in connection with Table VI between approx-

imate Carries-over and Treatments. This approximate work is reported in

Table XXIf.

Table XXI is concluded by the simple esti a ion of direct treatment

effects and Car y-over by neglecting row effect, as it was first done in

Table VI. This may be a useful device for a man with limited calculating

facilities. It will be noted that the treatment effects are exactly correct,

by comparing Table XXIc and XXIb. This is as one would expect since

in this Design they are, as previously, unconfounded with Rows or Carries-

over. The Carries-over agree reasonably well with those gotten exactly

in Table XXIC- Any discrepancy is due to the fact that in Table XXIb

there is no adjustment for row effects which do enter, as in Equ. (54).



In the present case the correlation between these rough timates and

exact estimates is .97. Accordingly, it Is possible to get a quick idea

pf whether there seems to be Carry-over present in data and the ill-provid d

man might direct his analysis on this basis. It may be of dnterest to note

that the operation in Table XXIf is, in terms of the general Equ(48)

equivalent to setting = 0 , for all i . This is esse tially an analysis

based on a Ric-del with Columns, Treatments a d Carries-over, but no allowance

for Rows -thus is it simplified.

Carry-over is often of positive nature in the work used in this book

for illustration. Sometimes, however, under similar conditions it may be

negative, or at least neutral. To illustrate this point there are shown the

data of Table XXII on material similar to that of Table XXI The Design is

identical and hence the a alysis; only the a ture of the results is different.

The correlation between Carry-aver and direct treatment eff ct, using

their estimates as in Table XXIIc, is -.82 which is sizeable. It is a little

difficult to judge its significance; the 5% level for 6 independent vari-

ables is -.81. The present estimates are not, of course, independent and

it would be arduous to find the strict level of .-Lgnificance. As was

argued previously, in connection with Table XXI one must, however, feel

there to have been some real treatment effects, insofar as they did carry-

over. Such evidence seems, again, almost more convincing than the familiar

test that the direct treatment effects contribute significantly to the

reduction in residual variability. On the other hand, it must be admitted

that the introduction of Carry-over to the model did ot advantage the

test of significance for Treatments proper. The value of F dropped from

5-83 to 5.58. Carries-over, the selves, wIth an F of .83, were nowise

significant. Perhaps the wis st thing te say is that we should design our
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Table XXII - Latin square 6x6x6 showing_negative Carry7over

II
III
IV
V
VI

Mean

a. Data collected

4

6

Week

4 5 6 Sum Mean

(I) 51.6 (3) 71.8 (2) 55.9 (5) 69.3 (6) 59.6 (4) 55.1 363.3 60.6
(2) 48.8 (4) 51.4 (3) 52.9 (6) 56.6 (1) 41.6 (5) 54.6 305.9 51.0
(3) 58.0 (5) 58.6 (4) 69.9 (1) 45.4 (2) 72.4 (6) 65.8 370.1 61.7
(4) 60.9 (6) 45.4 (5) 54.8 (2) 49.6 (3) 55.0 (1) 42.7 308.4 51.4
(5) 61.2 (1) 41.3 (6) 57.2 (3) 59.4 (4) 59.8 (2) 56.4 335.3 55.9
(6) 61.2 (2) 65.6 (1) 54.8 (4) 65.6 (5) 62.0 (3) 73.1 382.3 63.7

341.7 334.1 345.5 345.9 350.4 347.7 2065.3

57.0 55.7 57.6 57.6 58.4 58.0 57.4

Ana1 sis o Treatment effectc _withou llowance for Carr--over

(1) (2

Contrib. -11.14 +.75 +4.33 +3.08 +2.71 +.26

Mean 46.23 58.12 61.70 60.45 60.08 57.63

Factors d.f.
Residual Variability

(S uares)
+1,

p , Rows & Columns control)

Control factors & Treatments

25

20

1620.87

659.27

= 11-LgoL1_m_L2.211./JF
5,20

5 . 8**
659.27/20

3



(1)
(2)

(3)
(4)

(5)
(6)

Anal sis of Treat

145

effects with allowance for: C xy-over

(Treatment estimates as in )OII1c)

_ [270 f51

Contrib. +3.64 +.97 -1.79 -2.34 +.93 -1.40

Factors d.

, Rows, Columns & Carries-over control);
1

15Control factors & Treatments

tResidual Variability
uares)

1478.55

516.98

14-F
5,15

.55_7 516.98 5

516.98/15

Factors

= 5.58**

; d.f.
Residual Variability

S. uares

, Rows, Columns & Treatments control) 20

Control factors & Carries-over 15

659.27

516.95

516.98)/5
-

5,15 516.98/15
.03 N.S.

Data rearranged for simple Treatment and Carry7over_analysis

Treatment

51.6 72.4 71.8 65.6 54.6 57.2 62.2 +4.8
54.8 48.8 55.0 51.4 69.3 65.8 57.5 + .1
42.7 55=9 58.0 59.8 58.6 56.6 55.3 -2.1
45.4 56.4 52.9 60.9 62.0 45.4 53.5 -3.6
41.3 49.6 73.1 69.9 61.2 59.6 59.1 +1.7
41.6 65.6 59.4 55.1 54.8 61.2 56.3 -1.1

Mean 46.2 58.1 61.7 60.4 60.1 57.6 57.4
Contrib. -11.2 +.7 +4.3 +3.0 +2.7 +.2
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experimen s so that Carry-over, it occur, will not bias our calcula ion

of treatment effects. Secondly, we may want to elimi- te it from the app

ent variability of the participant

Table XXIId concludes the numerical consideration ; it parallels

Table xxir, by neglecting row effects. This was first done in Table VI.

It is a simple but rough way of estimating the effects of direct Treatment

and Carry-over. Treatment effects are exactly correct, as previously in

Table XXIf, while Carries-over agree reasonably well with those gotten

exactly in Table XXIIc.

Analysis with allowance for Carr aver in latin squares without conditioning

Period - The previous example of the data of Table VI is actually somewhat

unusual, in that there was a conditioning Period when materials or Treatment

was tried but no res lt counts were made= This Period was included only to

provide that a given Treatment, such as- (1), should be followed by itself

well as all other Treatments. Unfortunately, in practice, the condition-

ing Period is often, indeed usually, omitted. Practical men are in such a

hurry that they do not want to spread their experiment over an extra Period.

They uant to get re ults, if possible, from every Period involved in the

experiment. The loss is, however, not great and we can still make an analysis

for Carry-over. The situation is illustrated by the data of Table XXIIIa,

which is a condensation of those of Table XX.

For the first Column or Period of a Design, such as that of Table

XXIII, it must be supposed that the model of Equ. (7) still obtains, i.e.

there is no term for Carry-over. This is because any background Carry-over

that may in uth exist is supposed uniform for all item in the first

Column and hence completely confounded with the effect of the first Column.
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At least that is the best view taken of the matter; the participants were

all under much the same conditions beforehand so whatever the

Carry-over is, in fact, it is the same for all Treatments. It is completely

confounded with the general effect of the first Column and so for this Column

we must simplify our model. Otherwise we proceed as previeu_ay for the latin

square with a conditioning Period. Equ. (43) is the model obtaining. It

does seem a rather strange situation when the model is not the same in all

parts of the De ign.

The business of analysis again involves setting up least squares

equations for the effects,

various levels

ai Bi Yk and 631 appropriate for

of the models of Equ. (7) and Equ. (43) and finding the

variabiljty variously residual. The handi st thing to do seems to be to

set up the full equations, as in Equ. (48), previously, and then cut

back te the lesser situations by judiciously dropping rows and columns.

Examining Table XXIIIa,it is at once apparent that the grand total 848.2

contains all effects of Rows, Columns, Treatments and Carries-over equally,

that we may -ite

16p = 848.2 (59)

which is shown as the first line of the grand set of Equ. (66). When it

comes to estimating the effect of Rows, it is necessary to recognize th t

their totals must contain a carry-over effect. This may be done by detail-

ing, as in Equ. (47), the content of, say, Row I and then simplifying on

account of the conditions of Equ. ( 9) and (44) or, once the knack is gotten

of simply recognizing that the total, 221.6, for Row I lacks the Carry-over

-

of Treatsient (4) and of course contains p four times. Thus there may be

written
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4p 4a - = 221.6 (60)

which is the second line of Equ.(66). Others may be written likewise,

as shown in the third and fourth lines. In the fifth line the corresponding

statement is not made but rather there is an appeal to the condition of Equ.

) This is done, again, as in Equ. (48) to avoid the algebraic problem

of singularity if Equ. (66) is treated as a set of simultaneous equations.

This is to say we write

u1 a2 u3 u4 .(61)

For the Columns, which are confounded with nothing, the estimates remain

fairly simple; thus for Column 1,

411 + 4131 = 224.2 62)

which becomes a line of Equ. (66). Again the line for Column 4 must be

replaced by the condition

+ 02 + (63)

The situation for the Treatments is only complicated, as may be seen in

Table XXIIIb by, say, Treatment (1) not containing Carry-over [1] so that

4p 4y1 - = 208.0

which becomes the tenth line of Equ. (66).

(64)

The usual kind of conditioning

equation enters. The most intractable case is Carry-over which is naw con-
.

founded with both Row and Treatment. In particular, consider 61 . Plain_

ul 1- 02 Y2 1- 61 a2 Y4 u4 03

361 (ul c42 u4) 4- 82

A

+ 13 + di + 311 = 57.2 + 54.0 + 48.6

+ 1 + ( Y2 -I- Y- Y4) -I- 31-1 = 159.8

es

Yi 361 = 159.8

(65)



as is shown in the fourteen h line of Equ. (66). The whole situation is

as follows:

A

2 c43 c44 51 52 53 -4 Yi 12 13 Y4 5 = Const.

+16 = 848.2

+4 +4 -1 - 221.6

+4 +4 1 - 218.6

+4 +4 -1 = 203.8

+1 +1 +1 +1 --- .0

+4 +4 - 224.2

+4
+ 4

+4
+4

= 209.6
= 205.8

+4
+1 +1 +1 +1

+4 -1
- .0

= 208.0
(66)

+4 +4 -1 = 215.0

+4 +4 -1 = 206.8
+1 +1 +1 +1 = .o

+3 -1 -1 -1 = 159.8

+3 -1 -1 -1 +3 = 161.6

+3 -1 -1 -1 +3 - 152.0
+1 +1 +1 +1 = -0

(The positions left empty contain zeroes, not sho )
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In a general way it is firSt necessary to test for the effect of Treat-

ments when Carry-over is uninvolved in the 7odel. The basic equations

are those of (66) but for the moment the elements of Treatment and Carry-

over will be neglected. The columns (10th through 17th), involving yk

and anfl the corresponding rows must be dropped. The procedure is

along the lines of setting up ET1- (49) from (48). This is a matter of

eliminating the control factors. The estimates are:

1-1 = 53.01

al a2 a3 o4

+2.39 +1.64 -2.06 -1.96

131 133 134

+3.04 -.61 -1.56 -.86

(67)

(68)

It now is necessary to find the residual squares on estimates of n , Rows

and Columns as control factors. This requires an operation similar to that

of Equ. (28). The procedure is along the lines of setting up Equ. 52)

from (48). The residual v iability is:

45,153.80 - 53.01(848.2)

-FL 1- 2.39(221.6) 1.64(218.6) - 2.06(203.8) - 1.96(204.2)1

{ +3.04(224.2) - .61(209.6) 1.56(205.8) - .86(208.6)1

= 69.38 (70)

or if the thing be carried out with 10-figure accuracy, of the estimates,

71.5025 as in Table )0(Mb. In order to find the further reduction due to

Treatments it is necessary to consider their estimates which are shown in

Table XXIII1D. Since Treatments are unconfounded with either Rows or Columns,

1 E7Zr)



one need only make a further subtraction from the result of Equ. (70

69.38

- 1.01(208.0 ) + .i4(215.0) 1.31(206.8) + 1.59(218.4))

)44.ol
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(71)

or if the thing be carried out with 10-figure accuracy, of the estimates,

so that the results give with those of TableXIXa, 48.2550. These results

are summarized in Table XXIIIb; the value F fails significance.

It is, secondly, necessary to test for the effect of Treatments when

Carry-over is involved. In order to do this we must find the estimates

and residual variability when Treatment is not included and then when it is

included. In a general way the columns (10th through 13th) involving yk

and corresponding r s of Equ. (66) must be droppedalthough this

does not affect the numerical solution in the present case. The procedure

is along the lines of setting up Equ. (55) from (48). We nre making

our analysis on the basis of eliminating Carry-over as a control factor,

like Rows and Columns. Then we get the estimates:

al a2 a3 414

+2.24 +1.29 -1.90 -1.63
(72)

61[1] 62[21 63[3] 6.4[4]

+.63 +1.32 --59 1.37

which differ from those of Equ. (68) because the estimates if

over, have become involved vhile the estimates of

, or Carry-

remain as there because

Carry-over is uninvolved in column estimates. The estimateS for

[k] are as shown in Table XXIc.

or

It is now necessary to find the residual

squares on estimates of p Rows, Columns and Carries-over as control raptors.
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This requires an operation similar to that of Equ. (28). The residual

variability is:

45,153.80 - 53.01(848.2)

-(+2.24(221.6) + 1.29(218.6) - 1.90(203.8) - 1.65(204.2))

-4+5.04(224.2) - .61(209.6) - 1.56(205.8) - .86(208.6)3

-f+.65(11.8) ± 1 52(161.6) - .59(152.0) - 1 .(150 6))

= 61.15 73)

or if the thing be carried out with higher accuracy, of the estimates,

59.5000. In order to find the further reduction due to Treatments it is

necessary to consider their estimates which are different from those of

Tabl, XXI1Ibbecause of their involvement with Carry-over in Egli. (66

they become as shown in Table XXIIIc. The row estimates are affected

indirectly to become.

Ct2 a3

Contrib. +2.10 1.42 -1.99 -1.52

The residua:I variability becomes

45,153.80 53.01(848.2)

2.10(221.6) + 1.42(218.6) - 1.99(203. - 1.52(204.2)

3.04(224.2) - .61(209.6) - 1.56(205.8) - .86(208.6))

+ .29(159.8) + 1.75(161.6) - 1.17(152.0) - .87(150.6) 1

{- .94(208.0) + 1.18(215.0) - 1.60(206.8)+ 1.37(218.4) 1

= 30.84

(74)

(75)

or if the contributions are calculated with more decimal places the result

is 35.0740. These results are summarized in Table XXIIIc. The value of

F fails significance even the more dismally with the introduction of

Carry-over into the model.

ki4
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As has been said before, in practice one avoids the effort required to

set up the foregoing equati ns usually by having an electronic computer

set them up after it has been given the Design and the data. It then

solves the equations and makes the test of significance. The equations

are extensive enough to be so tedious that they can hardly be done by

hand.

The correlation between Carry-over and d5rect treatment effect from

Table XXIIIc is obviously positive but inconsiderable, in contrast to those

gotten previously in connection with Table XXI . The effect of Treatment

was, however, inconsiderable, as from the F test and hence could carry-

over but little.

In Table XXIIIe there is shown a rough analysis for Treatment and

Carry-over analogous to that shown in lab for the more balanced case. In

XXIIIe the Table is not quite complete for reasons as above and it is neces-

sary to make some adjustments in calculating effects as is discussed in the

final Chap. IK, on improper fill, where the detailed calculation of this

table is shown in Table XLVII. The efficacy of this procedure should be

considered. First, it will be noted that the Treatment effects are no

longer exactly correct, when compared with Table XXIIIc. This is as one

would expect since in this Design they are to some degree confounded with

Carry-over, as in Equ. (64), and to a slight degree through Carry-over with

block effects. The corresoonding Carries-over agree even a little worse.

Such discrepancy must arise, of course, from the confounding with Treatments

and Blocks of Equ. (64). still, it might be possible to get some idea of

whether there seems to be Carry-aver present on such a basis and the man,

with limited calculating facilities, might direct his analysis on this basis.



Table XXIII-_Results reported by 14 Groups on_ 14 Treatments over 4 Weeks

a. Data collected

Week

Grou- 1 2 3 4 sum

(1) 56.8 (2) 57.2 (4) 54.6 3) 53.0 221.6
11 (2) 57.8 (3) 54.8 (1) 52.0 4) 54.0 218.6
III (3) 50.4 (4) 50.6 (2) 50.6 1) 52.2 203.8
IV (4) 59.2 (1) 47.0 (3) 48.6 2) 49.4 204.2

Sum 224.2 209.6 205.8 208.6 848.2

Sum sq. 12,611.88 11,044.24 10,607.48 10,890.20

b. Analysis for direct Treatment alone

(1) (2) ( ) 4)

Contrib. -1.01 +.74 -1.31 +1.59

Mn, 52.00 53.75 51.70 54.60

Factors d.f.

p , Rows & Columns (control)

Control factors plus Treatments

9

6

Residual Variability.
Squares

. 71.5025 .

48.2550,

(71.5025 - 48.2550) 13
- .96 N.S.

3 48 2550/6

Direct Treatment and Ca -over estimates from

simultaneous equations

) (2) (3) (_4)

Contrib. -.94 +1.18 -1.60 +1.37

Mn1 52.92 53.13 52.85 53.15

[1] 12] 131 [41_

+.29 +1.75 -1.17 - 87

1.54



d. Test of si n ance of treatment ts

Factors d.f.
Residual Variability

S uares

, Rows, Columns, Carries-over control 6

3Control factors plus Treatments

59.5000

35.0740

After

F3 = -
35.0740/3 70 N.S.

Data rearranged _by Treatment and Trea ment_of Precedin Week

Tree nt

(2) (3) (4)

57.2 48.6 54.0
52.2 54.8 54.6
52.0 49.4 50.6
47.0 50.6 53.0

56.8 57.8 50.4 59.2

Adj.
Sum Mn Mn. Contrib.

159.8 53.3
161.6 53.9
152.0 50.6
150.6 50.2

224.2 56.0

SUM 208 0 215.0 206.8 218.4 848.2

Mn_ 52.0 53.8 51.7 54.6

Adj. Mn. 52.2 54.3 51.2 54.2

Contrib. -.8 +1.3 -1.8 +1.2

1 b;

53.0 +1.0
54.3 +2.3
50.1 -1.9
50.6 -1.4
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In the a tual conduct of the experiment just considered one would not,

of course, work with the data in the condensed form of Table XXIII

rather in the original form of Table X( i e., with 20 Rows, The necessary

equations are much the same but more numerous. 'The same program for an

electronic computer may be used. The analysis is much the same except that

tie number of degrees of freedom are greater than in Table XXIIId. The

test of significance of treat ent effepts beco- s

Factors d.f.'

p , Rows, Columns, Carries-over

Control factors plus Treatments

control)

Residual Variabili y
S. uares

(3585.5009 3463.3700)/3 - .60 N.S.
51 3463.3700/51

3585.5000

3463.3700

E.licit solutio for sim le cases o Car -over - There is a strong

temptation foi* people wIth ability in handling equations to take the least

squares equations of the style of Equ. (48) or (66) and write out explicit

soluti-ns for the estimates of direct treatment effects, y_ and Carry-

over, 62, , in terms of various sums of the observations. This is possible

for cases when, t the dimension is small. Such temptation should be,

in general resisted. It may, nonetheless, be illuminating here to con-

sider some of the smaller cases.

The situation for the smallest of la in squares, 2x2x2, is of partic-

ular practical importance and peculiar theoretical difficulty. It is

discussed at some length in Chap. VIII, which Is devoted to paired

comparisons, i.e., Designs with 2 Columns, of Vaich this is a case.

1
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The next smallest latin square, 3x3x3, has t (:)d.d and so, as in

Chap. IV, is not recommended because the Carry-over is ill-behaved.

Paired latin squares are recommended there. One writes the satisfactory

paired latin square Design, 2(3x3x3) as fo,llows:

Group
I

Period
3

1

2

(3)

I)

(2)

(3)

Y111

7
-212

Y313

y
411

v
-512

Y-613

(

(3)

(1)

(3)

(1)

(2)

y
1221

Y2232

Y3213

Y423I

Y5212

Y6223

(1)

(2)

(2)

(3)

(1)

Y
1332

Y 2313

Y3321

Y4323

Y=5331

y
-6312

is possible to solve for row, column, t la ment and carry-over effects

since there are 12 parameters:

1

Groups 5
Periods 2

to be discovered from 18 observations. The situation is, indeed, over-

determined with 6 degrees of freedom, which are available for estimating

the extraneous or _ sidual variability. If the Design is repeated twice

there would be 12 such degrees of freedom. For the Design, as it stands

above, without a conditioning Period, one may set up the algebraic least

squares equations involved and then solve for the various kinds of effect

explicitly in terms of SUMS of observations, but the results would be nigh

intolerable.

Treatments 2

Carries-over 2
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The previous example was the 2(3x3x3) unconditioned. The conditioned

Design, i.e., with a Period 0 whore Treatment (1) preceded (1) in Period 1,

Treatment (2) preceded (2) and Treatment (3) preceded (3) would be as

follows:

Grou 0

(1) (1

II 2)

III 3)

IV I)

V ((2)

VI (On

(2

(3
(1

(2 )

(3)

Period

YIIII (2) Y1221 (3) Y1332

Y2122 (3) Y2232 (i) Y2313

Y3133 (1) Y3213 (2) Y3321
Y4111 (3) Y4231 (2) Y4323

Y5122 (1) Y5217 (3) Y5331
Y6133 (2) Y6223 (1) Y6312

It is, again, possible to solve for ro

effects with 6 degrees of freedo

column, treatment and carry-over

left over for the estimation of

extraneous variability. The least squares equations, here, -,re peculiarly

simple and could be handled on a desk calculato-

is most simple to use the electronic program as

For the 4;c4x4 Design,

EVen here, however, it

in the Appendix.

Grou

Period

42

(1 ) Ylli (2) Y1221 (4 Y1342 (3 ) Y1434
II (2 ) Y212 (3) Y2232 (1 Y2313 (4 Y2441
III (3 ) Y313 (4) Y3243 2 Y3324 (1 ) Y3412
IV (4) Y414 (1) Y4214 3) Y4331 (2) Y4423

it is similarly possible to solve since there are 13 parameters to be

disceve_ ed from 16 observations. For the Design with previous condition-

ing Period, it is again possible to get and direct treatment estimates

from simple averages. Otherwise explicit algebraic solution is intolerable.

The least squares equations'should be set up and_solved, numerically,

as previously. For all latin square Designs,

U. 6

t _txt, t> 2 and
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even, the same can be said. If we attempt to write out explicit solutions

for latin squares, we shall encounter difficulty in defining sums of vari us

kinds.

Latin squares with missing Rows - Under the practical conditions of experi-

mentation it is very common, indeed almost usual, for there ce some data

missing from any latin square Design of any type This is to say that the

Design as originally laid.outlis in some measure not completed. The misses

may be conceived as of two types. First that with the odd cell or cells

mis ed. This is the type usually discussed in the literature although

is not often found in practice. Second that where a whole line or whole

lines of Design is or are missing. This is very common in the actual execu-

tion of experiments , although it does not seem to be discussed extensively

in the literature.

L t us consider common ways in which Vile problem of Designs incomplete

by Rows may arise. Perhaps one has 15 patients on whom one wants to try 6

Treatments. It seems wilful and extravagant to lay out only two 6x6x6 latin

squares when the remaining 3 men will give more information and one is com-

pelled to add the first 3 Rows of a third latin square. The way things finally

go may be imagined. We may plan to use a balanced Change-aver 6x6x6, as in

Table VIII, and use it 2.5 times over to produce a Design with 15 Rows and

6 Columns. Since each line is associated with a man, and men tend to dis-

appoint us, we may find ourselves with certain of the lines of the Design

done 3 times, a number done twice, and one or two done once. Accordingly, it

becomes a matter of dealing with a Design where balance is much disturbed.

Simil rly one may plan to test 7 Treatments on 7 Machines in 7 Periods. One

of the Machines assigned is however, withdrawn just after the experiment
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starts andno replacement is possible. Now it is idle to tell an engineer

interested in the Treatments on the Machines that since Treat ents are no

longer orthogonal to Periods the work must be abandoned. He will reply

that he can get about 6/7 of the information anyhow and proceed to get

it. The biometrician must do the best he can with the incomplete Design.

By way of illu-trating the loss of Rows of the Design, a far more

modest example is given in Table XKIV, where the last Row of Table VI

has been deliberately lost. There is no great problem. One simply

applies the appropriate least squares equations, which are probably on

an electronic computer, as in the program of the Appendix. The procedure

of setting up the equations may, however, sometimes be of practical use

and certainly is of interest in justifying the program alluded to. In

Table XXDathere is shown this reduced Design and resultant data. There

has been added to each cell the Carry-over, as well as the usual Treatment

and result. This has been done because it is a little difficult to find

one's way about such a disturted situation.

Examining Table XXIVa, it is at once apparent that the grand total 1661.1

contains all effects of Rows, Columns and Treatments equa13v, so last in view

of Equ. (9) they may be ignored. The gran1 total does not however, contain

the Car ies-over equally; [2], ], [5] and [6] occur each five times

whereas [1] occurs six times and [4] occurs four times. More economically

we may say, in view of Equ. (44) that [1] occurs once too often and [4]

on e too infrequently so that wenlay write

3011 61 = 1661.1 (76)

which is shown as the first line of the grand set of Equ. (81). When it

comes to estimating the -ffect of Rows, it is necessary to recognize that

r



each of their totals must contain a carry-over effect, as previously in

Equ. (48); this effect is not due to the line of the De ign being missing.

Thus, again, we may recognize that the total, 317.0, for Row I, contains

the C y-over of Treatment (1) once too often but lacks that of ()4), and

of course contains six times. Thus there may be written

317,0 (77)

which is the second line of Equ. (81). Others may be written likewise, as

shown in the third through sixth lines. In the seventh line the correspond-

ing statement is not made but rather there is an appeal to the condition

f Equ. ( 9). This is done, again, as in Equ. (48) to avoid the algebraic

problem of singularity. Even the ColUMns, now, are confounded with the

effect of Treatments and Carries-over. Thus Column 1 lacks Treatment (4)

and Carry-over [4] so that we must say

= 269.3 (78)

which becomes a line of Equ. (81). Again the line for Column 6 must be

replaced by the condition

al
-_. 0

The situation for the Treatments is complicated by, say, the total for

Treatment (1) not containing Columm 6 nor Ca_ -y-over [3] so that

(79)

5p (36 5y1 - 63 = 264.8 (80)

which becomes the fourteenth line of Equ. (81). The usual kind of condi-

tioning equation enters. The most intractable situation exists for Carry-

over which has been variously disturbed by the missing Row of the Design.
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Thus, as in the twentieth line of Equ. (81 all six possible values of

16_

61 are present and the appropriate line of those equations is very simple.

At the other extreme only four of the possible values of 64 are present

and it is heavily confounded with every other type of effect. The whole

situation is as follows:

V al a2 a3 o4 a5 1 2 3 54 05 6 11 12 13 Y4 15 16 6i 2 63 óL 65 = Sum

+30
+6
+6

+6

+6
+6

+6

+1
+1

+1

+1

-1
-1

-a_

-1

- 1661.1
, 317. 0
= 336.5
- 336.8

+6 +6 -1 +1 = 344.3
+1 +1 +1 +1 +1 = .0

+5 +5 -1 -1 = 269.3
+5 +5 -1 -1 = 264.1
+5 +5 -1 -1 - 258.1
+5 +5 -1 -1 = 296.0
+5 +5 -1 -1 = 288.8

+1 +1 +1 +1 +1 +1 , .0
+5 -1 +5 -1 = 264.8
+5 -1 +5 -1 = 283.0
+5 -1 +5 -1 = 253.2
+5 -1 +5 -1 = 300.3
+5 -1 +5 -1 = 262.8

+1 +1 +1 +1 +1 +1 = .0
+6 +1 +6 = 308.6
+5 +1 - -1 +5 = 287.6
+5 +1 -1 -1 -1 +5 = 270.6
+4 -1 -1 -1 -1 -1 +4 = 219.6
+5 +1 -1 +5 = 276.9

+1 +1 +1 +1 +1 +1 = .0

The positions left empty contain zeroes, not shown)
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Let us first make the analysis for treatment effects, without allowance

for Ca ry-over, toward- the results of Table XXIVb. The basic equations are

Equ. (81) but for the moment the elements of Treatment and Carry-over will

be neglected. The columns (14 through 25) involving and and the

corresponding rows must be dropped. The procedure is, again, along the lines

of setting up Equ. (49) from (48) This is a matter of eliminating the

c ntrol factors The estimates are:

30p = 1661.1
A

P ' 55.37

and, for the moment

a2 a3 aL a5

-2.511 +.71 +-76 +2.01 -.95

$3 4

-1.51 -2.55 -3.75 +3.83 +2.39 +1.59

It now is necessary to find the residual squares on estimates of

(82)

(84)

, Rows

and Columns as control factors. This residual variability is:

93,312.21 - 55.37(1661.1)

f-2.54(317.0) + 71(336.5) + .76(336.8) + 2.01(344.3) - .95(326.5)1

1-1.51(269.3) - 2.55 (264.1) - 3.75(258.1) + 3.83(296.0) + 2.39(288.8)

+ 1.59(284.8))

(85 )= 1036.76

or if the thing be carried out with more decimal places in the estimates,

1033.19 as in Table)Calrb. In order to find the further reduction due to

Treatments it is necessary to consider those estimates. The estimate of



i64

p remains as in Equ. (82) because the total contains all Treatments equally,

like everything else. The estimates of remain as in Equ. (83). The

estimates for the Columns are, however, changed since they n contain

various sets of Treatments. In a general way, one simply ignores the

20th to 27th columns and corresponding rows of Equ. (81). Thus for the

first Column of the Design,

.r%

511 - y4 = 269.3

and one gets the estimates

-.60 -1.82 -4.49 +4.25 +1.50 +1.15

From the same reduced matrix the equation for Treatment (1) is

A

511 - 5y1 = 264.8

(86)

(87)

(88)

and thus one gets the estimates for Treatment as in Table XXIVb. Then the

residual variability is

93 12.21 55.37(1661.1)

{ - 2.54(317.0) + .71(336.5) + . _36.8) + 2.01(344.3) .95(326.5))

f - .60(269.3) - 1.82(26)4.1) - 4.49(258.1) + 4.25(296.0 ) + 1.50(288.8)

+ 1.15(284.8)1

2.18(26)4.8) + 2.08(2 3.0) - 4.43 (253.2) 4.57(300 - 3.71(262.8)

3.67(297.0))

= 670.85 (89)

or if the thing be carried out with more decimal places on the esti es,

664.37 as in Table XXIVIo.
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It is, secondly, necessary to test for the effect of Treatments when

Carry-over is involved. In order to do this we must find the estimates

and residual variability when Treatment is not included and then when it

is included. In a general way the columns (14 through 19) involving yx

and corresponding rows of Equ. (81) must be dropped. The estimate for

is no longer as in Equ. (82) because, as can be seen in Equ. (81), there

is confounding with 6 Now

p = 55.41

Other estimates become

a2 a3

-2.38 +.20 +1.74 -2.45 -2.01

3 134 (35 136

-2.03 -3.07 -2.93 3.85 +2.98 +1.19

1 02 03 (55

(90)

(91)

-3.58 +3.16 -1.80 -2.38 +.29 +4.32

The residual variability is still quite simple as

93,312.21 - 55.41(1661.1)

- 2.38(317.0) .20(336.5) + . 2.01(326.5)1

- 2.03(269.3) - 3.07(264.1) + 1.19(284.8)1

3.58(308.6) 3.16(287.6) - 4.32(297.8)}

= 797.98
(92)

or if the thing be carried out with more decimal places in the estimates

the 797.76 as in Table XXIVc. In order to find the further reduction due to

Treatments it is necessary to solve the full set of Equ. (81) and get



p = 55.50

c42 a4

-2.01 +.40 +1.65 +2.06 -2.11 >.

4 f35f33

-.70 -1.92 -3.60 +4.29 +1.61

tor-ether with the estimates of yk

The residual variability becomes

(k) and

(93 )

or [9.] of Table XXIVc.

93,312.21 - 55.50(1661.1)

- 2.01(317.0) + .40 (336.5) - 2.11(326.5))

.70(269.3)

-3.01(264.8)

- f 3.74(308.6

- 1.92(264.1) - + .32(284.8)1

2.12(283.0) + 3.56(297.0)1

) +1.88(287.6) + 3.45(297.6)}

= 495.80
(94)

or if the thing be carried out wi h more decimal places in the estimates

the 469.73 of Table XXIVc.

As has been said before in practice one avoids the effort required to

set up the foregoing equations usually by ha ing an electronic computer

do so, after it has been given the Design and the data, in the electronic

program of the Appe dix. That then solves the equations and makes the test

of significance. The equations are extensive enough to be so tedious that they

can hardly be done by hand. The confounding is horrific.

In Table XXIVb there is shown below the contributions for Treatments

the Adjusted meannot the Mean as previously. The new quantity is fou d

by adding yk to i . It is essentially an estimate of what mean effect

of Treatment would have been if some sort of confounding had not occurred.
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sis for dire

1

Contrib -3.01

Adj. Mn. 52.49

ith allowance_ for Carry-ove_r

+2.12 -4.12 +4.47 -3.01 +3.56

57.62 51.38 59.97 52.49 59.06

51 [6]

-3.74 +1.88 -2.67 +.25 +.83 +3.45

Factors

p , Rows, Columns & Carries-over control)

Control factors plus Treatments

1_68

f
fResidual Variabilityd..
t

15 797.76

10 ; 489.73

F = l797t7L=_1439.73)15_ 1.26 11.S.
5,10 489.73/10

Data arran d b Treatment and b Treatment of the re edin W el;

Treatment
Adj.

After (1) (2) (3) (4) (5) (6) Sum Mean Contr.

(1) 46.4 58.4 45.8 49.6 52.0 56.4 308.6 51.4 -4.2
(2) 51.8 60.9 59.2 62.4 53.3 237.6 56.6 +1.0
(3) 40.8 50.0 65.6 50.0 64.2 270.6 53.5 -2.1
(4) 60.9 64.2 44.9 49.6 219.6 57.1 +1.5
(5) 50.4 53.6 64.2 48.8 59.9 276.9 55.6 .0

(6) 55.3 58.7 58.9 61.7 63.2 297.8 59.1 +3-5

Sum 264.8 283.0 253.2 300.3 262.8 297.0 1661.1
Mean 53.96 56.60 50.64 60.06 52.56 59.40
Adj.Mn. 52.5 56.6 50.8 60.4 53.3 59.7
Contr -3.1 +1.0 -4.8 +4.8 -2.3 +4.1 55.6
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In the present case it argues as to the mean eff ct of Treatment, if that

had occurred equally in all Columns. There is a similar Adjusted Mean

in Table -`7XLITc which is essentially an estimate of what mean effect of

Treatment would have been if each had occurred equally in all Columns and

with the same Carry-over.

It may be of interest to compare the estimates of Table XXIVc with those

gotten on the full data as in Table XXI a and b. Perhaps one may say that the

estimates for Treatment and Carry-over are substantially the same but the

value of F drops from 2.12 to 1.26 and this with decreased degrees of

freedom, which makes things worse.

In Table XXIVd tbere is again shown a rough analysis for Treatment and

Carry-over analogous to that shown in VIb for the more balanced case. This

table is, of course, far from complete and it is necessary to make so e

adjustments in calculating effects as is discus ed in the final Chap. IX,

on improper fill.

In Table XXIV the number of degrees of freedom eonsumee by estimates of

the Rows is, of course, less than that in the full Design. The number left

after the control and experimental factors have been handled is the number

ascribed to the residual variability. This number is also reduced from that

for the full Design.

The Droblern of breaking up variability among Treatment effects may

arise in a situation where there are missing data. A slightly approximate

but satisfactory procedure is that previously discussed at length in

connection witn single, complete latin squ 'es. It may be illustrated

on the ea e of Table XXIVb, where a Row is missing. The value of K
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Would be difficult to calculate exactly. Accordingly, the empirical value

has to be calculated in all earnestness, along the lines of Equ. (36 ) as

K

(95)

To cover again some of the ground of the earlier and more complete example,

consider:

a. The comparison of Treatments and (3 ) ..-ith all other Treatments as

shown in Equ, (31) and (37). There -ust be calculated

( 2.18 - 4.43)2 (+ 2 08 4- 4
4.801t

2

= 157 3239

-F-3 67)2

Now this value is to be compared with the final residual variability

Table XXIVb to give

157 3239.

F =
1,15 664.37/15

(96)

(97)

which on refe ence to Table', is no longer significant at the 5% level.
"a.

b. The comparison of (2) and (3) with (4), (5) and (6), as shown in Equ.

(3: and (39). Now there must be calculated

4.801{
2.08 4.43)2

2

3.71 + 3.67)2

2.08 4.4 4- 4.57 - 3.71 67)

5

= 41.5339 (98)



Now this value is to be compared with the final residual variability of

Table XXIVb, to give

F
41.5339

- .94
1,15 664.37/15

171

(99)

which on reference to Table L proves not significant. Since in the

present case, each Treatment is represented the same number (five)

times the tests of significance in connection with Equ. (97) and (99)

are exact. If,in fact, thi v A_ous Treatments had had various numbers of

observations can happen) the test of significance of the F , with a

single degree of freedom in the numerator, would be disturbed.

Latin squares with missing cells - Let us, secondly, consider the si-uation,

more trivial but so dear to the literature where a Design is incomplete by

occasional values or cells. This situation may arise in various ways. Per-

haps one machine of a series breaks down after suppJ.ring 2 or 3 observations;

some man fails, in part, to complete his assignment of Changes-over. This

situation is illu trated by the deliberate loss of data from Table VT, a single

latin square; this compacA Design is convenient for our purpose. Two cells

mere dropped from Table VI to produce Table XXV. Against each observation

there is shown, as previously in Table XXIV, not only the Treatment

proper but the Carry-over. In the case of the two missing obserVations

(NR) it is supposed they were administered and that there is Carry-over

in t e following observation. In practice, the e is often a mis ed

administration of Treatment besides no observation, so that there is no

Carry-over. This alt -native can be easily enough picked up in the

appropriate least squares equations. The procedure of analysis is just

as for the previous case with a missing Row. It will be summarized a

little more briefly, mainly by giving the equations in matrix form.
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It is perhaps 1st, again, to set up the total least squares equa ions

just as Equ. (48) was set up for Table XXI . Manyfor Table XXV f the

rows will be indeed repeated. The grand total lacks the Rows, Columns,

Treatments and Carries-over properly involved in the missing (N.R.) cells

and this shows up in the first line of Equ.(100). On the other hand, the

second line for al is exactly as in Equ. (48). The third line for a2 is

disturbed by the missing cell. Similarly the lines for some of the

Columns of the Design are disturbed as are those for some of the Treatments

ari Carries-over. The whole situation is as follows:

" A "

P a1 a2 a3 14 a c16 1 132 133 6 Yl 12 13 Y4 15 16 1 2 3 64 65

34
6

5

+6
-1

+5

-1 -1

-1

-1 -1

-1

-1
+1

-1 -1
-1

-1

=

=
=

1923.0
317.0
277.3

6 +6 +1 -1 = 336.8
6 +6 -1 +1 = 370.7
6 +6 -1 +1 = 344.3

+1 +1 +1 +1 +1 +1 = .0

6 +6 = 333.0
5 -1 +5 -1 -1 . 276.9
6 +6 329.8
6 +6 = 353.3
5 -1 +5 -1 = 292.5

+1 +1 +1 +1 +1 +1 = .0

6 +6 = 317.5
6 +6 . 340.3

6 +6 = 306.5

5 -1 -1 +5 -1 = 304.8
5 -1 -1 +5 -1 = 284.9

+1 +1 +1 +1 +1 +1 = .0

6 +1 -1 +6 = 308.6

5 -1 -1 -1 +5 = 281.7
6 +1 +6 = 323.3
5 -1 +1 -1 -1 -1 +5 = 305.7
6 -1 +1 +6 = 334.2

+1 +1 +1 +1 +1 +1 = .0

(The positions left emp y contain zeroes, not shown)

1 iv
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First there must be considered the model with only the c ntrol factors

, Rows and Columns. The elements of Treatment and Carry-over will be

negle ed, i.e., the columns (14th through 25th) involving yi and

Equ. (100) and the corresponding r--s must be dropped. The resultant

estmates are:

It now is necessary to find the residual squ

and Column3 as control factors, which is:

110,631.46 - 56.51(1923.0)

3.68(317.0) - 1.33 (277.3)

1.01(333.0) - 1.40(276.9)

=4 1523.52

(in)

on estimates of jj , Rows

.76(276.9)1

.26(337.5)1

_1 2)

the thing be carried out with 4-figure accuracy, of the estimates. In

order to find the further reduction due to Treatments it is necessary to

consider Equ. (100) less the 20th through 25th columns and the corresponding

rows. The resultant estimates are:
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a3

p = 56.68

a4

85 -. -.55 +5.10 +.70 -.86 ) (103)

82 84 5 86

-1.18 -.6o -1.72 +2.20 +1.74 -.43

and es amates of yk o_ (k) , as shown in Table XXVb. The residual is

110,631.46 - 56.68(1923.

- 3.85(317.0) - .53(277.3) - - .86 76.9 1

1.18(333.0) - .60(276.9) -

- f - 3.77(317.5) + .03(340.3)

1034.7991

.43(337.9)1

4.82(369.0)1

(104)

if the thing be carried out with 4-figure accuracy, of the estimates.

These results are summa ized in Table Mb; the value F fails significance,

as it did in the full, original table of data.

Next there must be considered the model with only the control factors

, Rows Columns and Carries-over. The columns (14th through 19th) involving

y
k

and corresponding rows of Equ. (100) mast be dropped. The resultant

estimates a_e

al c42

P 56.57

a3 -4 a5 c46

-2.49 -1.69 +1.01 +3.98 +.98 -1-79

1 2 $3 5
(105)

*

-1.07 -1.59 -1.60 2 +2.25 -.32

62 u3 64 65

4.05 _.35 -3.15 +3.37 -1t3l +5.48
S. 1 /G
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It now is necessary to find the residual squarel on e _imates of 11 , Rows,

Columns and Carries-over as control factors, which is:

110,631.46 - 56.57(1923.0)

f - 2.49(317.0) 1.69(277.3) + - 1.79 276.9 1

- f - 1.07(333.0) -1.59(276.9) - .32(337.5)1

- f 4.05(308.6) - .35(281.7) +5.48(369.5)1

= 1155.2864 106)

if the thing be carried out with 4-figure accuracy, of the estimates. In

order to find the further reduction due to Treatments it is necessary to

consider the full model, with all factors, of Equ. (100). The resultant

estimates are:

a.2

= 56.78

at+ a5 a6

- 2.67 -.95 +.78 +3.73 +.93 -1.80 (107)

- 1.28 -.72 -1.81 +2.11 +2.23 -.53

and estimates of yk

The residual is

and s shown in Table XXV C.

110,631.46 56.78(1923.0)

- 2.67(317.0) - .95(277.3) + - 1.80(276.9)1

1.28(333.0) - .72(276.9) .53(337.5)1

( 3.86(317.5) .06(340.3) - +4.72(369.0)1

C - 4.28(308.6) + .38(281.7) + 5.24(369.5)1

=666.1826 (108)

rr?
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for direct Treatment with all' ance for Carry-over

(i)

Cant -3.86 -.06 -5.69 +3.93 +.96 +4.72
Adj. Mn. 52.92 56.72 51.09 60.71 57.74 61.50

[1] [21 [4] 5] 6]

-4.28 +.38 -3.32 +3.36 -1.39 +5.24

Factors d.f. Residual Variability
S uares

, Rows, Columns & Carries-over control

Control factors pluo Treatments

18

13

1155.29

666.18

11 5.29 - 666.18)/5
F5,13 666.18/13 1.91 N. S .

(1.LEItrea.ngfd_12y_Treatment and by Treatment_of the pedirmg Week

Aft erL
46.4

(2) 51.8
(3) 52.7
(4) 60.9
(5) 50.4
(6) 55.3

Sum 317.5
Adj.Mn. 52.9
Contr.

(2)

Treatment

6) Sum
Adj.
Mean Contr,LkLJ5J

58.4 45.8 49.6 52.0 56.4 308.6 51.4 -5.5
60.9 53.3 62.4 53.3 281.7 57.2 +.3
40.8 50.0 65.6 50.0 64.2 323.3 53.9 -3.0
64.2 44.9 63.7 72.0 305.7 61.4 +4.5
57.3 53.6 64.2 48.8 59.9 334.2 55.7 -1.2
58.7 58.9 61.7 71.7 63.2 369.5 61.6 +4.7

340.3 306.5 304.8 284.9 369.0 1923.0
56.7 51.1 61.0 57.9 61.5
-.2 -5.8 +4.1 +1.0 +4.6
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if the thing be car-ied out with 4-figure accuracy, of the estimates. These

results are summarized in Table X the value F fails significance,

as it did in the full, original table of data.

Unfortunately, one cannot, as for previous probleLis in practice avoid

the effort required to set up the foregoing equations by having an electronic

computer do so, after it has been given the Design and the data, in the

electronic program of the Appendix. The problem is discussed there. Briefly,

the program would have to be extended.

In the situation of missing cells rather th-in Rows, the procedure

of breaking variability up is exactly as formerly. Again, in the test,

there t nds to be a slight exaggeration of significance. This is again

because the estimates of Treatment effect vary slightly in their reliability,

depending on how many observations are involved in each.

In Table XXV the number of degrees of freedom left after the control and

experiment 1 factors have been handled is the number of observations less the

number of independent constants estimated. These factors a'e, of c urse,

exactly the same as in the full Design so the freedom assigned them is also

the same. The loss in freedom is conffmed to the residual variability.

The test of significance is again slightly upset by all Treatments not

appearing au'equal number of 'times We shall again judge the value of

F a little the more startling than is proper. To put the matter another

way, it is as if Table L gave us a value-a little too low. By this it

is meant that the 5% or 1% level of significance should be slightly higher

than it comes from Table L.



It may be of so e interest to note that in Table XXV the adjusted

mean for a Treatment, i.e., Yk 1-1 , is the same as the corresponding

value in-Table= without allowance for C ry-over, or in Table XXI

with allowance for Carry-over, for k = (1),(2),(3) or (6). These are

Treatments that lack no observation; the information on the_ is not

affected by the misses and their average is unchanged.



VI. Anal sis of data from a sin le Youden

The general nature of data from a Youden rectangle .

Estimation of direct treatment effects only in a single
Youden rectangle . . . . . . .

i8o

Page

181

183

Analysis of significance for direct treatment effects alone 187

200. . .

Analysis with allowance for Carry-over in Youden rectangles . 203

Breaking treatment variability up

Explicit solution for simple cases of Carry-over .

Youden rectangles with missing Ro

Youden rectangles with missing cells

217

219

228



181

ILt_gfneral nature of data from a Youden rectangle - We must consider the

problem of dealing with data from a single Youden, c < t , in the light of

discUS ion of data from a latin square, as in the just previous Chap. V. The

necessity arises, in part, from the fact that all biometrical analysis is

thus written; it is dominated by the forms and concepts of the latin square

or at least its degenerate fofm the balanced block. It arises, in the second

part, because a great many readers must be already familiar with such analysis

and so it is wise both to take advantage of that familiarity and to warn

against it. Youden rectangles differ from the squares first in that the

nature of the analysis is not so obvious. The Treatments are heavily con-

founded with Rows so that it is not enough to look over some data and say

"well, Treatment (7) is the highest, anyhow." It does not necessarily follow

that (7) is best because it may simply have happe ed that Treatment (7) was

assigned to Rows that proved high almost regailless of the Treatment put into

them. The analysis of variance with which so many of us are extremely familiar

breaks down. Since the Rows and Treatments are not orthogonal the sum of

squares to be ascribed to each depends on the order of their consideration.

The matter may be more clear if we think of it in terms of the reduction of

residual variability (or squares). Then the reduction in residual variability

for Treatments is one thing if that for Rows is made first but quite another

thing if the reduction for Treatments is made first and then that for.Rows.

In any case the sum of squares of the usual analysis of variance does not on

division by the degrees of freedom yield in any clear and assured way the

square which may be tested for error. The literature on the subject of

analysing Youden rectangles 'consists of data writhing on the Procrustean

analysis of variance.
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The difficulties to which allusion has just been made obtain for a

Youden rectangle when one is simply trying to deal with direct treatment

effects without any complication of Carry-over. en this type of analysis

is extended to embrace carry-over effects the contortions are indeed

dreadful; such efforts are enough to disengage people from this admirable

experimental point of view. Perhaps that is why it has been used so little.

As an example, Patterson and Lucas (1962) in their learned review of change-

6-er experiments attempt to force the analysis of their data into the form

of an analysis of variance. A reform of view-point helps. The development

of electronic computers that can set up equations and then solve them very

rapidly is also a help. Perhaps new times are at hand and we shall use

change-over Youden rectangles, making allowance for Carry-over, very freely

and discover many things that will help the fields of application that are

involved.

For the Youden rectangle it is best to follow the treatment, alterna-

tive to classical analysis of variance, as for the latin square just

discussed, and which is recommended for the more complicated cases. In

general, we set up the least squares equations for the model involving

all things likely to control variability, i.e., Rows and Columns and get

the residual variability. Then we e -tend the model to include Treatments

and again find residual variability and reduction in variability. This

we consider against the variability residual on the total model, with due

allowance for degrees of freedom strike the F ratio and decide on significance.

For single Youdens it is possible to have a 0
th

conditioning Period

the same Treatment as the 1-
st

time experimental Period, just as has

184
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been shown pveviously for the latin square. 'It is no6, however, particu-

larly profitable because the Change-over is still not balanced. In a

Youden, a given Treatment fails to be preceded by other Treatments than

itself. Accordingly, all the Youden rectangles, c < t that follow are

unconditioning Design.

Estimation of di ect treatment effes onl in a sin le Youden rectangle -

The comparatively simple question of direct treatment effects in the single

complete Youden rectangle, txcxt,c<t, will be considered alone

for two reasons. First, it is amenable to explicit solution. Secondly,

the related problem of testing the significance of treatment effects can be

handled in so many ways and is so heavily involved with the literatnre that

it is discussed separately in the following section. As an example of the

results gotten by running a single Youden, consider Table XXVI, when the

Result was pounds of steel produced under 7 Oils which were tried on each of 7

Machines ovcr 4 Periods of operation, 7x4x7. The Treatments are dis-

posed according to the Design shown in Table XIII. The circumstp

this Design is arranged with cyclic Columns is immaterial in analysis for

direct effects, without consideration of Carry-over. The present discussion

applies to Youden rectangles in general.

As previously, for the latin square, we may say we get the Result,

.th thin the i Row, i.e. Machine, in the j Column, i.e., Period,Yijk
thunder tne Ic. Treatment, following the model of Equ. (7). Again, it may

be observed that the business of getting a sum of all ob'ervations

relevant to an effect su-h as that of ,Oil or Treatment (1), plus such irrelevant

quantities as are unavoidable, and then the averaging of the values is

really the es e_ce of the method of least squares. It is necessary to turn from

1
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the total effect of a Treatment such as 1) to some sort of average effect,

that is, the amount such a Treatment may be said to affect a single observa-

tion
ijk

subject to it. It is necessary to remove, as best possible, uhe
Y

irrelevant contributions, Since each Treatment occurs in all Columns, these

two effects are not confounded, but course, only some Treatments can occur

in a given Row so that there confounding does occur.

Treat ent is forn.ad there result the equations,

If the sum for each

4p - _. aG + 4;1 = 1339.4

a5 - a7 + Ity2 = 1289.0

- t

(109)

4p -
143 7= 1509.4

.

a2 a3 a5 )4Y7 = 1523.1

Accordingly it is necessary to find the sums, or least souares equations

for Rows, i.e.,

4p + 4al - 13 YS 16 '

4p + 4a2 Y4 16 Y7

4p + 13 - y5 -

... ..

4p + 4a7 - y2 - Y4 15

+N.

1205.5 1

1)497.5

1221.7

1526.2

(no)

and deal with the general constant p , We must find the overall total

and write

1

28; = 10,244.4'

11 = 35.9

(in)



The simplification is due to the fact that in the overall total all Rows

are represented equally (7 times) and due to Equ. (9), therefore, come

naught. Similarly the Column totals come to naught. The solution of these

equations provides the estimates of Treatment effects s'hown in Table XXVII).

So long as one is dealing, as we are here, with perf et --d regular

Youden rectangles, one may esti ate the effect of the kth Treatment or Oil

explicitly as

o
Yk

r

cEy.-ET.
1

ft
(112

where is any observation under Oil k d where T. is the sum of
Yijk 1

the observations for any Bow in which k occur. Thus the estimate of the

effect of an Oil (1) is, following Equ. (112) from Table XXVI:

Y 1
or (1) = {4(272.9) 1205.5 + 4(316.4) - 14,97.5 4- 4(412.2) - 1644.3

1526.2}/14

36.8 (113)

The estimates gotten in this way of the effect of all Oils are as shown in

Table XXV1b. As a numerical check the sum of the estimates, of course, total

to zer The estimates from Equ. (112) are least squares estlrieq and as

such can be later applied in the equations, where we deal with residual

variability. The Youden conditions nct only give a powerful comparison of

Treatments, in the sense of the comparison table as in Tables I, II and III,

but the very tidy set of least squares equations (109), (110) and (111), which

1 ad to the simple explicit result of Equ. (112). This is true, of course,

only so long as the Design is exactly complete, without missing or extra Rows

%ut this happeneth rarely." From the experimental point of view Equ. (112)

is interesting because it shows clearly that the rating put on a Treatment or



Oil is indeed not its total respon

attractive, for the Row or Machine

The quantities shown in Table

186

e but that total adjusted, as is intuitively

where it occurs.

XXVIb as Adjusted Mean were formed by adding,

for each Treat- nt, (k) to i . They are comparable to the true means from

a latin square in that they -ver to p and yi ld the contributions when that

is subtracted from each of ther. They are essentially estimates of what the

mean would have been if a given Treatment had been tried in all Rows. They are

very useful quantities in reporting work because they are necessarily of the

correct magnitude for whatever phenomenon is under consideration.

Let us consider first the method of squeezing the problem into the form

of the analysis of variance which appears wiiely in the standard literature.

It all gives much the same analysis and draws very much tbe same conclusions.

Let us consider the discussion of Cochran and Cox (1957: 509) in some detail.

We are concerned with their "Analysis with recovery of inter-block information,

not at all with the alternative restricted to intra-block variability. The

latter is a slightly more simple varlant that is more or less admissible under

certain circumstances. For a ingle Y uden with t = number of Treatments,

c = number of Columns and r = number of Rows, the procedure is:

a. Find column totals, block tot-ils and corner or grand total G.

Write a column of treatment totals as T
k

k=1..t) i.e. the total for all
observation under Treatment k.

In a column beside that of Tk write a column of S the total f row sums
-7 k

T. for all Rows in which a given Rth Treatment occur.

d. Write a 4th column of the quantities.

W (t-c) Tk -(t1) S-k + (e-1) G

Write the anaaysis of sums of squares and mean squares:

168

(ilk)



Sou c
Rows (2djuste

Coluns

Treat- nt$ (unadjusted

Re s idual$
t To tall!

-
tc -1

Sum Squares
S'

SC

n Senare

(t-1)

EE-= -2) ( 1)

Here sums of squares for 1TTOt&l,fl for Col- and for Treatments are found

by the usual methods, without consideration'of the Design, i.e., from Equ. (13)

and (14). The adjusted sum of squares for Rows is the sum of squares of the

quantitiesWkdivided by et(t )(c - 1) . Sum of squares for error is

gotten by subtraction, in a fashion after Equ. 15).

f. Calculate ae quantity

M

and then the _djusted me

7 - M1,7
k

th _

fo he k Treatment is

which is, of course, a restatement of Equ. (112).

(115)

(116)

g. Finally, a method is given for testing the significance of the difference

between sucl- estimates for any two Teatments. Into this it seems

wisest not to go.

Analysis of nifican f r direct treatment effects alone - When it comes

to the analysis of significance for direct Treatment alone, even though the

Design may be a Ch ge-over, one is simply dealing with a Youden rectangle in

a foliii on which there exists a considerable literature. This cannot be ignored,

even though it does not seem so handy, as it might be, to the writer. Thi

corpus wi..11 be first considerd because people may still test significance by

189
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Table X - Pounds Machines over L1 Periods

a. Data

M-chine

with 7 ex e imental Oils

F-riod

2

(1)272.9 (2)302.4 (4)349.1
(2)384.4 (3)424.7 (5)372.0
(3)292.9 (4)356.4 (6)374.2
(4)530.2 (5)425.2 (7)309.9
(5)304.1 (6)510.6 (1)412.2
(6)319.0 (7)474.3 (2)404.0
(7)457.8 (1)337.9 (3)327.1

Sti_m sq.

2,561.3 2,831.5 2,5148.5

(7)281.1 1,205.5
(1)316.4 1,497.5
(2)198.2 1,221.7
(3)464.7 1,730.0
(4)417.4 1,644.3
(5)221.9 1,419.2
(6)403.4 1,526.2

2,303.1 10,2 4

992,958.87 936,437.71
1,179,481.11 820,549.43

b. Treatment Oils estimates

.05

Contr. -36.8 -13.4 +4.4 +57.9 -71.3 +44.1 +15.1
Adj. Mn. 329.1 352.5 370.3 423.8 294.6 410.0 381.0
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using a desk calculator, and. this is quite practical if one has only a single

and perfect Youden rectangle, without consideration of possible Carry-over.

It has the further advarbage of being logically available to people used to

thinking in terms of analysis of variance. Secondly, from essentially th:

same viewpoint certain modifications will be suggested. They again apply to

the single and perfect Youden rectangle, without allowance for possible

Carry-over and are enti- ly practical on a desk calculator. Finally, there

will be presented a third handling written in terms of least squares equations

and variability residual from them--all this just as has been done immediate7y

previou-ly for latin squares. This last technique is preferable in that it

disdains the singleness of perfection of the Youden rectangle. It can, of

course, and will be extended to the :ituation where allowance is made for

possible Carry-over. Bic: reader, unacquainted with the literature and essen-

tially inclined to getting a job done, is advised to skip to this third

general method of handling the data.

Let us, for the moment, illustr 3e the foregoing discus2ion on the data

of Table XXVI, the 7x4x7, on Machines and Oils. This is done in Table

KXVIIa. -In particular that Equ. (11)4) ben _es

Wk 3Tk 6Sk 3°

The adjusted sum of squares for Rows is

( 2,536.8)2 + +

= 69 592.93

4) 7)(3)(3)

(117 )

0.18)

So far as the other sums of squares, which are simply those got in from any

st -dard analysis of variance, are concerned they are frmt Equ. (13),



2,561,

19,°76.99

and from Equ. (14)

..(2,303.1 )] (10,244.4) 1/28

S = (28[(272.9 02.4 2 403.4 2] - 10 4I'.4) _8

190

119)

= 181,293.86 . (120)

The value of 0E is gotten 14 differeneing. For the sake of convenience

there appears in the same Table a part XXVIIb which is an alternate form of

the analysis of variance as will be discussed immediately and Mlle, which

is the corre ponding anaysis on the basis of least squares equations. The

latter will be disc s ed in due course.

It should be noted that two operations are going on ia the above procedure

The quantities that we have called sum of squares are found so that we can

conveniently estimate error sum of squares by the sutraction of Periods and

Machines from total ariability. They are faand for this purpose and nothing

else. The sum of squares for something like Rows is simply the reduction in

total variability achieved by the consideration of Rows. The qu tities called

mean squares are found so that we can test significance. Thus the mean quare

due to Rows is the estimate that we should make from among the Rows of the

unit variability if the data were to consist of random normal deviates. These

two kinds of quantities,sums of squares and mean squares, are not necessarily

related in a simple way, The misleading circumstance is that they are simply

related in the less involved Designs such as latin squares. There all sums

of squares are divided by comparatively simple associated integers called

degrees of freedom to yield mean squares suitable for testing if necessary.

This has been so much the case that the widely known analysis of variance is

thought of as fundamental. In the development of statistical analysis there

132



Table X I- Analyi of va lance

Data of Table XXVI

Analysis f llowin

lteatment

Youden 7x4x7-

literature

Tk

9.4
1,289.0
1,509.4

(4) 1,653.1

(5) 1,323.2
(6) 1,607.2

(7) 1 523.1

5,173.5
5,343.9
5,975.4
5,801.5
6,291.0
5,811.4
5 880.9

10,244.4 40,977.6

191

-over.

- 489.6
+2,536.8
- 591.0
+ 883.5
- 3,043.2
+ 686.4
+ 17.1

.0

urce d. um S iiare z Mean S uare F

Rows o.dj) 6 69,592.93 11,598.82 2.33 N.S.
Columns or Periods 3 19,976.99 6,658.93 1.34 N.S.
Treatments or Oils unadj 6 31,947.99
Residuals 12 59,775.95 4,981.33

"Total" 27 181,293.86

Treat-
ment

(2)

(3)

(4)

(5)
(6)

(7)

Analysis when the r les Rows -nd Treatnents are interchanged

1

Period

272.9 VII 337.9 Ar 412.2
384. /4 302.4 VI 404.0
292.9 11 424.7 VII 327.1
530.2 III 356.4 349.1
304.1 Iv 425.2 11 372.0
319.0 510.6 III 374.2
457.8 VI 474.3 IV 309.9

561.3 2,831.5 2,50 5

Sum

II 316.4 1,339.4
III 198.2 1,289.0
iv 464.7 1,509.4
IT 417.4 1,653.1
va 221.9 1,323.2
VII 403.4 1,607.2

281.1 1,523.1

2,303.3 10,244.4



Row Tr. S!
2.

w!

1,2055 5 804.6 -477.9
Ti 1,497.5 5,461.0 +2,459.7
III 1,221.7 6,058.7 -1,953.9
IV 1,730.0 6,008.8 -129.6
V 1,644.3 5,922.9 +128.7
VI 1,419.2 5,742,5 +535.8
VII 1,526.2 5,979.1 -562.8

Sum 10,244.4 40,977.6 .o

ce d.f.

6

um S.uares

58,947.98

ean Square
Rows or Machines (unadj
Columns or Periods 19,976.99 6,658.93 1.34 N.S.Treatments or Oils (adj 6 42,592.94 7,098.82 1.42 N.S.Residuals 12 59,775.95 4,981.31

"Total" 27 181,293.86

rom le st uares e-uations

Factors
ev.

d. f.

, Rows and Columns (control)

Control factors plus Treatments

F6 12

Residual Variability
(Squares)

18 102,368.89

12 59,775 94

102 368.89 - 59_175_,21jup_
43 X S59,775.94/12
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has arisen a coniusion of realities and means. The systeratic asso ation

of sums of squares and mean squares is well enough for a situation without

syste atic confounding but stands us in poor stead now. This confusion

arising from form is hard to shake since it comes from the Olympian pen of

Sir Ronald Fisher. It is also hard of course, because the point of view of

the analysis of variance remains extremely useful in certain connections,

such as that of breaking up the variability among Treatments. It should be

understood that the distinction between sums of squares and mean squares here

made is the view of the writer and will not be found generally in the lit a-

ture. In connection with the procedure that we recommend for the test of

significance of Trentmentr in the single Youden rectangle note that in this

problem thereis no simple relationship between elements that play the classic

role of sums of.squares in the analysis of variance and elements that plaY

the role of rnea squares. It is the attempts in the literature to force

a relationship that make the analysis of single Youdens so hard to read

and harder still to follow.

The preceding approach may be bettered in two ways of which the first

is that of inverting the roles of Rows and Treatment . A curious, and at

first glance apparently trivial, circumstance is that if one rearrange the

data, yjk , of a Youden Des2L txcxt, where entry is by,

Subjects and Periods to entry by Treatments and Periods, i e., to val es

, the Design re ains Youden * txcxt. To illustrate what is meant

consider the Design, in cyclic Columns _ 7x4x7, as follows:

*Beall, G. Reversion of a Youden rectangle. Educational

Tes ing Service, Princeton, N. J. (in process, 197l).



Period
Treat- Period

Row 1 2 3 4 ment 1 2 3

I (1) (2) (4) (7) (1) I VII V II

TT (2) (3) (5) (1) (2) II I Vi III

III (3) (4) (6) (2) (3) III II VII IV

IV (4) (5) (7) (3) (4) lv 1111 V

V (5) (6) (1) (4) (5) V IV II VI

VI (6) (7) (2) (5) (6) VI V III VII

VII (7) (1) (3) (6) (7) VII Vi IV I

The second Design will be found Youden, in its -ay. This interchangeability

of role of expel'imental Subject and Treatment may he employed to make estimates

f the effects,
al

, for Row or Machine. In strict analogy to the

estimates, (1) ,(7) , for the Oils, from Equ. (112) the estimate for

th
the i Machine is

cly . ET

a -
kji

.

I f,
(121)

where ykii is any observation from Machin.: I andwhereTisthe total-k

for any line in the inverted table (involving now, of course, a given Oil)

in which *1_ occur. Thus the estimate for Machine I f the data of Table

XXVI is

(4(272.9) 1339.4 -I- 4 (302.4) - 1289.0 4 (349.1) - 1653.1 4(281.1) - 1523.1 '4

= 70.2 (122)

Further, one can very simply rearrange matters so that Treatments rather than

Rows are adjusted in the analysis of variance, and their mean square can then

be t,-sted for significance. Thus like Equ. (114)

W! =, 3T. - 6s! 3G
1 1

(12 )

with the roles of Rows and Treatments reversed. So matters would be much mended.

This has been done in Table XXVIIb. So far as the sum of squares (unadjusted)

for Rows is concerned, this is now, simply, from Equ. (13

1.9G



17[(1,205.5)2 1,526.2)2] ,244.4 28

. 58 117.98 (124)

The mxt of squares for Row_ and Columns respectively, and that for "Total"

may be gotten in various ways, one of which might be by clas d_al analysis

of variance (omitting Treatment) as from Equ. (13).

The analysis of variance, from the literature and as illu. -ated in

Table XXVIIa,with its adjusted row effects .and unadjusted treatment effects,

seems aimed principally at getting a scheme such that the sum of squares

for Re-iduals can be gotten by subtraction. The mean squre for Treatments

cannot be tested for significance against the Residuals, which seems a

pity. There is not, explicitly, an F test among Treatments in general.

mean square f r Rows can be tested, by the usual ratio method, against

Residuals although this seems an idle thing. There is little point in

showing that one'sexperimental arrangement was worthwhile. Matters can he

arranged more profitably as just discussed and as illustrated in Table XXVIIb.

No the adjusted sum of squares for Treatments can be tested again-A residual

variability end this is a thing worth doing, if it is worthwhile at all to

ake a t st of significance.

It may be noted that the analysis of variance in Table XXVIIb is, in

a fundamental way, identical with the analysis proposed in the previous

section, on least square equations. The "Total" is the sum of squares

reduced by the estimate of p . The sums of squares for Rows and Columns

are the reductions due to the control factors, without any alloT nce for

Treatment. Finally, the sum of squares for Treatments adjusted)

is the further reduction in the sum of squares dt,e to their introduction

into the nodel.

1
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Granted that the analysis may be bettered by testing the Treatments

rather than the Rows, a second bettel-ment is to simplify the calculation

of the sum of squares and mean square for Treatments (adjusted), as in

Table XXVIIb,hy using a relationship that seems to have been generally

overlooked, viz., that the sum of squares for Treatments (adjusted) is*

SI
1)t

t 1.
t

(a25)

which can be calculated very simply from the treatment estimates -yk or

(k) as in Equ. (112). The mean square is

1)t
112 E (k)2ET =

t

(126)

ThuL: one avoids the complicated little sub-table of T! 5 S! and W! of
1 1

Table XXVIlb. Then the analysis of variance becomes fairly practical. The

present discussion may be illustrated on the data of Table XXVI. We have

from Equ. (125) with the results of Table TAVIb

sf . 3(?) 2 4- (-13.4
T 6
= 42,567.28

or, if the estimate are calculated with more decimal places

(127)

42,592.9)4, as shown in the analysis of sums of squares of Table XXVIIb.

*Beall, G. On finding the adjusted sum of squares for Treatments in a

Youden rectangle.

(in ProcesS 1971).

Educational Testing Service, Princeton, N. J.

V..
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If one should want a mean square for Machines that may properly be

compared with Residual it may also be gotten parallel to Equ. (125)

from the row or machine estimates of results such as Equ.(135), in the form

or for the data of Table XXVI, as

7[(-70.2)2 (+37-8)

(128)

(+9.o)21/12 11,599.33 (129)

and this may be used with the Residuals mean square of Table XXVIIa or b,

to strike an F ratio.

As originally stated, an alternative to the methods of analysis of

variance just reported there is the method of working with least squares

equations. This is still preferable to using analysis of variance in

that the former will fit in with the necessity of going on to more elaborate

models involving repeated Design, missing data, Carry-over etc. The former

has generality. It is not immediately suitable for working with a desk

calculator, in many cases. It works out admirably with an electronic com-

puter, as in the Appendix program. It can also be used in what is termed a

hyb_id procedure at the termination of the present section. For a single

Youden rectangle it is necessary to _et up the least squares equations by

forming the rather obvious sums for all dbservations involving a given effect

and then solve the equatiorsonan electronic computer, if that be available.

The best way, if matters stand favorably, is simply to give the Design and

data to the appropriate appendix program and let it work the whole matter out.

This procedure is exactly the same, in principle, as for the latin square.

21D9
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For the data of Table XXVI, to test the significance of treatment

effects,it is first necessary to find the variability residual on the

control factors of p , Bows and C lumns. The estimate for p

is as in Equ.(111). Forming totals for the Rows, we may say

4p 4a1 = 1205.5
"

4p + 4a2 . 1497.5

4p + 4a3 = 1221.7

4p + 4a = 1526.2

(130)

Accordingly, we may say that before allowance is made for treatment effects

the row effects are:

-2 4 (131)

(132)

-64.5 3.5 -60.4

Similarly for Columns

711 + 7 = 2,561.3

111+ T2 = 2,831.5

+ 7; 2,548.5

711 -I- 7 = 2,303.1
4

+66.6 . 11.1 +33.7

and

Accordingly we find the reSidual Variability (squares) on the control

factors is:



3,929,427.12 - 365.81(10,244.4)

(-64,5(1.205. 8.5(1497.5) 15.7(1526 ))

f+.0 (2561.3) 38.6(2831.5) 1.8(2548.5) - 6.9 (2303.1))

= 102,368.89

as shown in Table XXVTIc.

U34)

For contrast with the foregoing it is necessary to estimate the con-

stants and find the residual squares when Treatment is added, as in Equ.

(43), to the model, over and above the control factors. The equations for

Rows have to be rewritten, of course, because Treatment is confounded with

Rows, i.e. , is not balanced from Row to Row. Accordingly, we must replace

Equ. (130) by Equ.(110) as previously, or on the lines of Equ. (122), to

get estimates for Rows as follows:

a2 a3 a5 a a7

-70.2 +37.8 -83.7 +65.1 +46.7 -4.7 +9.0
(1 5)

We must complete with the estimates for Treatments (Oils) shown in Table

which were calculated fro_ Equ. (109). Using all the estimates

and right-hand members of Equ. (111), (132), (110) and (109) 'We get residual

squares of

3,929,427.12 365.87(10,244.4)

- 1_70.2(1205.5) 37.8(1497.5)... 9.0(1526.2)1

i+.0(2561.3) 38.6(2831.5) - 1.8(2548.5) 36

- {-36.8(1339.4) 13.4(1289.0). i5.1(1523,1)}

= 59,775.94

01

0 1)}

(a.a6)
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(actually using the coefficients with accuracy to the 6th decimal place)

shown in Table XXVIIc. The complete factor analysis control and experi-

mental, which corresponds to the classic analysis of variance is shown there.

In practice, it can, of course, be calculated directly by simply feeding the

Design and data into the appropriate appendix program for an electronic

computer.

There is finally what may be called a hybrid method of calculating

significance that is highly practical for a desk calculator wh n one is

working with a perfect,single,Youden rectangle. The mebhod consists of

employing the explicit solutions for Rows, as in Equ.(121) for Treatments,

as in Equ. (136) and, of course, for Columns from Equ. (132), against the

appropriate right-hand members, or sums of the si ultaneous equations.

This avoids the setting up of the left-hand members of the equations,

let alone the general solution of the equations. Then all that remains

to'be done is the calculation of Equ. (134) and (136).

Bre in trea-ak ariabilit u - Very often in a Youden rect ngle,

c < t just as in a latin square, c = t , it is necess ry to consider

some particular comparisons from among the effect of Treatments as a

whole group. The best procedure is just the same, fundamentally.

Work with the Treatment estimates and having broken up correctly

the variability among them reconcile the results to the overall discussion

Tly a factor of K Consider the data of Table XXVI on lb. of steel.

Suppose it were required to compa e Oils (1) and (2) with all other Oils,

as a group. Then on the lines of Equ. (: 6) there is found a factor' K

related to the total reduction in squares for Treatments. This is the

202



201

sum of squares (adjusted) for Treatments in the analysis of variance of

Table XXVIIb or the reduction in squares due to Treatments, .e., l02,368.9

- 59,775.94 = 42,592.95, of Table Mlle. In any case,

36.

= 3.5021

2,592.94
+ +57.9) 4- (+)44.1 +15-1/

(137)

If this value had been based on estimate of treatment effect with more

decimal places, as it would be on calculation not intended for illust ation,

it would be exactly 3.5. This is plain in the situation of a perfect

Youden rectangle from Equ.

K

125}. from which

SI/E k)
-T

k
(138)

Now we may say that variability due to (1\ (2) versus the rest of the

Treatments is

3.51{
8 13.4)2 Lt 4.4 + 57.9 =_/1.,_±_44.1 4- 15.1)2
2 4

= 3.5 (50.2)213/4

= 661 .105 (139)

Now this value is to be compared with the final -e idual variability after

effect of Treatments is removed) to yield

=6615,105 /4981.31 = 1.33
1,12

(1)40)

which is not significant. It should be further observed that in the present

case where, since the Youden rectangle is perfect, each Treatmeit is repre-

sented the same number of times, the test is exact. There is no need for

the demur that was necessary in the case of a latin square -ith a
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Rows missing and that will be necessary, again, for a Youden rectangle, when

such omission occurs.

It will be observed that in the immediately foregoing paragraph the

variability among Treatments is as easily broken up as it was for the latin

square in Chap. V. Here, however, there seems to be no other practical

way of doing it while, under peculiar simplifying conditions, there

was an alternate and standard way of attending to the matter. It was,

however, on account of the generality of the method used in the pre eding

paragraph that the present method was there introduced. Further, the

present method can be extended to even more recalcitrant situations,

as will appear later.

Finally, it may be of interest to consider the problem of comparing

two treatment means--this is a subject that the standard discussion in

the literature stresses. Suppose that for the situation of Table XXV1b,

it were required to find the significance of the diffe ence between

Treatments (2) and 6). Then following Equ. ( 35 ) and (137)

Then

E = K[()2 ()2 +_ ()}2
2

= 3.5i 13.4 - 44.1)2/2

= 5785.94

F112 = 5785.94/4981.31 = 1.16
,

which is not signifi

204
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Anaiysis with alio -over in louden rectaneS In Chap. II,

it was suggested that Carry-over of treatment effects may often be consider-

Ible and should be allowed for. On this basis the Designs presented for

Youden rectangles have made allowance for Change-over. That is, a.given

Treatment is not preceded by any other Treatment more than once. With such

Designs we may at least comfort ourselves that Carry-over, if it occur, will

be confounded in a small and presumably minimal way with treatment effects.

The matter often stops there. It may, however, be necessary to free estimates

of treatment effects from Carry-over. It may further be r quired to get

Carry-over out of the residual mean square which is blown up by it. There are even

times when it is of great practical importance to estimate Change-over

itself. Thus, in one way or another we are often under the necessity of

analyzing for Change-over, in a manner similar to that in which it was treated

in Chap. V, for latin square Design. For the Youden rectangle, however,

there will be shown only cases without a conditioning Period. There is not

much point to putting in conditioning Periods, because the Ca y-over would

still not be balanced; in the Youden rectangle a given Treatment is not pre-

ceded (or followed ) by all other Treatments than itself. The defect is not so

simple as in the case of a latin square nor remedied in such a simple way.

In the data of Table XXVIII, used to illustrate the problem of dealing

with Carry-over in a louden rectangle, c < t , without c nditioning

previous Period, it is assumed that the background vas at least substantially

the same for all Treatments in the first expe i ental Period as for the

corresponding latin squares previously discussed. Thus for the first Column

or Period of a Design, such as that of Table XXVIIIa, it must be supposed

that the model of Equ. (T) still obtains, i.e., there is no term for Carry-

over. It is supposed uniform for all ite s in the first Column and hence
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completely confounded with the effect of the first Column. It is completely

confounded with the general effect of the first Column and so for this

Column we must simplify our model. Otherwise we proceed as previously for

the latin square with a conditioning Period. Equ. (43) is the model

obtaining.

An illustration of a Youden rectangle, subject to analysis for Carry-

over is provided by an 11x5x11, f = 2 . Each-of 11 Groups of men were

subject to one Tr atment for a Week and 5 Treatments over 5 Weeks. There

were 11 Treatments. Each week each Group yielded a percentage of satis-

faction. The Design and results are shown in Table XXVIIIa.

Th-2 business of analysis again involves setting up. lnst squares

equatiorw .,or the effects, p ,

various levels

, , y. and .
k

rcp_ te

of the models of Equ. (7) and Equ. (L3) and fLAinE tne

variability variously residual. The handiest thi to do seems

set up the full equations) as in Equ. (48), previo sly, and then cut

back to the lesser situations by judiciously dropping rows and column,.

Examining Table XXVIIIa, it is at once apparent that the grand tot-1 3768

contains all effects of Rows Columns, Treatments and Carries-over equally,

so that we may write

55i 3768

68.51 (142)

which is shown as the first line of the grand set of Equ. (145). Wh n it

comes to estimating the effect of Rows, it is necessary to recognize that

their totals contain no effect of Column, in the sense that they contain them

all equally and remembering Equ. (9). On the other hand the total for Row

contains much effect of Treatment. Thus for Ro- or Group I,.there are

2 G



present Treatments 2), (4 (7) and (11). It is no gain to cony
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this statement into one that it lacks Treatments (3), (5), (6), (a), (9) and

(10). The total for Row I must also contain 4 Carries-over. Thus there may

be written

511 5al 4 Y2 4 Y4 Y7 4 Yll 4 61 4 64 4' = 3768 (143)

which is the second line of Equ. (145). Others may be written likewise, as

shown in the following lines. In the twelfth line the corresponding stat- ent

is not made but rather there is, again, an appeal to the condition of Equ. ( 93

to avoid the algebraic problem of singularity,if Equ. (145) are t:eated as

a set of simultaneous equations. For'Oolumns the equations are:

llp + 1101 = 806
*

111! + 114 = 771

These are not included in Equ. (145) because it is somewhat bulky anyhow.

Treatments and Carries-over are extensively and intimately confounded with

each other and with Rows, as set forth in Equ. (145). In addition there is

the peculiarity that each Carry-over is confounded with Column 1, although

it is free of them! We have:
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=
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Let us concern ourselves first with the question of testing significance

of the eflects of direct Treatment, alone, i.e., without consideration of

possible Carry-over. This wlll, Of course, be as in the preceding section,

in connection with Table XXVII. It may 1 summarized largely by saying that

the varirolility residual on the control factors P , Rows and Columns can

be found by analysis of variance t chniques, as discussed previously in

connection with the latin square. The estimates are as in Equ. (142), for

Rows as from the first 12 lines and columns of Rqu. (145),

al c13 a4 a6 a7 048 as al0 all

+7.29 +.29 -5.71 +6.89 +.89 +1.49 -.31 -2.31 -1.91 -7.11 +.49

and from Equ. (1)4),

1 2 (35

+4.76 -5.51 -3.42 +1.58 +2.58

(146)

(147)

-

The residual variability on estima es of p , Rows and Columns, a control

factors, is:

261,576 - 68.51 (3768)

+7.29(379) + .29(344) - + .49(345)1

- 4.76(806) - 5.51(693) - + 2.58(782)1

= 1639.96 (148)

as shown in Table X1tVIIIb, if the thing be carried out:with high accuracy,

-f the estimates. Then the situation increased by the consideration of the

direct effect of Treatment will require consideration of Equ. (145) with the

columns (25th through 35th) and the corresponding lines eliminated, i.e.,

those involving the Carries-over. Thus we have the equations,
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).1 1 a2 a3 a4 a5 a6 a7 a8 a9 a ()all 11 Y2 13 14 15 16 17 16 19 110111, Sum

55
= 3768

5 5
1 1 1 1 1 . 379

5 5
1 1 1 1 1 344

5 5
1 1 1 1 1 = 314

5 5
1 1 1 1 1 377

5 5
1 1 1 1 1 = 347

5 5 1 1 1 1 1 = 350

5 5 1 1 1 1 1 = 341

5 5 1 1 1 1 1 = 331

5 5 1 1 1 1 1 333

5 5 1 1 1 1 1 . 307

1 1 1 1 1 1 1 1 1" 1 1
. 0

5 1 1 1 1 1 5
356

5 1 1 1 1 1 5
341

5 1 1 1 1 1 5 = 377

5 1 1 1 1 1 5
360

5 1 1 1 1 1 5 = 339

5 1 1 1 1 1 5 = 330

5 1 1 1 1 1 5 =. 371

5 1 1 1 1 5 = 312.

5 1 1 1 1 1 5 313

5 1 1 1 1 1 5 307

1 1 1 1 1 1 1 1 1 1. 1 0 .

(The positions left empty contain zeroes, not shown)

from which the estimates for Rows are:

a2 a3 0.4 a6 a7

+4.77 .23 6.86 +5.95 +1.45 +1.86 +2.00 -3.64 +.77 5-77 .32

the es i ates for Treatment __a as shown in Table XXVIIIb, while, of course,

the estimates for Columns remain as in Equ. (147). The residual variability

no-becomes

261,576 68.51(3768)

( + 4.77(379) .23( 44) .32(345))

f + 4.76(806) 5.51(693) + 2.58(782))

+ 1.32(356) + .91(341) + + 4.59(362)1

= 686.20

21 )
(151)
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if the thing be carried out with higher accuracy, of the estimates These

l'esults are summarized in Table XXVIIIb; the value F is highly significant.

The practical way of going about the analysis of a si uation where

there are Rows, Columns, with a possible trea+ nt effect and a possible

carry-over effect is fundamentally the sane as for latin squares previous

It is as follows. Find the residual sum of squares on the Rows, Columns

and Carry-over and then find the residual when direct Treatment is included.

The question is then whether the reduction in residual squares due to the

experimental Treatment, over the control factors, is significant. Following

previous procedure, the columns involving yk and corresponding rows of

Equ. (145) must be dropped, along the lines of setting up Equ. (55) from

(48). We get:

55
= 3768

5
5

5
5

1 1
1 1

1
1

1
1

379
344

5 5 1 1 1 1 = 314

5 5 1 1 1 1 =' 377

5 5 1 1 1 1 = 347

5 5 1 1 1 1 = 350

5 5 1 1 1 1 = 341

5 5 1 1 1 1 = 331

5 5 1 1 1 1 = 333

5.
1 1 1 1 1 1 1 1 1

5

- 1 1
1 1 1 1 = 307

= 0 152)

11 11 = 806

24 1 1 1 1-1 4 = 296

14 1 1 1 1 -1 14
= 267

4 1 1 1 1-1 4 = 252

14 1 1 1 1 -1 4 = 267

4 1 1 1 1 -1 14 271

4 1 1 1 1-1 14 - 267

4 1 1 1 1 -1 14 - 269

4 1 1 1 1 -1 4 =260

4 1 1 1 1 -1 4 =263

4 1 1 1 1 -1 4 -. 292

1 1 1 1 1 1 1 1 1 1 1 = 0

(The positions left empty contain zeroes, not shown

211
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We shall again be interested in the variab lity residual on the control

factors, when Carry-over is regarded as a control fa-tor. SolVing Equ.

(152) and Equ. (144), _he results are:

+7.43 +1.66 -4.80 +6.55 +1.67 +1.01 - 0 -1.02 -4.25 -8.22 +.27

131 t33 134 135 (153)
+4.76 -5.51 -3.42 1.58 +2.58

61E1J 62[2] 63[3] 64[4] 65[5] 6(6] 7[7] 8[8] 9] 10[10] 11[11]

+5.57 -.71 -3.35 -1.80 +.02 -.10 -3.74 -2.82 +.70 +7.24 99

Finally it is necessary to multiply the estimates of Equ. (153) by the ap-

propriate right-hand members -f Equ. (1)44) and (1)45) to produce the residual

variability on control factors in Table )(Ville. Thus there may be calculated

261,576 - 68.51(3768)

- ( + 7.43(379) + 1.66(3)44) +

+ 4.76(806) - 5.51(693) +

5.57(296) .71(267) +

= 1212.01

+ .27(3)45)1

+ 2.58(782)1

- .99(258)1

(15)4)

or if estimates with more figures are used the result is 1213.02, as shown

in Table XXNIIIc. It is now necessary to find the estimates of effects and

residual squares on the full medel with p , Rows, Columns and Carries-over,

as before, but also with Treatments, Equ. (1)44) remains undisturbed but

Equ. (1)45) have to be employed in full. Solving, the estimates for Row

effects become

212



a".

as c7 as U9 a10

+4.05 .77 -10.56 +2.40 -.21 -1

while the estimates for yk or

4.63+ 04 +1.15 -1.82 +.19

211

(155)

and or ] are as shown in

Table XXVIIIc. The residual variability becomes

261,576 - 68.51(3768)

- 4- 4.05(379) +.77(344) - .19(345))

- f 4.76(806) 5.51(693) . + 2.50(1

- + 3.44(356) + 1.86(341) 2.15(362))

f - .19(296) 8.00(267) 9.02(258)1

= 250.86 (156)

if the thing is carried out with higher accuracy, of the estimates. These

results are summarized in Table XXVIIIc. The value of F has become even

more highly significant with the introduction of Carry-over into the model.

To handle a Youden square, with possible Carry-over, the least squares

equations must be solved on electronic computer--this is necessary equipment.

It is impractical to solve the equatims with a desk computer. Perhaps that

is why the full and proper analysis of Carry-over did not appear historically

sooner--there was hardly equipment to solve the necessary equations. It will

be readily realized that the set of least squares equations may become intoler-

ably large, particularly if there are a great many Rows, as there often are

in practice. This difficulty can be avoided by certain procedures discussed

in the Appendix on electronic programs, so that the size of the set of

equations, to be dealt with, depends only on t and c . As was discussed

previously in connection -with latin squares, onethere si ply gives the machine

the Design and the data so that it can set itself up the equations to solve,

to calculate the various r sidual variabilities and the values of F



212

The significance of Carry-over, when allowance is made for all the

other factors, including direct Treatment, as control factors may be made.

It follows the same line as above when the reduction in sum of squares

directly attributable to the Treatments and its signifisance were con-

sidered. The matter is simply one of the order in which one forms the

two lines as in Table XXVIIIc, i.e., the order in which one takes out

the effects. Probably in a general practical way, it will not matter

whether or no Carry-over is significant; it can be taken out anyhow just

as we normally take out the effects of Rows and Columns regardless of their

significance. On the other hand, if one wanted to test for the significance

f Carry-over, per se, one would find the residual sum of squares on the

Rows, Columns and Treatment and then find the Residual when all four factors

are included. The question is then whether the reduction due to the intro-

duction of Carry-over is significant. From a calculating point of view the

matter is very simple, as can be seen from Table XXVIII. The variability

residual on t Rows, Columns and Treatments (control) has been previously

calculat d, as in XXVIIIb, in connection with the t st without Carry-over.

The variability residual on the entire model has just been calculated in the

test for Treatments with C ry-over in the model, as in Table XXVIIIc.

the present case Carry-over with F = 3.47 is significant at the 5% level.



Table XXXIII Youden ree

Satisfaction b G ou
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11x5x11 il1us1-.LLLti_nEEELz ver

eeks and Treatments

Week

Group 1 2 3 14 5

I (1) 82 (2) 68 (4) 70 (7) 78 (11) 81
IT (2) 74 (3) 65 (5) 65 (8) 65 (1) 75
III (3) 74 (4) 57 (6) 54 (9) -6o (2) 69
Iv (4) 82 (5) 70 (7) 72 (10 ) 71 (3) 82
v (5) 76 (6) 68 (8) 64 (11 ) 68 (4) 71
v1 (6) 72 (7) ,-, (9) 60 (1) 74 (5) 68
vII (7) 79 (8) 57 (10) 58 (2) 75 (6) 72=I (8) 61 (9) 59 (11) 69 (3) 76 (7) 66
Ix (9) 68 (Jo) 51 (1) 69 (4) 80 (8) 65
x (10 60 (ia) 66 (2) 55 (5) 6o (9) 66
XI (11) 78 (1) 56 (3) 80 (6) 64 (10) 67

sum 806 693 716 771 782

mean 73.3 63.0 65.1 70.1 71.1
,sum Sq. 59,630 44,221 47,232 54,547 55,946

Contr.

Adj.Mn.

Anal sis for direct Treatm nt al_ne

(1) (2) (4) (5) (6)

+1.32

69.83

+.91

69.42

+7.91

76.42

+2.27

70.78

-1.36

67.15

-2.14

66.37

+3.50

72 01

Factors d.f.

Sum

379
344
314
377
347
350
341
331
333
307
345

3768

68.5,

-6.18 -3.18 -7.64 +4.59

62.33 65.33 60.87 73.10

(_7))
Residual Variability

S. a es

1639.96

686.20

p , Rows & Columns (control)

Control factors plus Treatments

40

30

(1639.96 - 686. )

= 4.17**F1030
686.20/30



Direct Treatmnt and Carr -over estimates from simultaneous

e uations

1) (2) (4) (;) () (7) (8) (9) (lo) (11)

Contr. +3.44 +1.86 +11.70 +8.58 +1.57 +.23 +1.25 -11.89 -7.27 -11.62

Adj. Mn. 71.95 70.37 80.21 77.09 70.08 68.74 69.76 56.62 61.24 56.89

[i] [ [ ] ;] [ [] ]

+2.15

70.66

I\
10 Ili]

Contr. 19 -8 00 -5.09 +2.39 +4.57 +9.87 +4.73 -.55 +1.98 -.70 -9.02

d. Siinificance of direct treatment effects

Factors

, Rows, Columns &Carries-over

Control factors plus Treatments

control

F
(1213.02 - 250.86 )/1

10,20 250.86/20

ni-icance

1Residual Variability
(E20111Ifs)

0 1213.02

20 250.86

ver effects

Factors

, Rows, Columns & Treatments ontrol

Control factors plus Carries-over

-10,20

d.f.
Residual Variability

uares)

686.20

250.86

686.20 - 25o.86)/lo
250.86/20



fter

Satisfaction b- Treatment_and b -_revious_Treatment

IkLa7111-aaLEI5A

Treatmen

(1) (2) (3) (4) (5) (6) (7) (8) (9) 10) (11

215

Mean
Adj.

_Mean
Contr.

(1) 68 80 80 68 296 74.0 69.7 +2.4
(2) 65 70 60 72 267 66.8 62.8 -4.5
(3) 57 65 64 66 252 63.0 59.9 -7.4
(4) 70 54 7E 65 267 66.8 67.7 +.4
(5) 68 72 65 66 271 67.8 71.2 +3.9
(6) 76 64 60 67 267 66.8 72.3 +5.0
(7) 57 60 71 81 '269 67.2 73.6 +6.3
(8) 75 59 58 68 '260 65.0 68.0 +.7
(9) 74 69 51 69 1263 65.8 66.4 -.9
10) 69 75 82 66 :292 73.0 69.2 +1.9
11) 56 55 76 71 :258 64._ 59.5 -7.,_

k. gd. 82 7)4 74 82 76 72 79 61 68 6o 78 1806

lm 356 341 377 360 339 330 371 312 313 307 362 7E8
P.an 71.2 68.2 75.4 72.0 67.8 66.o 74.2 62.4 62.6 61.4 72.4; 68.5
ij.Mn. 72.4 69.1 77.0 75.5 69.6 67.5 73.8 59.3 59.4 59.2 70.8i
Dntr. +3.9 +.6 +8.5 +7.0 +1.1 -1.0 +5.3 -9.2 -9.1 -9.3 +2.3

To the other calculations there has been added Table XXVIIIb which is

a simple calculation of the form previously recommended in connection with

latin squares, under certain circumstances. It is not very suitable here

first because the iterative calculation is most extensive, as is discussed

in Chap. IX. Further, it can be seen from the comparison of the contribu-

tions of Treatment and Carry-over with the truth of XXVIIic that the estimates

are very bad. This is understandable because not only are the two things

badly confounded, not only are they heavily confounded with Row effects out

the effect of Treatment and Carry-over are pretty well confounded with the

same row effects so that there must be a spurious positive correlation between

them.
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The estimates fo,' Treatment and Ca -over as in Table Mille, show,

obviously, little correspondence. Their correlation coefficient is -.14.

As was said much earlier, in Chap. V, on the general problem of

analysis, to the writer it seems generally of little interest to test

the significance of Rows or Columns. Nonetheless circumstances govern

cases ana such may be useful. A cordingly, for this one problem such

alysis will be made on the same general lines as for Treatments or

Ca ies-over. This may be done conveniently in the model for dire t

Treatment above, i.e., without Carry-over, as in Table XXXIII b. The

total equations are as in Equ. (149). To test for Rows it is necessary to

drop from Equ. (1).9) the lines involving al When this simple set

of equations is solved, together with the estimates of p. from Equ. (153),

and the resultant estimates applied to the right-b nd quantities of

the equations, the sum of residual squares is found. An operation

such as that of Equ. (156) is involved. This quantity may be sub-

tracted from the total variability as in Table XXXIIIb. The results

are as follows:

Factors d.f. Residual Variability
9uares

p , Columns & Treatments control)

Control factors plus Rows

40

30

1400.28

686.20

1400.28 686.2oVio
F - 3.12 **
10,30 686.20/30

218



Again, if one wished to test for th ,. effect of Columns, one would

solve Equ. (149), _aking no allowance for the estimates of and

make a calculation of residual variability like Equ. (156). The result

would be

Factors d.f. Residual Variability
Squares

, Rows & Treatments (control)

Control factors plus Columns

34

30

1499.)40

686.20

217

r (1499.4o - 686.20 4
- 8.89 *.xx

-'4,3o 686.2o73o

The attempt to extend such method to the model with Carry-over,

as in :Table d or e will encounter algebraic difficulty,

because of the confounding of with Carry-over.

forsi]=11.0:2Ca_a,r-over - In connection with latin

squ _es it was suggested that explicit solution for the effect of Treatments

d Carries-aver, in terms of sums of observations, was not practical, and

that it is best to solve directly from least squares equatIons. It was, however,

pointed out that the consideration of possible explicit solutions was useful

in discovering whether a Design would yield certain estimates. There is a

risk it will not when t is small. Actually, there is little temptation

for men with algebraic ability to attempt an explicit solution of equations

such as (145



The smallest Youden rectangle, c < t is the Yates Design 3x2x3

which is discussed in Chap. VIII since it is also a paired test. The next

Yates Design is 4x3x4, i.e-,

Period

Group 1 2 3

(1) yin (3) /1231 (.4) Y1343
11 (2) Y212 (4) Y2242 (1) Y2314
III (3) Y317 (1) 13213 (2) 73321
IV (4) Y414 (2) Y4224 (3) Y4332

It is possible to solve for Row, Column, Treatment and Carry-over effects

since there are 12 parameters:

1
Groups 3
Periods 2

Treatments
Carries-over

to be discovered from 12 observations. The situation is, indeed, exactly

determfned . There is no over-determination available for the estimation of

extraneous variability and such is the essence of statistics. The Design

can, of course, be repeated, say once, and then, the e become available 8

degrees of freedom for the estimation of extraneous variability. Obviously,

for all Yates rectangles, t x (t - x t , t > 4 , it must be possible

to distinguish the Carry-over from the Treatments proper. Repetition of the

Design may be necessary to get an adequate number of degrees of freedom.

Apart from the Yates rectangles, in the smallest Youden Design

7x3x7, i.e.:

9roup 1

Period

2 3

(1) Y111
II (2) 7212
III (3) 1313
IV (4) Y414
V (5) 1515
VI (6) 7616
VII (7) 7717

2) 71221
(3) Y2232
(4) Y3243
(5) /4254
(6) 75265
(7) 16276
(1-)-Y7,217

2

(4 Y1342
(5 72353
(6 /3364
(7:
(1

-14375
15316

(2 16327
( 3 17331
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it is possible to solve for row, column treatment, and carry-over effects

since there are 21 parameters to be found from 21 observations. The solution

is again mathematical rather than a statistcal matter of true least squares

estimation. In all the higher Youden rectangles there are enough observa-

tions in the pattern to make it possible to estimate Carry-over independent

of Treatment,proper,and vice versa. Repetition of the Design may be neces-

sary to get an adequate number of degrees of freedom.

Youden rectanles with missin E ws - As was previously ob erved in con-

nection with latin squares, under the practical conditions of experimentation

it is very common, indeed almost usual, for there to be some data missing.

It is very common, indeed almost usual, for there to be some data missing

from a Youden Design of almost any type. Entire Rows missing, is much more

common than single observations missing. Ac ordingly, it becomes not a

matter of dealing with a table where here and there an obser ation is

missing but of dealing with a Design where 2 of the 19 Rows are missing and

so the balance of the experiment is much disturbed. The practical situation

is actually worse than is commonly pictured in the literature, when an observa-

tion is supposed lost here and there. Under practical conditions, as was

discussed previously in connection with the latin square, one is not only

disappointed in a Machin 's or a Man's not completing his assignment but in

fact of, say, 19 Machines, assigned, 2 do not appear at all; they are withdrawn

for other purposes. One man fails to complete assignment of Changes-over.

The effect, for a Youden rectangle, is much more serious than for a latin square

where a whole Row is missing, be ause there every Row contains every Treatment.

In the Youden rectangle as soon as a Row is lost, the balance of Treatments

is upset.
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A situation with two arbitrarily chosen Rows missing is shown in

Table XXIX, derived from Table XXVIII. Even if the e be only interest in

the simple model with direct treatment effect and no Carry-over, it seems

hardly practical to do anything but use the least squares equations or a

program in an electric computer involving them. If we write out the equa-

tions a great many will be modified by the incompleteness of the Design.

In the program shown in the Appendix, note that there need be given no indica-

tion of how the data are incomplete--indeed, the Rows may be renumbered.

Regardless of method, the results are as shown in Table XXIXc.

The disturbance in the situation may be appreciated by considering

briefly the least squares equations for Table XXIX. Let us restrict

ourselves, for the moment, to the model with only direct Treatment

effects, i.e., without Carry-over. Now form the estimate of p from the

sum of all observations, .e.,

45p + 4(al
A A A

a2 a3 a4 a5 "I" a6 (17 a8 a9 1" 9( 1 02 -I-

+ 4y1 + 412 + 4y-

= 3768

but taking advantage of the zero-centering of results, i.e., Equ. ( 9)

'4 5Y5 3Y8 17 4/8 519 3'00 4Y11

and (135)

45P Y4 15 16 YI Y10 = 3768 (158)

the moral of which is that one's estimate of the general level depends on

what Treatments occur frequently and what occur infrequently. The

practical thought is that ;Ile equations are going to be a lot more

difficult than in the perfect and complete Youden rectangles.

2



221

Not only is p confounded in some measure wi h treatment effects but so

are the quantities , which accordingly became involved in the general

system of simultaneous equations--they no longer come from their own

independent set of equations as previously in Equ. (14)4). All the aba e is

true when only direct treatment effects are involved. When Carry-over is

also admitted-it much contributes to the confounding and complexity. The

total situation is shown in matrix formin Equ. (159) which may be compared

with Equ. (145). The situation tends to be intolerable for direct handling;

it should be understoodpbut it is best left if possible to the electronic

computer as in the appendix program. The full matrix is:
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In order to make the analysis, as i- Table XXIM fo- the moL-el with

Treatment effects only, it is first necessary, as usual, to find the

variability residual on the control factors p , Row and Column. This is

very easily done, since they are orthogonal. It may be done by analysis

of variance techniques or by neglecting the elements of Treatment and

Carry-over, i.e., the columns (18th through 39th), involving yk and (Sz

of Equ. (159) and the corresponding rows. In the latter case the resultant

estimates are:

= 68.49

A

(160)
+7. 1 1 -5.69 +6.91 +.91 +1.51 -2.29 -1.89 -7.09

02 53 04 55

3.62 -4.o4 -4. 27 +1.73 +2.96

The residual is found, as usual, by taking from 213,708 the sum of produ ts

of these estimates times the appropriate right-hand constants of Equ.(159)

to give 1111.20 as shown in Table XXIXa. In order to find the further

reduction due to Treatments it is necessary to consider Equ. (159) less

the 29th through 39th columns and the co responding rows. The resultant

estimates are:

p = 68.31

+4.55 -.20 -6.27

al

+6.99 +1.29

53

+1.32

134

-3.10

05

+.54 -5.11

+4.68 -3.98 -4.51 +1.L +1.98

(161)
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and esti ates of y
k

or

2211-

, as shown in Table XXIXID. The residual is

found, as usual, by taking from 213,708 the sum of products of these

estimates times the appropriate right-hand constants of Equ. (159) to

give 454.76. These results are summarized in Table XXIXb.

In order to test the significance of Treatments, as in Table XXIXc,

for the model with allowance for Ca y-over, it is, of course, first

necessary to find the variability residual on the control factors,

Row, Column and Carry-over; it is necessary to use Equ. (159) with Treat-
-

ments dropped. This, protably, by setting all yk at zero. The resultant

estimates are:

a2

= 68.54

(14 as a6 Ce7 a8 a9

+8.82 +1.25 -5.09 1-6.65 +.45 +1.82 -2.14 -3.06 -8.70

+3.57 -4.30 -4.39 +2.30 +2.83

+.66 -1.86 -1.92 -2.7 +.19 +1.20 -3.88 -1.33 +.22 +7.45 +2-01

(162)

)

The residual is found, as usual, by'taking from 213,708 the sum of products

-f these estimates times the appropriate right-hand const nts of Equ. (159)

to give 867.69. In order to find the further reduction due to Treatments

2



it is necessary to consider the full model, with all factors, of Equ. (159).

The resultant estimates are:

0L2

u = 67.88

+5.51 +1.19 -10.16 +1.40 -.5 -1.33 2.27 +2.13 -.51

135

+4.31 -4.44 -4.06 +2.0u r2.15

(163)

and estimates of _ or (k) and or [i] as shown in Table XXIXc.Yx

The residual is found, as usual, by taking from 213,708 the sum of products

of these estimates times the appropriate, right-hand constants of Equ. (159)

to give 136.58. The e results are summarized in Table X_Xac. There, there

are shown tests of significance for both Treat_ents and Carries-over.

The Design and data may be simply fed into an appropriate program,

as in the Appendix of this book and the complete analysis will be done.

This last alternati-e is much the most in the spi?.it of these casual latter

days, but it still seems wise to have some idea of what is going on.

2



Table XXIX Youden -ect le with 2 missed lines

Sum

a. Data

Week

4 5Grou 3

1 1 82 (2) 68 (4) 70 7) 78 (11)81 379
II (2) 74 (3) 65 (5) 65 (8) 65 (2) 75 344
III (3) 74 (4) 57 (6) 54 (9) 60 (2) 69 314
Iv (4) 82 (5) 70 (7) 72 (10) 71 (3) 82 377
v (5) 76 (6) 68 .(8) 64 (i) 68 (4) 71 347
vI (6) 72 (7) 76 (9) 60 (1) 74 (5) 68 350
vII (8) 61 (9) 59 (11) 69 (3) 76 (7) 66 331
vIII (9) 68 (10) 51 (1) 69 (4) 80 (8) 65 333
Ix (10 ) 60 (ia) 66 (2) 55 (5) 60 (9) 66 307

Sum 649 580 578 632 643 3082

Ana -rsis for direct Treatment alone

226

) 3) 64) 6) () (i) C ) (9) CC81 LC:1)

Contr. +4.15 +.41 +5.46 +2.27 -1.36 -1.15 +3.42 -5.18 -3.18 -9.29 +4.46

Adj. Mn. 72.46 68.72 73.77 70.58 66.95 67.16 71.73 63.13 65.13 59.02 72.77

'Factors d.f.

p , Rows & Columns (control)

Control factors plus Treatments

32

22

Residual Variability
S. uares

1111.20

454.76

= 12-121,40_7adfiLL121 3.1
F10,22 454.76/22



c. Anal sis for direct Treatment and Carrover

(i) () (3

Contr. +3.19 +2.72 +11.66

Adj.Mn. 71.07 70.60 79.54

[1] [23 [3]

(4)

227

(5) '(6) (8) (9) (10) (11)

+10.49 +3.68 -.19 +1.16

78.37 71.56 67.69 69.04

-11.08 -8.78 -12.37 -.46

56.80 59.10 55.51 67.42

[] [7] [8] C61 [C_] [2]

Contr. -3.53 -la 10 -5.97 +1.84 +5.28 +11.18 +8.09 +.58 +2.45 +.77 -9.29

Factors 'Residual Variability
(S uare

867.69

136.58

p , Rows, Columns& Carries-over cont ol)1 22

Control factors plus Treatments 1 12

(867.69 - 136.58)/10_
F10,12 136.58/12

Factors

p , Rows, Columns & Treatments control 22

d.f.

Control factors plus Carries-over 12

Residual Variability
(Squares)

454.76

136.58

454.76 - 136.2.0J10F 2.80*10,12 136.58/12
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In this situation of a Youden rectangle, a < t , the missing values

disturb the adjusted mean, yk + p , from that gotten in Table XXVIII

regardless of whether a given Treatment is missing or no. The situation

differs from that obtaining for a latin square, as is discussed in con-

nection with Table XXIX. The comparison of the results in Table XXIX

with those from the full data of Table XXVIII show them to be much the

same. The position we must necessarily take is that imperfect design

must be accepted and can be handled very well, in a practical way. From

this emerges a point, that we need not be too strict in design. Such

possibilities are explored briefly in Chap. VIII.

rectanles A situation with t o arbitrarily

chosen observations missing is shown in Table XXX , derived from Table

XXVIII. Note that in Table XXX the entire Design, which was intended, is

given, i.e. Treatment is given for the missing data cells. This assumes

that the Treatment (8) or (10), as the case may be, was administered

so that there will be a Carry-over if any subsequent Treatment was tried.

Only the actual observation is missing. The situation is just the same

as for the case of mis-ing cells discussed in connection with latin

squares. If such was not in fact the case, the resultant least squares

equations would be a little modified. Allowance would have to be made for

the fact that the cell following the miss would contain no C ry-over.

Following previor- lines,it is possible to set the least squares equations

up as in Equ. (164) The equations are, of course, the same as Equ. (152)

for the complete data except for p Rows VII and XI, Columns 2 and 5,

Treatments (8) and (10) and Carries-over [6] and [7]. The least squares

equations are as follow

2
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First there must be considered the -c:del, cut back to the lowest

level, .e. , with only the control factors p Rows and Columns, and even

they are no longer orthogonal. The elements of Treatment and Carry-over

will be neglected, i.e., the columns (18th through 39th) involving y
k

and 6 of Equ. (164) and the corresponding rows must be dropped. The

resultant estimates are:

al

p = 68.76

a5 a7 al0

+7.04 +.04 -5.96 +6.64 +.64 +1.24 +.97 -2.56 -2.16 -7.36 +1.46

6 02 03 135

+4.51 -5.06 -3.67 +1.3 2.89

(165)

It now is necessary to find the residual squares on estimates of Rows

and Columns as control factors, which

253,838 - 68.76( 644)

f + 7.04(379) + .04(344) - + 1.46(278))

f 4.51(806) - 5.06(636) + 2.89(715)1

= 1568.38 (166)

if the thing be carried out with accuracy, of the estimates to the fourth

de_imal place. It would have been impossible to use analysis of variance

techniques. In order to find the further reduction due to Treatments it

is necessary to consider Equ. (164) less the 29th through 39th columns

and the corresponding rows. The resultant estimates are:

2;3



= 68.45

a2 a3 o4 a6 a7 as a9 al0 all

+4.77 -.41 -6.86 +6.29 +1.28 +1.86 +3.06 -3.82 +.9 -5.44 -1.67

231

(167)

-5.09 -3.36 +1.64 +1.97

and estimates of yk or (k) , as shown in Table XYab. The residual is

found, as usual, by taking from 253,838 the sum of products if these

esti ates times the appropriate right-hand constants of Equ. (164) to

give 650.93. These results are summarized in Table XXXb.

Next there must be considered the model with only the control factors

, Rows, Columns and Carries-over. The col (18th through 28th)

involving yk and corresponding rows of Equ. (164) must be dropped.

The resultant estimates are:

a3 a4

p = 68.72

ca6 o7

+7.20 +1.73 -5.28 +6.27 +1.30 +.34 +.27 -.95 -4.33 -8.35 +1.60

+4.55 -5.39 -3.63 +1-37 +3.11

+5.21 -1.10 -3.86 -1.80 -.12 +1.71 -2.94 -3.17 +.71 +6.90 -1.54

(168)

The resirl.ual is found, as usual, by taking from 253,838 the sum of products

of these estimates times the appropriate right-hand constants of Equ. (164)
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to give 1171.90. In order to find the further reduction due to Treatments

it is necessary to consider the full model, with all factors, of Equ. (164),

The resultant estimates ar

53 -11.15 +1.29 -1.02 -2.57 +5.98 +1.37 +1.19 -1.09 +1.60

+4 50 -4.96 -3.68 +1.32 +2.81

and estimates of
k

or ) and 62, or [Z] , as shown in Table XXXo.

(169)

The residual is found, as usual, by taking from 253,838 the sum of products

of these estim tes times the appropriate right-hand constants of Equ. (164)

to give 207.66. These results are summarized in Table Mac- There, there

are shown tests of significance for both Treatments and Carries-over.

Unfortunately, one cannot, as for previous problems, in practice avoid

the effort required to set up the foregoinE equations by having an electronic

computer do so, after it has been given the Design and the data, in the

elect onic pr gram of the Appendix. The problem _s discussed there. Briefly,

the program would have to be extended.

2



Table X Youden rectan.1e with 2 missed observations

a. Data

Grou-

sum

1 2

Week

3 4

(1) 82 (2) 68 (4) 70 (7) 78

(2) 74 (3) 65 (5) 65 (8) 65

(3) 74 (4) 57 (6) 54 (9) 60
(4) 82 (5) 70 (7) 72 (10) 71

(5) 76 (6) 68 (8) 64 (11) 68
(6) 72 (7) 76 (9) 6o (1) 74

(7) 79 (8) NR (10) 58 (2) 75

(8) 61 (9) 59 (11) 69 (3) 76
(9) 68 (10) 51 (1, 69 (4) 80

(10) Go (1a) 66 (2) 55 (5) 60

(11) 78 (1) 56 (3) 80 (6) 64

806 636 716 771

5 SLIM

(la) 81 379
(1) 75 344
(2) 69 314
(3) 82 377
(4) 71 347
(5) 68 350
(6) 72 284
(7) 66 331
(8) 65 333.

(9) 66 307
(10) NR 278

b. Analysis for direct Treatment alone

715 3644

"
(1) ( 10) .1)

Contr. +1.66 .7 +8.25 +2.2 -1.36 -1.98 +3.32 -5.46 -3.18 -9.16 +4.93

Adj.Mn. 70.11 69.18 76.70 70.72 67.09 66.47 71.77 62.99 65.27 59.29 73.38

_5

Factors d.f.
residual Variability

S s uares

, Rows & Columns (control)

Control factors plus Treatments

38

28 !

1568.38

650.93

= - 3 *.95*
10,28 650.93/28



Contr.

Adj.mn.

C. Analysis_for direct Tre and Carry-ovtr

2 34

6 8 ) (10 11)
+3.31

72.08

+1.83

70.60

+12.31

81.08

+9.82

78.59

+2.56

71.33

+.40

69.17

+.97

69.74

-11.40

57.37

-8.43

60.34

-12.33

56.44

+.96

69.73

r I {

Contr. -1.30 -9.49 -6.17 +2.17 +4.80 +11.54 +7.48 -.23 +2.45 -1.09 -10.17

Factors

u , Row, Columns & Carries-over

Control factors plus Treatments

control)

d Residual Variability.f.
s

28 1 1171.90

18 207.66

(1171.90 mjIntfi:TilL1J2F = 8 36***
10)18 207.66/18

Factors d ;Residual Variability
(S uares

p , Rows, Columns & Treatments contr 1 28

1 18Control factors plus Carries-over

650.93

207.66

F
(650.23 - 207.66)/10

- = 84**10,18 207.66/18

In this situation of a Youden rectangle, c < t , the missing values
es.

disturb the adjusted mean, yk , from that gotten in Table XXVIII

regardless of whether a given Treatment is missing or no. The situation

differs from that obtaining for a latin square, as is discussed in connection

with Table XXIX. The comparison of the results in Table XXX with those

from the full data of Table XXVIII shows them to be very much the same,

as might be expected because the data are very much so.

2



VII. Ana sis of data from various s.ecial ki-ds of Youden

Page

Special Youden Designs . . . . .. . 236

Double Youden, t x c x 2t 238

Paired Youdens, 2 (txcxt) 247

Repeated Youdens . . . . . 0 252

Missing data situations . . . ... 259

Designs more or less Youden 266

Breaking Treatment variability up 275

Design with several sections . 281

2,17
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Special Youden Desi ns The discussion of analysis, so far, has been a

detailed one for the cases of the latin square and the single basic Youden

rectangle with c t and r = t . The only serious practical complication

has been that a Design may be incomplete by some Rows. In order to deal

with the Youdens generally it is necessary to consider, in some detail,

extensions, beyond this realm. First,there are Designs, already indicated,

where the number of Rows,some multiple of t the number of Treatments

but the fill is an integer and c < t . Secondly, there are two outlying

types of design.

The Designs with number of Rows, some multiple of t ,are of 3 typcs'

a. Multiple Youdens where the number of Rows necessary to get integer

fill is

r = gt .
(170)

For this type, a number of Designs were shown in Table XVIII, i.e., cases

where g = 2 . There, of course, exist more cases where g > 2 is some

integer. Here we consider only double Youdens, except for paired comparisons

in Chap. VIII on that subject. This type of Design arises only for

c < t ; there is, of co se, no analogy in the case of the latin squares

where the fill is always t

b. Balanced Youdens where the number of Youdens necessary to get all

t - 1 Treatments preceding (or for that matter following) a given Treatment

requires gt Rows although each successive t Rows is a true Youden (with

integer fill) and with unrepeated Change-over, in its own right. Some

Designs of this type are shown in Table XVII . Here we consider only paired,
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g = 2 , cases. Of course; there can exist cases where g > 2 is some integer.

This type of Design arises only for c < t . When c = t , in the latin

square, if a Design can be written with unrepeated Change-over, it is

necessarily balanced.

c. Various repeated Designs are very commonly used. Thus each

successive t Rows may be a repetition of the same single Youden. It may

also be a latin Square repeated. In practice g is often some number of

magnitude 5. It seems mast practical to make a simple repetition although

the literature contains examples where a succession of Designs is used,

that is, each t Row is a fresh Youden in its own right. Such richness

may delight the professional statistician but must dismay the practical

experimentalist. It may be practical to repeat the double Youdens, the

paired Youdens, as above.

When, however, it comes to more complicated matters like finding the

significance of treatment effects (even without allowance for ry-over),

it will be assumed that the reader ha e an electronic computer available and

that he will use least squares equations, as in previous discission, in some

way. He may simply feed in the Design and the results if circumstances are

favorable. To set forth explicit statements such as were put out for the

single unrepeated Youden is intolerable. Of course, when Carry-over is

indeed similar equipment and policy are assumed.

Am odd Design which may be termed the near-Youden will be presented

and discussed. A common practical situation where an experiment is done

in several -blocks will be indicated but not fully treated.



Double Youden, t x c x 2t - Consider first the double Youden, t x c x 2t

Such an example is presented in Table XXXI, which is concerned with

satisfaction reported by 18 Men on each of some 4 Treatments that :each was put

under successively. It is a 9x4x18. For such multiple, balanced or repeated

Youdens, the total fill or number of times that the comparison table is

filled, in the sense of Equ. (2), is

f = gc( 1)/(t (371)

Consider next the estimation of direct treatment effects. The

underlying assumptions are the same as those forasingle Youden, txcxt,

with which we started the consideration of analysis of data. The estimate

of the effect of the k
th Treatment is

cEy.. - ET. /ft (172)

where i the
Yijk

sum of observations for any Row in which k occurs. This is all very

much as in Equ. (112) for one single Youden except that the observations

yux under k occur gc rather than c times. The same statements

may be made for balanced and repeated Youdens. Generally, it is impossible

to reverse tl-ie roles of Rows and Treatments, as was done for single Youdens,

so that there are no easily calculated estimates of Row effects.

For double Y udens it is impractical to put in a 0
th conditioning

Period of the type that is sometimes used wiih latin squares. It is even

1 ,ss practical than for a single Youdenwhereit does little good. For

d uble Yo dens such a step would mean that a given Treatment had its own

Carry-over twice associated with it whereas such other Carries-over as are

associated are so but once.
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The estimate for Treatmen_ (1), directly, without allowance for Carry-

over, following Equ. (171) and (172) is

4(yill Y221 +..-+1J731 Y 4
yi or (1)

(T1 T2 T8)

27.

= [4{2.5+2.1+2.1+1.6+1.7+2.3+2.1+2.1}

fl2.5+10.1+9.5+7.84-1.3+10.9+10.6+1O.21]/27

= .48 (17)

In order to get the effect of Treatment or Material (1), from Equ. (129),

we take 4 ti es the results at (1) at each of the 8 occasions when it

occiu-s less the sum for each of the 8 Rows in which it occurs all divided

by 27 to get estimates as are shown in Table XXXIb. This quantity

may be called the treatment contribution, i.e., the amount that

the Treatment differs fr m the aver ge of all Treatments. To this

each such quantity there may be added i = 2.57 to give what may be

refer ed to as the adjusted mean which is often a convenient practical

form in which to :ceport offect of Treat -its.

The business of analysis again involves setting up 1 ast squares

equations for the effects, , 13j yk and 62, appropriate for

various levels of the models of Equ. (7) and Equ. (43) and finding the

variability variously residual. The handiest thing to do seems to be to

set up the full equations, as in Equ. (48), previously, and then cut back

to the lesser situations.by judiciously dropping rows and columns. Examin-

ing Table XXXIa it is at once apparent that the grand total 1958.88

contains all effects of Rows, Columns, Treatments and Carries-over equally,

so that we may write the first line of the grand set of Equ. (175). When
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it comes to estimating the effect of Rows, it is necessary to recognize

that their totals contain no effect of Column, in the sense that they

contain them all equally and remembering Equ. (9 ). On the other hand the

total for Row contains much effect of Treatment. Thus for Row, or Man I,

there are present Treatments (1), (2), (4) and (8). It would be mischievous

to convert this st-i.tement into one that it lack Treatments (3), (5), (6 ) and

(7). The total for Row I must also contain 3 Carries-nver. Thus there may

be written the second line of Equ. (175). Others may be written likewise,

as shown in the following lines. In the 19th line the corresponding statement

is not made but rather there is, again, an appeal to the condition of Equ. (9 ),

to avoid the algebraic problem of singularity, if Equ. (145) are treated as

a set of simultaneous equations. For Columns and equations are:

18

18

183

al

+ 18p = 46.7

+ 18p = 45.3
-

+ 18p = 46.0

02 03 -I- 04 =

(174)

These are not included in Equ. (175) because it is somewhat bulky anyhow.

Treatments and Carries-over are extensively and intimately confounded with

each other and with Rows, as set forth in Equ. (175). In addition there is

the peculiarity that each Carry-over is confounded with Column. 1, although-

it is free of them! We have:
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The analysis is, of.course, made in a manner similar to that for

a single Youden. For the model without C ry-over, the variability residual

on the orthogonal control factors, Rows and Columns can be gotten by the

procedures of analysis of variance. Such results are shown in Table XXXIb.

When Treatment is included the situation becomes more involved since it

is necessarily confounded with Rows. It is necessary to solve simultaneous

equations which can be gotten from Equ. (175) by dropping the lines and

2olumns involving Change-over, i.e., the 30th through 38th of each.

Working with these equations one gets the analysis of Table XXXIb. The

appropriate design-data program for electronic computer may be used. In

the actual equations being used it is very important to remember that in

getting residual squares one uses in connection mlth the estimate for

a n not the conditioning equation above but a suppressed equation formed10

just as for the other Rows with a right-hand constant of 10.2. Similarly,

in conjunction with the estimate for yg there is used the right-hand

constant of 24.3 from a suppressed equation. Further, by dropping the

21st through the 29th line there may be found estimates of p 2 a. ,

and _ together with the varIabIlity residual thereon, i.e., the 6.9100

of Table =lc. Then by solving the entire body of Equ. (175) the

estimates are as in that table and the residual variability is 2.2830. There

has been added the test of significance for Carries-over, per se.
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Table XXXI - Satisfaction by MenFeriods and Treatments_- Trhe double

Youden 9x4x18

Man

a. Data

Period'

2.5 2 4 3.4 (8) 3.1 12.5

II 2.3 (3) 2.5 (5) 2.5 (9) 3.4 10.7

III 3 2.2. (4) 3.1 (6) 2.7 (1) 2.1 10.1

IV (4 2.2 (5) 1.8 (7) 1.6 (2) 2.5 8.1

V (5 2.3 (6) 2.6 (8) 2.5 (3) 1.9 9.3

VI (6) 3.2 (7) 2.0 (9) 3.3 (4) 3.3 11.8

VII (7) 2.5 (8) 2.7 (1) 2.1 (5) .2.2 9.5

VIII (8) 3.7 (9) 3.0 (2) 3.3 (6) 3.8 138
IX (9) 2.6 (1) 1.6 (3) 1.9 (7) 1.7 7.8

X (1) 1.7 (6) 2. (3) LI (2)-771 7.3

XI (2) 2.3 (7) 1.6 (4) 1.3 (3) 11.3 7.0

XII (3) 2.2 (8) 3.1 (5) 2.6 (4) 2.9 10.8

XIII (4) 2.4 (9) 3.1 (6) 3.4 (5) 2.9 11.8

XIV (5) 3.0 (I) 2.3 (7) 2.5 (5) 3.1 10.9

XV (6) 3.4 (2) 3.1 (8) 3.4 (7) 2.9 12.8

XVI (7) 2.4 (3) 2.0 (9) 2.9 (8),2.5 9.8

XVII (8) 2.8 (4) 2.7 (1) 2.1 (9) 3.0 10.6

(9) 3 . 0 (51 2.4 (2) 2.7 (1) 2.1 10.2

Sum 46.7 45.3 46.0 46.8 184.8
Mean 2.59 2.52 2.56 2.60 2.57
Sum Sq. 125.39 119.53 124.88 129.10 1958.88

Analysis for direct Treatment alone

() (8) 6)

Contr. -.48 +.18 -.43 +.17 -.09 +.36 -.33 +.23 +.40

Adj. Mn 2.09 2.75 2.14 2.74 2.48 2.93 2.24 2.80 2.97

Factors d. f .

p Rows & Columns (control). 51
i

Control factors plus Treatment 43

.0988 - 2.8211
2.8211/43

Residual Variability
(Squares)

9.0988

2.8211

- 11.96**
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c. Analys_is forudirect Treatment with allowance for_0arryover

(1) (4 6 7 8)

Contr. -.47 +.20 -.39 +.08 -.05 +.31 -.3)4 +.22 +.44

Adj. Mn. 2.10 2.77 2.18 2.65 2.52 2.88 2.23 2.79 3.01

[1] 1 ] [3] i'4] {91

-.01 +.22 +.08 -.19 +.06 -.16 -.01 -.09 +.09

Factors d . f .

, Rows, Columns & Carrics-OVe control

Control factors plus Treatment

113

35

Residual Variability
(S uares)_

6.9100

2.2830

F
(6.9100 - 2.2830)/8

8
=

,35 2.2830/35

Factors

.87***

1 Residual Variability
S. uares

p , Rows, Columns & Treatments (control)! 43 2.8211

Control factors plus Carries-over 35 2 2830

F
8,35

.8211 - 2.2830 8

2.2830/43
- 1.27 N.S.

2



After (1)

(1)
(2)

(3)
()4)

(5)
(6)

(7)

(8)

(9)

Bk.
grd.

Sum
Adj.
Mn.

Con

245

Results liy_ILILevious Treat ent--a crude analysis

(4) (5) (6)

Tr eatmen

Adj.
(9 ) Sum Mean Contr.

3.5 1.9 2.2 2.2 2.5 3.0 15.3 2.55 -.01
2.1 2.5 3.4 3.8 1.6 3.4 16.8 2.90 +.34

2.1 3.1 2.5 1.7 3.1 2.9 15.4 2.44 -.12
2.1 1.3 1.8 2.7 3.1 3.1 14.1 2.32 -.24
2.3 2.7 2.9 2.6 1.6 3.4 15.5 2.53 -.03
2.1 3.1 1.3 2.9 2.0 2.5 13.9 2.50 -.06

2.5 2.0 1.8 3.1 2.7 3.3 15.4 2.38 -.18
2.1 1.9 2.7 2.6 2.9 3 0 15.2 2.72 +.16
1.6 3.3 3.3 2.4 3.4 2.5 16.5 2.65 +.09

2.5 2.3 2.2 2.2 2.3 3.2 2.5 3.7 2 6

1.7 2.3 2.2 2.4 3.0 3.4 2.4 2.8 3.0 46.7

16.5 21.8 15.3 21.8 19.7 24.4 17.2 23.8 24.3 184.8

2.02 2.76 1.90 2.69 2.48 3.05 2.11 2.99 3.08;

-.55 +.19 -.67 +.12 -.09 +.48 -.46 +.42 +.51'
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In Table XXXId there are shown the data a ranged

accordinTreatment and preceding
Treatment. This is the kind of crude

analysis
for direct

Treatment effects and
Carry-over

previously suggested. Thecontributions (k) and [k] have been
estimated, without allowEnce for

Row effects, which have been simply
neglected, to the great

simplification
atters. The

contributions were f und by iterative
procedure, as in

Chap. IX. In a case like the present, where
Treatments and C

ries-over
are but little

confounded, the matter goes quite
rapidly. It may, further,

be observed that with the table so nearly filled and so many Rows to iron
out, the

estimates of effect of Treatment are fairly good, i.e., ascompared with those of Table XXXIc.
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The correlaticn between estimates of Treatment, proper, and Carry-

over in Table XXXIc is -.08. This is so in spite of the considerable

effect of Treatment. Indeed, the effect of Ca ies-over is very slight

as shown by its specific test of significance that terminates XXXIc.

As a result, the effect of Treatments is determi ed there with less reliabil-

ity than without Carry-over in Table XXXIb; the strength of the experiment

has been dissipated in the vain calculation of Carry-over. Presumably in

such an experiment one should fall back on the more simple analysis without

Carry-ove

Paired Youdens Let us now turn to the analysis for paired

Youdens, 2(t x c x t) , as discussed in Table XVII.. As an example, there

are the results shown in Table XXXII. This was a 2-week test on Treatments,

(1), (2), and. ( ). Six large groups of men received them with results as

shown in Table XXXIIa. The analysis of the present data, as shown in Table

XXXIIb and c will be confined to the formation of treatment and carry-over

estimates. Significance can hardly be calculated since the degrees of

freedom (d. are so few for the r sidual squares. This does not, however,

inhibit the estimation of the effects. They are really the most important

thing in an experiment and the statistical analysis. There is a tendency

to stress significance too mueh--probably because it is a good deal harder

to find. For the -stimation of treatment effects, without allowance for

Carry- ver, we may follow Equ. (172) to get results such as

or (1) (Y111 2.11!;1 Y411 t_Y921) (T _47 T2 + T9
6

= [2041.0 4- 43.3 + 51.0 + 48.o) f92. + 90.0 + 96.3 + 4.71]/6

= 1.12

24j

(176)



For the more extensive analysis, when Carry-over is involved, it .is necessary

to set up least squares equations, as in Equ. (177) or to us e. an electronic

program, as shown in the Appendix.

Since the present Design happens to be not only a paired Youden but a

paired comparison or single Change-over case, it belon -,in a sense,to

Chap. VIII, devoted to such situations. There it will be pointed out that

special techniques may be used inits analysis. Her however, we shall

proceed, using the general methods built up in the preceding discussion and

directed at cases with, generally, more than a single Change-over.

In order to estimate the Treatment and Carry-over simultaneously it

remains neces ary to set up the complete set of simultaneous equations

as previously. Examining Table XXXIa, it is at once apparent that the

grand total contains all effects of Rows, Columns, Treatments and C- ies-

over equally, so that we may write the first line of the- grand set of Equ.

(177). When it c mes to estimating the effect of Rows, it is necessary

to recognize that their totals contain no effect of Column, in the sense

that they contain them all equally and remembering Equ. (9) On the other

hand the total for Row contains much effect of Treatment and Carry-over.

Folio ing the lines used previously, for larger cases, there arise the

equations,
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a2 3 o4 a5 a6 2 11 12 Y3 63 = Sum

12
= 554.9

2 2 -1. 1 = 92.3

2 2 1 = 94.3

2 2 1 1 = 90.0

2 2 -1 1 =. 96.3

2 2 -1 1 = 94.7

1 1 1 1 1 1 = .0

6 6 = 281.4 (177)
1 1 = .0

4 J. 1 4 -1 = 183.3

4 -1 -1 4 ...1 . 191.3

1 1 1 = .0

2 1 1 2-1 2 96.6

2 1 1 2 -1 2 = 91.3
1 1 1 = .0

(_h_ -ositions left empty contain zeroes, not shown.)

The only analysis necessary on the basis of Equ. (177) is its

solution to provide the estimates of Treatment and Car

in Table Mile.

-er, as shown
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Table XXXII_7-_ Satisfaction under_three kinds of Treatment in t o Periods

2(3x2x3)

a. Data

Period

Grou- 1 2

1 41.0 (2) 51.
2 51.0 (3) 43.

46.7 (1) 43.
1 51.0 (3) 45.3

46.7 (1) 48.0
45.0 (2) 42.3

92.3
94.3
90.0
96.3
94.7
87.3

281.4 273.5 554.9

61s Treatment alone

Contr. -1.12 +2.33 -1.22

Adj. Mn. 45.12 48.57 45.02

Analysis for significance hardly possible with so few observations

Anal sis for direct Treatment with allowance for Car -ove

(2 (3)

Contr. +2.77 +5.57 8.33

Adj. Mn. 49.01 51.81 37.91

[1] [2] [3]

Contr. +7.77 +6.47 -14.23

Analysis for significance hardly possible.
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d. Results b TreallEELILgILLILL:EEtLious Treatmen --a crude_analysis

Treatment
Adj.

3 Sum Mean Contr.

(1) 51.3 45.3
(2) 48.o 43.3

(3) 43.3 42.3

Bk grd. 41.0 51.0 46.7

Sum
Adj.
Mn.
Contr.

96.6 48.45 2.87
91.3 46.56 .98

85.6 41.74 -3.84

51.0 46.7 45.0 281.4

183.3 191.3 180.3

46.54 48.07 44.12

+.30 +1.83 -2.12

554.9
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In Table XXXIId, there is shown the simple calculation, as on a desk

calculator, for treatment and carry-over effects, when Rows are ignored.

It goes fairly fast by iteration. The results agree badly with the

more exact results of Table XXXIIc.

The circumstance that it is hardly practical to make tests of signif-

icance in Table XXXII is not basic but arises from the paucity of data.

Such a Design could be fully analyzed if it were sufficiently repeated.

Thus, if it were repeated once, i.e. involved 12 Groups, there would be

7 degrees of freedom for the residual variability. With 18 Groups

there would be 13 such degrees of freedom.

Re eated Youdens There must be some question as to how we should handle

the very corn on experimental situation when some Youden rectangle, c < t ,

is laid down repeatedly. Thus we may consider the data, as in Table XXXIIIa,

x3x4 (Yates ctangle ) filled thrice-over on 12 Groups of subjects.

Each Group was subject to 3 successive Treatments. Since the Design was

repeated 3 times g = 3 . Then from Equ. (134),

= (3E
Yij

- ET. 24k (178 )

and the estima

Treatment

es for Treatments, with only t eL_

3Ey._ ET. (k)

and not Carries-over, are:

(1) 1830 1788 +1.75
(2) 1752 1730 -1.17
(3) 1719 1709 +.42
(4) 1800 1824 -1.00

7101 7101 .00 (179)

25.1



As previously, in presenting such results, for practical consideration,

it may he wise to produce not such estimates of treatment effects but

them added to the overall effect, p = 65.8 . Thus the "adjusted mean

for Treatment (1) is 65.8 1- 1.8 = 67.6 in the sense that this is the

mean anticipated if Treatment (1) had appeared in n11 Rows. Accordingly,

the, say, adjusted averages for the Trestments are as shown in Table

XXXIIib.

As will transpire, the present problem is a peculiar one in that it

would not yield the analysis gotten from the other Designs in a general way.

This was not discovered until the experiment was run. The problem will be

discussed in some detail below. For the noment it may be supposed, and

in actual handling it was supposed, that the business of analysis again

involves setting up least squares equations for the effects, p

B. y
k

and appropriate for various levels of the models of Equ.

(7) and Equ. (43) and finding the variability vari usly residual. The

handiest thing 1-) do seems to be to set up the full equations, as in

(45), previously, and then cut back to the lesser situations by judici,-

dropping rows and columns. Examining Table XXXIIIa, it is at once apparent

that the grand total 2367 contains all effects of Rows, Columns, Treatments

and Carries-over equal2y, so that we may writc the first line of the grand

set of Equ. (181). Hence

= 367/36 = 65.15 (180

When it comes to estimating the effect of Rows, it is necessary to recognize

that their totals contain much effect of Treatment and Carry-over. Thus



there may be writen the second line of Equ. (181). Others may be written

likewise, as shown in the following lines. The equations are much like

those of the earlier,c-mplete (no missing Rows) cases except that an

count of the repetition of pattern the confounding in the first 12 lines

is repeated= The total matrix is as follo

a7 a8 (19 aiOaiia12t1 Ii 12 13 Y4 61 62 62 64 '

36 = 23 7
3 -1 1 1 = 231

-1 1 1 = 236
1 1 1 = 2061

i_ 1 = 172
1 1 1 225

3 3 -1 1 1 = 142
-1 1 1 = 208

-1 1 1 = 219
-1 1 1 = 202

-1 1 1 = 165s'

-1 1 1 = 165
1 1 1 1 1 1 1 1 1 1 1 1 = 0

12 12 769
9 -1 _i -1 9 3 = 610
9 1 -1 -1 9 _ 584
9 --, -1 -1 9 3 3 . 5731111 = 0
6 1 1 1 1 1 1 3 3 6 =1U2
6 a. 1 1 1 1 1 -3 33 6 . 408
6 1 1 1 1 1 1 -33 3 6 . 377

1 1 1 1 = 0)

The positions left empty contain zeroes, not shubm.)



The entire set of relations may be put in matrix form, as in Equ.

(181) and then various reduced situations be extracted from it by

the elimination of various lines, or equations, and the corresponding

Columns. For computer calculation this may be done by simply changing the

appropriate lines to equations such as 61 = 0 .

For the more simple model of Treat ents, without Carries-over, the

variability residual on the control factors of Rows and Columns may be

found most simply by the kind of calcalations usedin analysis of variance.

If oneactually works acase such as this not on a desk calculator there

are two Gypes of short-cut to the namerical results. For the situation

without Treatments, i.e., the first line of the test of sigrificance in

Table XXXIIIb, since Rows and Columns are completey orthogonal one may use

facilitating algebra of the sort that was used in the analysis of

variance. The result is shown in Table XXXIITh. With thr introduction of

treatment efl'ects it is necessary to go to Equ. (181), less the lines

inv lving 62, , because there is interaction between Rows and Tr atments.

These equations are very easily solved, even on a desk calculator, to

give treat ent estimates as shown in Table XXXIIIb. For the Rows, the esti-
.

mates now become:

a8 a9 a1 ai 12

+4.17 +6.86 +1.72 -11.08 -10.17

(182)



When the Treatments become involved one may go, so long as the Design is

perfect and regular, to Equ. (178) and (179) for precise, explicit e-ti-

mates which can then be employed rapidly to yield row estimates. The

estimates f Columns are, of course, quite independent of anything but p

They are:

-1.67 +1.00 +.67

(183)

For this model, thc; reduction in squares, all taken from the total sum of

squares is

159961 - 1,1z367 (a1(23l) 2(236)

(769) + 801) + $3(797)}

- fy (610) + 2 (584) ;3(573)

945.2222
(184)

when Lhe esti ates are calculated with many decimal places.

It might be supposed, and indeed was supposed when this experiment was

done, that we might then proceeä. to consider Lhe same data now with the

possibility of Carry-over, includec3, as usual. As things turned out Equ.

(181), in full, are singular. Such will appear by using the program in

the Appendix. Accordingly, the analysis witli Carry-over is impossible.

The business of counting the number of ol er ations and constants to.

be estimated in a repeated Design, uch as the present, is a curious one.
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To determine whether this is possible it is necessary to consider the basic

Design..--in the present case one of 4 Rows. Then one must count

for a total of 12 in 12 observations so that exaet deter ination is possible.

If the number of observations had fallen short the situation would be

singular. It will be noted that the present Design,

Row I (1) (2) (4)

A 1 2

proved singular; the repetition nowise affected the issue. It is not

matter of under-determination but a peculiar feature of the Design. This

was unknown when the experiment was run. The Design

Row I (1) (3) (4)

A 2 1

recommended in T ble XII suffers from no sLeh disability. The other

Designs recommended in Chap= IV are all soluble, provided that they are

not under-determined.



T-,ble XXX= Sati- action --der four Treatments in three Periods reetd thr_

a. Desion and Data

Perlin!

Group 1 2

I (1) 73 78

II (2) 78 78

III (3) 64 (4) 71

E_-.''---1--(_) -13._-----U-L.--§2--
V (1) 89 (2) 67 4 69

VI (2) 45 (3) 53 (1) 44
VII (3) 70 (4) 64 (2) 74
VIII (4) 64 ' (1) .77 12128
IX (1) 59 .(2) 71 ' (4) 72

X (2) 49 (3) 56 (1) 60
XT (3) 56 '(4) 58 -(2) 51
XII (4) 61 1 63 3 72

Sum 769 801 797
Sum sq, 50,911 54,267 , 54,783

3

(4) 80

(1) 80

(2) 71

46

Sum

Anal sis for direct Treatment alone

Contr.

Adj. Mn.

+1.75 -1.17 +.42 -1.00

67.50 64.58 66.17 64.75

iactors

p , Rows & Columns (control)

Control factors plus Treatment

f

22

19

(990 0000 - 945.2222
19 945.22'2/19

Residual Variability
Squares

990.0000

945.2222

.30 N.S.

231

236
206
172
225

142

208
219
202
165

165

196

2367

Analysis with both direct Treatment and Carry-over is impossible.



It might reasonably be objected that the De..ign of Table XXXIII leaves

something t- be desired, since the t tal pattern seems over epeated. It

is, however, impossible to do much better. One cannot write in sets of 4

Rows with cyclic Col and get, say, Treatmen (1) followed equally by

all three other Treatments.

Missing data situations As was previously observed in connection with

latin squares and single Youdens in many fields of actual practice one is

bedevilled by incomplete Designs. Perhaps, as in the situation reported

in Table XXXIV, one has 7 Treatments to try and it is practi al to try

4 on each of a number of men. Hence there is indicated a paired louden,

2(7x)4x7), as iR Table XVII . In these,it sl,ould be remembered, the

rry-over is balanced, each Treatment i. preceded by every other Trea6ment.

There was, however, the practical difficulty that it was necessary to use

20 existing Groups of participants for this Desipji that requires l Rows.

As can be seen from the data, the Design was laid out for the first 14

R10146 and then the first 6 lines of the Design were repeated. Since, hOweVer,

each Row is associated with a Man, and men tend to disappoint us, -e

suffer then losses. As can be seen from the interruption of the cyclic

arrangement of Treatments in Columns, the 3rd and 19th Men are missing
'.

in the table they have been renumbered As it happens the losses were

such that all lines of the original Design are represented once although

4 are still represented twice. It could easily have happened that some

were represented not at all. All this is above the regular problem of the



literature which con dives a perfect and complete Design except that an

observat n is missing here or the_e. As has b en previously re arked,

the problems, or the consequences of Design incomplete by whole Rows are

much more serious for ouden rectangles, when c < t , than for latin

squares, when c = t . This is because in the rectangles Treatment anu

Row are confounded. In the example of Table MTV, certain comparisons,

within Rows, occur 6 times, certain 5 time-3 and others but 4 times.

Likewise, a giv n Treatment follows some Treatments twice but other

Treatm nts only once. Finally, some Treatments occur th -ce in a Column

over ethers but twice. Such shortcomings, obviously, make any simple explicit

solution of any kind quite impossible b t do not at all seriously handicap

the comparison of Treatments. These data are put quite simply into the

program, as in Appendix for electronic computer with the results shown

in Table XXXIVID or Table X'-=XIVc.

It is possible to st up for Table XXXIV a full set of equations embrac-

ing p , ct_ and 6
2,

in matrix form. This would be somewhat
-k

tedious because of the size of the matrix. Among other things it is blown

up by the number Rows. Granted that in principl.., it could be

then one would go to work solving for models of various degrees of

complexity, as previously, and gellerate estimates of ,=4Tects of Treatment

and Carry-over, respectively, and cor -esponding tests of significance.

up



The first thing that may be noted in connecti n with the least uares

equations is that since the Rows and Columns remain orthogonal the variabil-

ity residual on their estimate. at the lowest level) can still be gotten

by the operations of the type associated with analysiq of variance. The

second thing is that since varinus Treatments and Ca- -1es-over occur

various numbers of ti es, the estimate of p comes from

72i1 Y4 Y6 Y7 = 3277 ;185)

The Row estimates are confounded to just the extent they would be if the

Design were perfect, i.e., we have

1

4al - y3 - ys - y6 + 51 + 62 + (54 + 4p = 184
A A

4°42 Y4 Y6 Y7 + 62 + 63 + 65 + 4p = 125

f
A A A

4a20 YI Y3 Y4 66 + 67 + (S--)
=205

The column estimates are no longer orthogonal to everything but are:

1E431 - y3 - ys + 18p = 789

1 Y4 Y6 + 18p = 821

1804 - y2 - y4 - 61 + 18p = 873

The treatment esti_a es are confounded because c < t and further by the

irregularity of Rows to become hideous as

10y1 a5 - a -

etc.

all a16 a17 a18 + 65 + 10p = 421

(188)

The least squares equations for Carries-over are likewise confounded.



In spite o_ the complexity of the confounding, which much influences

the business of estimating effects, the calculation of reduced variability

then remains as simple as ever. For 1_1 . Rows and Columns which are still

uncon ounded , appeal may be made either to the technique of analysis of

variance or to orthogonal least squares equations. For the model, without

Carry-over, the estimates of treatment effects J.re as in Table XXXIVb

othe_ estimates are:

= 45.50

a1 .10 - al8

+1.25 -14.52 +6.13

(31 1314

-1.39 -.10 -1.34 +2.83

so that the estimate of residual squares is simply

155,965 - 45.50(3277)

1.25(18)4) 14.52(125) I- + 6.13(205)1

1.39(789) - .10(821) - 1.34(79)4) + 2.83(873)1

- {- 1.99(421) - 1.18()480 .78(535)1

= 1973.2000

and

(189)

(190)

if the estimates, with many decimal places, are in fact employed. This

result is shown in Table XXXIVb.

2



For the model without Treatments, the e_ Lates are:

P = 45.46

(118

.61 14.24 +5.28

132 134

-.07 -1.32 3.02

62

+1.07 35 .66

26

(.191)

The resultant residual variability is gotten on the lines of Equ. (190

in a similar way for the full m del the estImates of treatment effects and

Carries-over are as shown in Table XXXIVe and other estimates are:

so that the esti a e of residual squares is

155,985 45.45(3277)

f+ .12(184) 14.90(125) 5.97(205)1

{ 1.37(789) .17(821) 1.34(794) 2.88(n73))

{ 1.41(421) .53(480) + 1.19(535)1

f+ 74(321) :.84(453) .64(391)1

= 1874.1917

if the estimates are employed, 1- fact, with many decimal places. This

result is shown in Table XXXIVc.

(192.)

(a93)



Table XXX1V - An exam.le of the hi,hl incomsiete kind -n that occurs

in practice. artiall re.eated ed Y uden- 2(lx4x7).

a. Design and data

Week

Man 1 2 3 4

I (1) 55 (2 ) 37 (4) 47 (7) 45 184
ii (2) 37 (3 ) 25 (5) 25 (1) 38 125
III (4) 24 (5 ) 24 (7) 29 (3) 46 123
IV (5) 36 (6 ) 44 (1) 39 (4) 52 171
v (6) 42 (7 ) 54 (2) 50 (5) 55 201
VI (7) 49 (1 ) 37 (3) 56 (6) 62 204

VII ) 42 (5) 45 ' 35 (2) 32 154
viii ) 55 (6) 60 (4) 52 (3) 60 227
IX (3) 54 (7) 60 (5) 57 (4) 54 225
x (4) 42 (1) 44 (6) 46 (5) 44 176
XI (5) 46 (2) 48 (7) 54 (6) 47 195
xii (6) 42 (3) 54 (1) 42 (7) 42 180
XIII (7) 49 (4) 42 (2) 47 (1) 48 166

xIv (1) 34 (2) 43 (4) 46 () 54 177
xv (2) 52 (3) 55 (5) 42 (1) 42 191

'I (3) 38 (4) 38 (6) 26 (2) 28 130
xvil (4) 50 (5) 62 (7) 50 (3) 61 223
XVIII (6) 42 (7) 49 (2) 51 (9) 63 205

789 821 794 873 3277

um sq. 35,749 39,499 36,672 44,065

b. Analysis for direct Treatment without allow nce

e

(6)
Contr.

_(1)_

-1.99 -1.13 +4.13 .60 +.14 1.28 +.78

Adj.Mn. 43.51 44.32 49.63 44.90 45.64 44.22 46.28

2



Factors

, Rows & Columns (control)

Control factors plus Treatment

F
6,45

=

d.f.
Residual Variability

S uares

2188.3194

1973.2000

51

45

2188.3194 - 1973.2000)/6
=1973.200N45 .82 N.S.

. Anal sis _or direct

(1) (2)

Contr. -1.41 _.53 +3.83

Adj.Mn. 44.04 44.92 49.25

1] [2] [3]

Contr 74 +2.84 +.71

Factors

Treatment and_Carry=pyr

(4) 5

-.98 -.60

44.47 44.85

[4] 51_

-.14 -2.04

-1.49 +1.19

43.96 46.64

-1.46 -.64

d.f.
Residual Variability

uares

, Rows, Columns & Carries-over cont o

Control factors plus Treatments

45

39

2045.6489

1874.1917

F
6

a-82_121.ilLLS
,39 1874.1917/39

59 N.S.



In Table XIVc, not only are the effects of direct Treatment (k)

and Carry-over [k] , of low significance but their correspondence, i-e

their correlation is only +.16.

To conclude the discussion on situations such as that in Table XXXIV,

where essentially Rows are missing,two things may be observed. First, it

b -omes essential to analyze by use of least squares equations, for even

and Columns are, of course, no longer orthogonal to other effects and

must be embraced in the general system of simultaneous equations. The

degrees of freedom are a little reduced for Rows and for residual

variability.

Desi s more or less Youden - From the general preceding discussion

and from the case of Table XXXIV, in particular, it should have become

fairly plain that with the best of int ntions, in a practical way all we

get is a Design that is more or less Youden and its short Angs make

little practical difference. This must lead us to wonder whether we

might not be a lot more casual about designing and indeed we may. If we

use, as we generally must, either the method of writing out least squares

equations or a program that does thes'nio thing directly from Design and data,

the balanced- and nice teatures of the Youden are no longer vital. For

cases with c < t , i.e. , the rectangles,we are essentially in a situation

where all cells of the combination of Rows and Treatment are not filled--

we are iil a missing plot situation. We carefully arrange this i mplEte

fill so that solutions for treatment effects in terms of sums of observations

are f irly simple. Thus arise all our niceties. Freed from the limitations

of the desk cal ulator we should rewrite our statistical method--as has

been observed by a number of people in recent years. The present situation

is an illustration of the general principle.

2U8



There remain some limitations to the writing -f Deigns that have

varying strictness. It is assumed that the Designs that might b- written

would be in Rows and Columns as at present, that we should be fundamentally

interested in comparisons within Rows, i.e., that Rows would tend to

have less variability within than amo g, and that Ca ry-over would remain

a possibility. Some of the limitations would then be:

a. Probably there shouldbe as many trials projected for one subject

or individual as another, i.e., the Rows should be of equal length.

Then we might continue to write in terms of t Treatmenbs in c Columns

for r Rows.

b. The number er of observations would have to be great enough to

permitexplicit solution for all the effects, Row, Column, Treatment and

Ca y-over that would be required.

c. There would probably be little point to a Design where the fill,

f = c(c 1)/t 1) , were less than unity, i.e., it were not pos ible to

contrast each Treatment with each other Treatment at least once.

d. While we may be abandcni g the concept that f need be an

integer, i.e., that all comparisons can be made the same number of ti es,

it probably re ains desirable that all comparisons be made more or less

the same number of times. Otherwise the tests of significance may become

badly out.

e. It remains imperative that all Treatments are interknit. Thus it

would not do for Treatments (1) through (6) to be written exclusively in

certain Rows and (7) through (15) to be written exclusively in other Rows



with no Ro- containing

approach such a condition.

e of b ti sets of Treatments. Nor may one even

So nearly as possible, all Treatments should occur equally in all

Columns.

Such Designs belong, of course, to the class of partially balanced, as

in the literature.

As an illustration of a Design not louden, but falling well within

the limitations first set out,one might write half a double Youden

(9x4xl8) as in Table XXXV, taken from Table XXXI. In Table XXXV half

the comparisons occur once and half twice. Perhaps in a more general way,

we could conceive a Design where all comparisons occur at least once

but s me once more than others. The results from such a Design can be

put through the analysis by least squares equations such as we have u ed

for st ict Youden Designs, quite easily with the result- shown in Table

XXXV. (It must be allowed that this particular experi-e t is rather

The complete system of relations obtaining from the results of Table

XXXV may be written out by noting that

= 93.6

901 9p = 23.6 1

904 = 24.0 f

and the matrix, regular like that for the full, perfect, simple Youden

rectangles, previously shown, as follows=

(19k)

(195)
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Proceeding with the model at various levels from Equ. (19_), or in

practice use the program in the Appendix, there are gotten the results of

Table XXXV.

2 7



Table XXXV An exam le of ne- Youden Desi

a. DesiEn and Data

II
III
IV
V
VI
VII
VIII
IX

Sum

1

Pe iod

3 4 Sum2

(1) 2.5 (2) 3.5 (4) 3.4 (8) 31 12.5
(2) 2.3 (3) 2.5 (5) 2.5 (9) 3.4 10.7
(3) 2.2 (4) 3.1 (6) 2.7 (1) 2.1 10.1
(4) 2.2 (5) 1.8 (7) 1.6 (2) 2.5 8.1
(5) 2.3 (6) 2.6 (8) 2.5 (3) 1.9 9.3
(6) 3.2 (7) 2.0 (9) 3.3 (4) 3.3 11.8
(7) 2.5 (8) 2.7 (1) 2.1 (5) 2.2 9.5
(8) 3.7 (9) 3.0 (2) 3.3 (6) 3.8 13.8
(9) 2.6 (1) 1.6 (3) 1.9 (7) 1.7 7.8

23.5 22.8 23.3 24.0 93.6

b. Comparisons

(1)
(2)

(3)
(4)
(5)
(6)

(7)
(8)

(9)

o 00 00 0 0 00 00 0
X 0 00 OG 0 0 00 00
XX X 0 00 00 0 0 00
XX XX X 0 00 00 0 0
X XX XX X 0 00 00 0
X X XX XX X 0 00 00
XX X X XX XX X 0 00

XX X X XX xx X 0
X XX xx X X XX XX



c. Anal. sis for direct Treatment alone

(i) () (3) (4) () (g) (i) (8) (9)

Contr. _.53 +.16 -.30 +.39 -.22 +.37 -.46 +.21 +.37

Adj. Mn. 2.07 2.76 2.30 2.99 2.38 2.97 2.14 2.81 2.97

Factors Residual Variabilityd.f

p , Rows & Columns control)

Control factors plus Treatments

24

F = 5.13 1.5 8

8 16 1.53/16

ares

5,.13

1.53

d. Direct treatment and Car_ -over -o simultaneous

equations

) ( ( 3 )_ ) _ 5

+.07 -.51

2.67 2.09

Contr. -.14 +.29 -.27

Adj. Mn. 2.46 2.89 2.33

Contr.

1]

+.25 +.53 +.52 +.03 +.04

Factors

+.35 +.70+.07 -.56

2.67 2.04 2.95 3.30

-.45 -.31 -.61 -.00

.f.
Residual Variability

S. uares

p , Rows, Columns & Carries-over control

Control factors plus Treatments

.23_7_ .82)IA 2.95 N.S.
-8 8 .82/8

2711

3.23

.82



Factors d.r.
Residual Variability

S uares

, Rows, Columns & Treatments control 16 1.53

Control factors plus Carries-over

.87 N.S.

8 .82

273
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The results of Table XXXV are a little difficult to interpret in a

practical way. Briefly, the effect of Treati_nt_ is significant when

C ry-over is not involved but fails significance when it is. Carry-over,

se, is far from significant. Finally, the correlation between Treat-

ment tmd Carry-over is the trivial -.08. In such a practical situation,

an experimentalist would probably be inclined to take his decision on the

m :e simple model. There remain, of course, problems of a fine theoretical

kind; if one always chooses as it werL the better or best result, then

all he need do is try enough models and something will be trivially

significant. In the present case, it happens that the results may be

compared with those fro± the f_ller Table XXXI. Then it will be noted

that, again the inclusion of Carry-over reduced the value.of F for

Treatments. Further reflection gives the further impression that the

estimates for Treatments are much the more stable, from the one table to

the other, in the situation where Carry-over is not involved.
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Breaking Tr aLment variabilit - Very often, as was discussed previously

in ,onneetion with the latin square and the single Youden, after data

have been subject to analysis for the general significance of Treatments

the variability among Treatments must be further broken up. The Treatments

are not simply so many alternate varieties, in themselves. Proced.:]re of

this t pe is further illustrated on a (double) Youden rectangle, where

c < t . An example of an experiment, where it is necessary to separate

out comp nent fac-Gors amor.g the Treatments is provided there by the da

of Table XXXI, on a 9x4xl8. The results will be discussed now from the

point of view of breaking dowla the variability of Treatments into compon-

ent factors. There they were regarded simply as 9 Treatments. The Treat-

ments consist of 3 chemical or physical variables each at 2 levels (a high

value and a low value), in all combinations to yield, in the symbolism

usual in this field:

High A, high B, high C = abc
High A, high B, low C = ab
High A, low B, high C = ac
High A, low B, low C = a
Low A, high B, high C = be
Low A, high B, low C = b
Low A, low B, high C = c
Low A, low B, low C = (8)
Standard sample.

In such a problem it is necessary to so t out the orthogonal effects of

A, B and C and their interactions. The neophyte may wonder, indeed, at

the inclusion of Treatment (9) but will find that his "practical"

colleague insists on including a "bench-mavk."



in partitioning the sums of squares in a Youden setup, the est

procedure seems to be to work with the treatment estimates very much as in the

more simple problems one works with totals and then finally to adjust sum

of residual squares in allowance for scale. This is the general p ocedure,

recommended and followed for the earlier illustrations. If our business is

to partition the effect of Treatments without allowance for Carry-over, we

may start with the estimates in Table XXXIb. Our first business is to

separate out the odd comparison of (9), the "bench-mark" from the experi-

mental comparisons. Following Equ. (36)

-.48)2+(+.18)2+

= 6.7552

+.17)2(,.09)2+ .36)2+(_.3 )2+(+.23)2+ +.402

(197)

(when actually estimates with 4 decimal places are used in the denominator

On the model of Equ. (35), the variability among the 9 Treatments that is

due to the single comparison of this standard with experimental material is

6.7552 f(+.402 + (-.48 +.18 -.43 +.17.09

= 6.7552 f(+.)0)2 (-.39)2/81

= 1.1935 .

+.36 _.33 +.23)2/8/

(198)

The variability between the tWo levels of A required as usual, the total

for all results under the high level A or, as it is commonly put, the

comparison

(abc + ab + ac + a) (bc + 1),+ c (8))

This in the terms of the Design o.. Table XXXI involves the comparison

of the total for (1), (2), (3 ) and (4) with the total for all results under

278
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the low level, i.e., (5), (7) and (8) and also the total under all 8

of these Treatments. The result_from the general Equ.

6.7552 f (-"56)2 ( .3C2 ( .39)2
4 8

(35)

= .4495

Similarly the variability between the 2 levels of B is,

put, due to the comparison

(abc ab be b) as a

or in the terms of Table XXXI

and (8). The result is

.7552 Q3
4

= .0959

of (1),

-.36 2 (.3
8

Similarly the variability between the 2 levels

(-1.33 +.94)2 (.39)26.7552 f
4 8

= 4.3242 .

is

(199)

is conmionly

5 and (6 ) with (3), (4 ), (7)

(200)

of C is

(201)

There remains some vriabi].ity among Treatments ascribable to interactions

of the factors A, B and C. It is easily enough gotten out, if of inter

but it is somewhat leyond our present busine s to go too fully into the

analysis of variance in this sense. To those familiar with the general

procedures there will be no problem. The remainder mean square is gotten by

(9.0988 - 2.8211 - 1.1935 - .4495 - .0959 - 4.3242)/4 = .0536 .
(202)



Finally, all these mean s uares must be compared with residual mean square

of

2.81143/43 = .0654 . "03)

The whole business may be conveniently packaged or pre ented in the form

f the analysis of sums of squares as shown in Table XXXVIa.

One can, alternatively, partition the treatment effects after ,Alow-

ance had been made for Carry-over. These calculations would be based upon

Table =lc instead of =b. The main difference would be in the reduced

number of degrees of freedom for residual factors. The results are

summarized in Table XXXVrb. One might even partition Carry-over, although

in this table it is so slight as hardly to merit such delicacy.

It may be noted that the present breakdown is completely correct

because all the T eatments are represented equally in this Design. We

are not in the position, as with incomplete Designs, of making some kind

of apology for the discussion being a little approximate. It may be

noted that where such balance does not exist, the partitioning of variability

among Treatments may lead to some highly anomalous results.
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es in b

u,p_treatment effects:

a. Separation of treatment effects without allowance for

Carry-over

Source ean S u es

Factor A 1 .4495 6.87 *
Factor B 1 .0959 1.47 N.S.
Factor C 1 4.3242 66.12 ***
Exp. Remainder 4 .0536 .82 N.S.
Stan. vs. Exp. 1 1.1935 18.25 ***
Residual 37 .0654

b. SeparatIon of Treatment effects with allowance for Carry-over

Sour e

Factor A
Factor B
Factor C
Exp. Remainder
Stan. vs. Exp.
Residual

n S uar s

.3475 5.33 *

.1195 1.83 N.S.
2.7760 42.58 ***
.0558 .86 N.S.

1.1606 17.80 ***
.0652



From the analysis as of Table =Via, f ctor A has a significan

(5% level) effect. Also factor C has a significant (.1 level) effect.

It is important not to rest at this point, perhaps from the exhaustion

of getting out the significances but to remember that the world wants

to know at what level of A and C it should operate. This can, of course,

be found by referring to the estimates of Table XXXIb. Such reference

to the estimates of Treatment effects shows that the higher value of A'

is disfavored--by an amount of, say, (-.56 .17)/4 -.18. On the other

hand, the higher value of C is favored--by an amount of, say, (-1.33

+.57. The interactions of A, B and C, i.e. , the re ainder term,

were not significant. The importance of this operation is that we may

thus discover the highly significant elements among the Treatments as

a whole.

The way ore handles results from an experiment depends, of course, on

the fundamental nature of the practical problem involved. Estimates,

such as those discussed, of treatment effects, are in many experiments, all

that one needs from the Youden analysis. More eoumonly one goes on t-

some test of the significance of the variation among the estimates. Very

often one stops here, saying they are just t things, they do vary

significantly and such and such are best. It may, at times, be of practical

interest to go on and regress estimates of result against some measurable

character of the Treatments. In other studies the treatment estimates may

be displayed against the background of factors at various levels and in

combination, as has just been done in Table XXXVI. The variety of problems

and of procedure is endless. To discuss them all fully would take a much

greater book than the present; it would take indeed a very general text-

book of statistics.
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2_s_En_EL:th several sections - In actual experimentation one may always

encounter problems where an experiment is done in several sections. This

is true of change-over experiments among others. Thus one may have, for

a very simple case, a 7x4Xexperiment carried out in 2 hospitals, for

instance, essentially the first Design of Table XVII except that the first

7 Rows are done in the one and the last 7 in the other. Necessarily,

there are 2 physicians and one may work in the spring and the other in the

autumn. Now there obviously arise a numLr of seri us questions such as

whether the effects of Columns are the same in the 2 cctions. It may be

that the estimates for Columns tend to rise with the passage of time, i.e.,

progress through the table of data in the first hospital but fall in the

second. Such effects often occur with season. Then plainly, one cannot

necessarily take out a column effect common to the two hospitals. One

will have to do something like analyze them separately, each for its own

kind of column effect and then make some kind of combination of treatment

effects. The possibilities of difficulty are endless. One may have to

anticipate that there is actually a difference in treatment effects between

hospitals. One may even have to anticipate that the magnitude of extraneous

variability is very different from one hospital to the other, as is all too

often the case and as becomes very serious when the two sections are of

different size; one is a 7x4xl4 and the other a 7x4x7. The problems

multiply when there are more than 2 hospitals.



The type of difficulty envisaged is common in Agriculture where sectio s

of the Design are run in several successive years. Then the effect of time,

the very effect of experimental Treatment and the nature of extraneous

variability may be anticipated to vary.

The difficulties of an experiment, in several sections, are nowise

peculiar to change-over experiments. An adequate discussion of them would

-

require a work much beyond the scope of the present book. Here it is

impossible to equip people to deal adequately with such a diversity of

problems; they would have to acquaint themselves with the much larger and

more general Problems. Here it can only be said that such problems are quite

natural and real and the analysis of such Designs should be approached with

the greatest caution.
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The peculiar nature of studies with single Change-over - Designs involving

a single Change-over, i.e., the study of only 2 Treatments or Materials

on one expeririental unit, where quantity is involved are, as said at the

very beginning of the present book, probably the most fundamental form of

experimentation. They are the form of design naturally set up by men,

naive about such things. The i stincts of these men. are very sound.

They often unfortunately suppose, however, that since things can only

be compared in pairs, then it is only possible to study two things.

fact, by the combination of many comparisons it is possible and often very

profitable to study a number of Materials or Treatments with paired

comparisons. We might, for instance, study 4 Treatments (1 ), (2),

and (4) by issuing the pair (1) and (2) to one m (1) and (3 ) to another

man and so on for (1) and (4), (2) and (3), (2) and. (4), (3 ) and (4)

in all to 6 men. As was discussed in Chap. I, various rearrange-

ments and extenions might be made to balance firstness and secondness etc.

Each man would yield some sort of rating to each membEr of the pair. It

should be reiterated that the present discussion is concerned with quantity.

Note that there is another class of paired comparisons where it is, so-to-

speak, the games won rather than the number of goals that tell. Such data

would arise if it were a matter of deciding which were the better Treatment

for a patient. This is of course, a most inter sting subject on which

much has and could be written but not here. The question of preferences is

outside the realm of the present discussion. Nor, for that matter, are we

concerned with intimate "simultaneous" quantitative estimations such as the

famous techninue in Animal Husbandry, of trying two diets on twin calves.

With such data we are not here concerned but rather with quantitative

results such as number of hours slept or at least quantitative ratings.
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Biometricians involved in paired comparison considerations seem to

worry a lot about circularities or eddies of preference. Thus possibly

(1) beats (2), (2) beats (3), (3) beats (1). Thus a man can win against

his wife at chess, she can win over her mother but the latter can win

over the son-in-law. The moral superiorities are in three different

dimen i ns. No doubt similar complexities could occur if several things

were tried by one participant as when he might try 3 or 4 things in succession.

The possibility of such complexity does not seem to bother people. It would

be so complex that it would be hard to see and therefore not the occasion of

concern. "What the eye does not see the heart does not grieve."

Just as in Youdens in general or for latin squares, as a special case,

so in paired studies Carry-over of treatment effects may often be considerable

and should be allowed for if possible. It may, however, be necessary to

free the estimates of treatment effects from Carry-over. It may further be

required to get Carry-over out of the residual mean square--Carry-over blows

it up. There are even times when it is of great practical importance to

estimate the effect of Change-over. Thus we are often under the necessity of

analyzing for Change-over. Indeed, in paired comparisons, the problem of Carry-

over may be more acute than in any other class of design. This is so because

the confounding of Carry-over with direct treatment effect may be extreme.

Single Changes-over or pa red studies ha e one simplifying peculiarity

over the more ambitious Designs previously discussed in such detail and

that is that it is commonly pOssible to complete them. Thus if one pro-

.

poses 24 pairs of comparisons one can generally get them. This is because

the requirements are so simple that even if some subject disappoints the
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experimenter by not completing his comparison it is very often possible

to get a replacement even if a little later. Accordingly, this is one

field where we shall have little to concern ourselves with incomplete design.

The paired test may be regarded as the extreme of Youdenish designs.

This paired comparison will, in general, of course, require more than t

lines to compare t Treatments. It is often, however, such a convenient

Design that it is the only situation where one should not be unduly

concerned about the number of pairs that may be necessary. It does seem

desirable to make all comparisons as nearly as possible the same number

of times. For this it is necessary to have C2 pairs, as previously

observed. There is a considerable literature on i±aired comparisons when

more than 2 Treatments are involved. It is uuall referred to as Designs

with 2 units per block. Thus Cox (1958) gives an elaborate table of such

Designs. His discussion is not restricted to the balanced cases which

seem here preferable. Nor is he concerned with Change-over. His material

d methods are discussed to some extent in the concluding section of this

Chapter, under the heading of missing data situations.

De ign with single Change-over - Paired studies or those wi h single ChanE;e-

over, i.e., each subject may try 2 Treatments, are the only situation where

it seems desirable to go into multiple designs, i.e as in Equ. (171),

where r = gt g > 2 , beyond a double Youden. The number of Rows is

g times the number of Treatments. There are a few paired studieS indicated

in Table IV but since the value of g there, is arbitrarily restricted to

3 there are very few cases. Here 'we are concerned with any arrangement

necessary to test properly t Treatments and g will have to be as big

as is ne ,sary. On the other hand it is unnecessary to search diligently,
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as in the cases of t > 2 for solution-, we can always write out a Design

on general principles and need only consider such Designs.

The number of Rows for such cases of t even, as occur in Table IV,

and quite generally, is

whence

t
r = 2C

2
= t(t - 1)

1)

(204)

(205)

with fill of f = 2 . Appropriate design may be illustrated most briefly

by the examples,

4x2x12 6x2x304 __g=5

Row I (1)

_g=3

(2) Row I (1) (2)
A A 1

V (1) (3)
VII 1) (3)

A 2 Al 2
XIII 1) (4)

Ix (1) (4) A_ 3

A 3 XIX ) (5)

4
XCT ) (6)

A 5

In more detail, together with data, we have for the former case

Raw

Period

2 Row
1

Period

1_ 1 2

1 (1) 1111 (2) 1122
__

VII (3 ) 1713 (1 ) 1721

II (2) 1212 3) 1223 VIII (4) 1814 (2) 1822

III (3) 1313 (4) 1324 IX /911 (4) Y924
IV (4) Y4I4 (1) v, v421 X

_(1)

(2) 110,12 (1) 110,21

V (1) 1511 3) 1523 XI (3) 111,13 (2). Y11,22

VI (2) 1612 (4) 1624 XII (4) Y12,14 (3) 112,23

It may be noted again that this Design can be rearranged into the form,

283
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Period Period

Row 1 2 Row 1 2

I (1) (2) X (2) (1)

VII (3) (1) V (1) (3)

IX (1) (4) II/ (4) (1)

11 (2) (3) xi (3) (2)

viii (4) (2) vi (2) (4)

III (3) (4) xi' (4) (3)

when plainly all comparisons occur twice and twice only (f = ) and

that each Treatment occurs an equal number of times in each Period. It

will be further noted that in this Design the Change-over is balanced, with

every Treatment following (or preceded by) every other Treatment. For

serious experimentation, however, it is best to use the form of writing

in cyclic Columns and probably with the abridgement previouslv indicated.

Such Designs will, generally, be of the character:

Row I

A
(2)
1

Raw t+1

A

(3)
2

Row 2t+1

A

(1) (4)

3

Row (t-1)2
A

(1 ) (t)
t-1

The cases of 4x2x12 and 6x2x30, previously shown, are examples of this. In

t
practice Some multiple of 2C2 may, of course, be employed.
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The number of Rows for such cas s of t odd, as occur in Table IV4

and quite generally, is

r

whence

(t - 1) (206)

(207)

u2

(t1)/2

-2

with fill of f = 1 .
Appropriate design may be illustrated by the

example of t = 5

i.e., 5x2x10, briefly as follows:

Row I (1) (2)

_ _ 1

VI (1) (4)

A 3

In morn detsil, toBstbsr with datalve hnve

Period

2

1 ) Yill

2) Y1222

3) Y133

4) Y144

5) Y155

Y122

(3) Y223

(4) F324
(5) Y425

)

This Design may again be rearranged into the form

Row

Period

1 2

1 1 (2)

vIII 3) (1)

vi (1) (4)

v (5) (1)

II (2) (3)

Period

Row 1 2

Ix (4) (2)

vII (2) (5)
III (3) (4)

x (5) (3)
iv (4) (5)

Period

1 , 2

Y172 (5) Y725

Y183 .(1) Y 821

Y194 (2). Y922

Y1,100 (3)_Y10i2,3

where plainly all comparisons occur once and once only 1) and that

a given Treatment occurs equally in each Column. Such must obviously

2J1
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be the case for all t even in a Design of this kind. Further, it will

be noted that Change-over is unrepeated but not balanced. This is to say

that no Treatment ever follows any other Treatment twice but it does not

follow all other Treatments. For balance of Change-over one would write

a more extensive Design, to wit,

XI
A

(4)
3

(5)

This is of course, a Design with 2C2 Rows just as for the case of

t even. Designs of type with C2 Rows will generally be of the characte

Row (1) (2)

1

Row t+1
A

Row t -2

2
1) (t-1)

t-1

The case of 5x2x10, previously shown, is an example of this. Designs of

type with 2C2 Rows will have the same character as those for t , even,

previously discussed. Either type may in practice appear as some multiple

t
of C2 or 2C , respectively;
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All these Designs have unrepeated Change-over, i.e., no Tre t ent is

preceded by any other Treatment more than once and they all have Treatments

in cyclic order in the Columns.

Note that a 2(3x2x3) was illustrated and analyzed in Table XXXII.

The very special case of t = 2 in a paired or single change-over

Design is reserved to a later special section.

Analysis when there is no conditioning Period in the Design - Consider the

most typical and basic kind of paired study, when there is no conditi -ing

Period and there is no repetition of the compa i ons. An example is

provided in Table XXXVII, _f 6x2x30. The number of Rows, r , is as in Equ.

(204). In terms of the more general discussion earlier, g = 5 ,

i.e., there are 5 times as many Rows as there are Treatments.

We conceive that for the paired comparison there exIsts the model

first introduced in connection with the latin square. For Column 2 (Columns

afte the 1
st

) there may be a model, as i_ n Equ. (43), involving both direct

attreatment effects and Carries-over. On the other hand in the 1 Column

there is only allowed, as in Equ. (7) the direct effect. It is a matter,

again, of supposing that any effect of backgr und Carry-over is common to

all Column 1 and hence completely confounded with it.

The data of the present experiment may be handled the same as those

of any other Youdenish Design. There may be set up a Aatrix of equations

as previously or the program of the Appendix may be used. Setting up least
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squares equations for the effect of Rows (pairs ), one gets

2a1 yl Y_ = Yll 112

2a2 y2 Y3 = 121 Y22 6'3 (2cP

2a Y5 Y6 = Y18,1 I- 118 = 6.2

when the subscripts on the observations y are understood to indicate the

Row and Column of their occurrence. Also setting up the least squares

equation for Treatment (1), one gets

10y1 a6 a7 all 4' al3 a16 al9 a21 a25 a26

hi 162 4- /71 1- /11,2 Yi 1 + 116,2 + 119,1 + Y21,2 + Y25,1 126,2

(209)

and similarly for each other Treatment. The overall effect p is simply

the corner average 3.212. The effect of Period I- easily found. Thus that

for Period 2 is

1-1

= 3.187 3.212

.125 (210)

becau e Columns are precisely balanced or orthogonal to all other effects.

Such a matrix would, however, be obviously insupportable. One must rely

on the results from the computer program in the Appendix or use explicit

methqds of solutiOh as discussed below.



In the case of paired comparison, when only 2 Treatments occur in a

Row, it is possible, however, to take steps that are more difficult in the

larger Designs. One might use the special process if one were doing the

analysis on a de k calculator. Thus consider the observation yilk in

.

the 1--
th

= 1...2C) Row, the 1st Column, under the kth(k = 1...t,t :,_ 4

th
and even ) Treatment and also the observation under the 12,

Y121.02,

(1 = 1...t) Carry-over, from an experiment. The business may be

handled by considering the row differences

' lakk Yilk!

(k.' k

= k')
(211)

d! = y.
3.2M12, Yilk

(2, = k)

esult for a given Treatment (k), in Period 2 less that in Period 1.

Thus for Treatnient (1) in Table )0.0.cma, the successive values where

(1) is in the second Period, are -.1 .0, -.2 etc. and of di are -.3, --3,

-.3, -.1 etc. The primes indicate that Treatment (1) occurred in the first

Period. It may be assured that these differences, such as

' 11221 1111 ' Y2 YI 61 2132 e1 1

d2 = 12213 1213 '= Y1 Y3 -I- 6 202 4- 62 J

(212)

with respect to Treatment (1), can be made readily enough to yield least

squares estimates of the parameters yi and . In general



y = ((t - 1)Edi + Edi - 2t(t 1) 2 /t( - 2) 1

= iEd. + Ed! 4(t 1)(32}/(t -
I

j
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(213)

Now we may get y and (Z = k) for all k by noting the differences
k

for the Rows in which it occurs and whether or not it occurs in the fi st

tColumn. In the case where the complete Design of 2C2 is repeated g

times these results generalize t

-

= ((t 1)Ed. + Ed' - 2gt(t - 1)021/2gt(t - 2)

= (Ed. - Ed' - 4g(t - 1)132)Vg(t - 2)

= k)

(214)

For the model of Equ. ( without consideration of possible Carry-

over, the least squares estimate for Treatment may be illu t ated by

y or (k) = (Ed - Ed')/2t

t
In the case when the complete Design of 2C2 is repeated g times

= (Ed - Ed')/2gt
Yk

(215)

(216)

In illustration consider the estimates from the data of Table XXXVI1 for

Treatment alOne. From Equ. (215)'

(1) or yi = .1 + .0 - .2 - .1 +' + .1)1/12

= + .050 (217)
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For all k , the results are as shown in Table XXXVIIh. The result is an

application, essentially, of Equ.(112 )- that was used for Youden rectangles.

I'rom that,

(1) or Y T.)/12
1j1

= {2(32.7) - 64.8}/12

.050 (218)=

Further, from Equ. (210),

131 = 97.1/30 - 192.7/60 = .025 (219 )

Again calculating from Eqn. (213) for direct treatment effects, when allowance

is made for possible Carry-over,

(1) or yi = .3 - .3 .3 - .1 .1 5(- .1 .0 -

- 2(6)(5)(- .025)}/6(4

= - .038 (2 2 )

as shown in Table XXXVIIIc together with the corresponding results for other

Treatments and with the adjusted mean, as previously. For this model, the

estimate of Carry-over of Treatment (1) is from Equ. (213),

[1] or 61 = - .3 - .3 - .3 - .1 4- .1 - .0 - .2 - .1 .1

- 4(5)(- .025) /4

.175 (221)

as shown in Table XXXVIIIc together with the corresponding results for other

Carries-over.

In paired studies, it is often very easy to set up the pb.ired units

so that the Design is generally complete and repeated. In fact, we

often do. In general, we may have g repetitions to give us say

gt (t-1) Rows for t even. Thus, in a study of 6 Treatments we

ght have 5(6x2x30), or 5 replicates, Such procedure should greatly

improve the quality of Treatment es4inates. 2d7
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Conceiving Table XXXVII as essentially one of 30 differences, each

written in terms of S Yk , (perhaps 62, ) and Eijkz , there may be

written out a te t of signifiean e for effects in terms of pair differ-

ences, but let us content ourselves with the business of estimating Treat-

ment and carry-over effects. Such elaboration along lines differing

from the general situation for Youden rectangles might confuse our general

reader and thus do more harm than good.

The handling of paired or single change-over experiments by the

consideration of the difference within the pal s as above,does make it

possible and indeed fairly easy to analyze for direct Treatment and

carry-over effects at least in situations such as the above. It must

be noted that the perfect execution of the Design is important; otherwise,

the solution of the equations becomes intolerable. Such advantage is

actually trivial because mainly anyone interested in such a problem

would use,on an electronic computer,the program in the Appendix.

For the paired Design, i.e., with single Change-over per expe imental

tunit, when t is odd but there is a total of 2C2 Rows with each Treatment

followed (or preceded) by all other Treatments, everything is much as just

discussed for the case of t even. The differences may be conventiunalized

as in Equ. (221)' the estimates of effect of Treatment alone are as in

Equ. (215); the esti ates for the more elaborate model are as in Equ. (213).

For the paired Design, i.e. , with single Change-over per exp rithental

unit, when t is odd but there is a total of only C2 Rows, as discussed

in the ImmedIately preceding section explicit solution is much more involved

than for the well-regulated case of 2C2 Rows. A given Tre tment can only

be followed (or preceded) by half the other Treatments. Carry-over is

238
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unrepeated but not balanced, (:)f course, for the model, without concern for

Car- -over, the estimates of effect of Treatment are simple, being

Yk
or (k) = (Ed (222)

like Equ. (215). For the more elaborate model, including Carry-over, the

explicit statement for any giver 3lue of t is very heavy and for t in

general onerous.

Sch a paired study may be analyzed as a Youden. As previously, there

could be set up a matrix for the equations relating la , all & , , all

and all g . It would be very extensive and tedious. The really

important relations are shown in Table XXXVIld where it is plain that direct

treatment and carry-over effects are in large measure independent. Of

course, half the observations, from the first Column of the Design,

have no carry-o er effect. Such a m trix would also teach us that a very

large part of the experimental evidence was going to the estimation of

Row effects, a control factor, and without experi ental value. In

practice, one would, probably, use the general Youden analysis, as in

the Appendix, for an electronic computer. This program is organized so

that the multiplicity of Rows does not essentially affect the size of the

operation. The results of such operation are shown in Tables XXXVIIb and c.



Table XXXVII Satisfac

a. Data

Period

GroulD 1 2

IV
V
VI

VII
VIII
Ix
X
XI
XII

XIII
XIV
XV
XVI
XVII
XVIII

ith 6 Treatments over 2 Periods on 30 Grou s

(1)
(2)
(3)
(4)
(5)
(6)

3.0
3.0
2.6
3.3
3.1
3.0

(2)

(3)
(4)

(5)
(6)
(I)

2.7
3.3
3.0
3.0
2.7
2.9

(1) 3.1 (3) 2.8
(2) 3.2 (4) 2.7
(3) 2.1 (5) 2.8
(4) 2.9 (6) 3.4
(5) 3.5 (1) 3.5
(6) 3.7 (2) 3.8

(1) 3.5 (4) 3.2
(2) 3.5 (5) 3.5
(3) 3.8 (6) 3.0
(4) 3.1 (1) 2.9
(5) 3.3 (2) 3.2
(6) 3.4 (3) 3.6

Sum Diff. Grou

5.7 -.3 XIX
-6.3 +.3 XX
5.6 +.4 XXI

Period

6.3 -.3 XXII
5.8 -.4 XXIII
5.9 -.1 XXIV

5.9
5.9 -.5
49 +.7
6.3 +.5
7.0 .0

7.5 +.1

(3)
(4)

(5)
(6)

XXV (1)
XXVI (2)
XXVII (3)
XXVIII (4)
XXIX (5)
XXX (6)

D'
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(5)
(6)

3 . 2i

3.4,
6.5
6.7

-.1
+.1

3.5 (1) 3.41 6.9 .1

3.1 (2) 3.6! 6.7 +.5
3.3 (3) 3.2; 6.5 -.1
3.3 (4) 3.51 6.8 +.2

3.8 (6) 3.9 7.7 +.1
3.2 (1) 3.3 6.5 +.1
2.9 (2) 3.1 6.0 +.2
3-7 (3) 3.1 6.8 -.6
3.2 (4) 3.1 6.3 -.1
3.4 (5) 2.8 6.2 -.6

6.7 -.3 Sum 97-1 95.6 192.7 -1.5
7.0 .0 Mn. 3.237 3.187 3.212
6.8 -.8
6.0 -.2
6.5 -.I
7.0 +.2

Anal sis for Treatments without allo ance for Carry-over

1 ()

Contr: +.050 +.033 -.075 -.017 +.033 -.025

Adj. Mn. 3.262 3.245 3.137 3.195 3.245 3.187

Factors
Residual Variability

S uares

p , Rows & Colu1t,3 (control) 1 29 1.78

Control factors plus Treatmen_ 1 24 1.71

ii-ZLILLLOJa,L = 20 N.S.
F5,24 1.71/24

0



Anal sis for T_ e t_ent w)_h allowance for Carr_over

Contr. -.038

Adj. Mn. 3.174

(1-4) (5)

+.146 -.025 -.004 -.029 -.050

3.358 3.187 3.208 3.183 3.162

Con -.175

[2] 4] 1_61

+.225 +.100 +.025 -.125 -.050

Factors d.f.

p , Rows, Columns & Carries-ove control

Control factors plus Treatments

24

19
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Residual Variability
S uares

1.66

1.60

(1. 6 - 1.60
1.60/19

5 = .15 N.S.

Satisfaction b Treat ent and. by:previons Treatment--A_erudd
analysis

Treatment

After 1) (2) (3) (4) 5) (6)
Adj.
Mn

Contr,

(1) 2.7 2.8 3.2 3.2 3.9 15.8 3.17 -.02
(2) .3 3.3 2.7 3.5 3.4 16.2 3.25 +.06
(3) 3.4 3.1 3.0 2.8 3.0 15.3 3.03 -.16
(4) 2.9 3.6 3.1 3.0 3.4 16.0 3.19 .00

(5) 3.5 3.2 3.2 3.1 2.7 15.7 3.13 -.06
(6) 2.9 3.8 3.6 3.5 2.8 16.6 3.35 +.16

Bk.gr. 3.0 3.0 2.6 3.3 3.1 3.0
3.1 3.2 2.1 2.9 3.5 3-7
3.5 3.5 3.8 3.1 3.3 3.4
3.3 3.3 3.5 3.1 3.3 3.3
3.8 3.2 2.9 3.7 3.2 3.4 97.1

Sum 32.7 32.6 30.9 31.6 31.7 33.2 192.7
Adj.Mn. 3.27 3.27 3.07 3.16 3.16 34
Contr. +.06 +.06 -.14 -.05 -.05 +.13



The F test for Treatments and Carries-over in Table XXXVI1 are rather

surprisingly small. It is therefore, the more curious that they seem to

show correspondence; the correlation coefficient is +.79.

With regard to the intermingling of ca y-over effects and direct

treatment effects in a 2-period experiment involving more than 2 Treatments,

it may be observed that they can be separated, as is discussed elsewhere.

As was pointed out in earlier chapters on latin squares and Youden

rectangles, it seems impractical to make estimates of treatment and carry-

over effects explicitly in terms of observations. It is best to set up

the 12ast squares equations. The explicit possibilities are, however,

interesting in that they warn us of what Designs are impossible. For

instance, one cannot estimate both carry-over and direct treatment

effects in 2x2x2 or 3x2x3 as has already appeared. Even, however, for

the t x 2 x t (t great), the explicit solution in terms of observations

y , a solution involving the full model is very heavy.

Consider next and last the situation for t even when there are

2Ci' Rows. After 2x2x2, the next case is 4x2x4. The standard design for

4 Treatments,

Row

.e.:

Pe iod

1 2

(1) (2)

II (3) (1)
ITT (1) (4)
Iv (2) (3)
V (4) (2)
VI (3) (4)
VII (2) (1)
VIII (1) (3)
IX (4) (1)

(3) (2)
XI (2) (4)
xII (4) (3)
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would work since there are but 19 parameters to be estimated from 24

observations. Plainly, treatment and carry-over -ffects can be estimated

for all such paired comparison designs with t > 4 t even.

Consider first the situation for t odd where there are C2 Rows.

After 31(2x3, the next case is 5x2x10. The standard design for 5 Treat-

merits, i

Period

Bow I 1 2

(1) (2)

II (3) (1)
lIT (1) (4)
IV (5) (1)
V (2) (3)
VI (4) (2)

VII (2) (5)

VIII (3) (4)

IX (5) (3)

(4) (5)

would just work because there are 19 parameters to be estimated from 20

observations. Plainly, al!_ effects, including Carry-over, could be

estimated for all paired comparison designs yith t > 5 , t odd.

Anal sis when there is a conditioning Period .Ln the Design - A 2-Period

or paired experiment may be prefaced by a conditioning Period, although

as was earlier discussed in connection with Youden rectangles the difficulties

of design are considerable. The difficulty is that it will not do to put

the co ditioning Period under the same Treatment as the first Period of

the expe iment pr.per. If one had done so in the case reported in Table XXXVII



each Treatment would be preceded by itself 5 time' but by each other

Treatment but once. No doubt ingenuity could get around such problems in

particular cases but would probably be better employed in making -ork

some of the more simple procedures recommended in this book. Nonetheless

cases may occasionally be produced and must be analyzed. Such a case,

which appeared of itself, is reported in Table XXXVIII.

In Table XXXVIII, 5 Treatments . ere tried, with a conditioning Pe iod.

Treatments occur equally in each of the condition Period 0, and the p oper

experimental Periods 1 and 2. The Design shows, however, s all departures

from balance, characteristic of many experiments, as they are actually

executed. For instance, the comparisons (Columns 1 and 2 ) are:

(1) 3 5 5
(2) 3 3 5 5

(3) 5 3 3 5

(4) 5 5 3 3

(5) 3 5 5

The Carries-over are as balanced as is possible. They are=

After 2

Treatment

) 4

(1) 4 3 3 3 3

(2) 3 4 3 3 3

(3) 3 3 4 3

(4) 3 3 3 4 3

(5) 3 3 3 3 1



Let us consider first the model wi h only direct treatment effects.

For this it is perhaps necessary to form the estimates

and

p = 5421/80

. 67.76

ii = 2733/40 - p

= .96

(223)

(224)

The esti-ate of the effect of Treatment (1) is gotten from the considera-

tion of all diffe inces involving (1) with a correct sign. The result is:

t's

20Y1 2 Y- 14 15 = -17

and similar least squares equations can be set up for (2),

It would be logically possible to write out for the situation of

Table XXXVIII a matrix of all the least squares equations but it would

be very m ssive, because there are 40 Rows which are very empty because

there are so few data in those Rows. The program for electronic

computer, shown in the Appendix may, however, be used because it has

been particularly designed to be free of the question of the number of

Rows.

( 25)

(4 nd (5).

Using the program of the Appendix, based upon the usual least _quares

equations, the estimates and the test of significance are sh-wn in Table

XXXVIIIb. The addition of Carry-over to the model much increases the

value of F assignable to Treatments although it still just misses

significance.
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Table XXXVIII - 2-Period xperiment

Grou

Perio

2 o UM
G ou

Desi n and data

0

Period

2 UM 1

(1) (1 ) 68 (2 ) 63 131 XXI (2) 63 (3) 64 127ii
III
Iv
V

(2)

(3)

((4)

((5) )

(2 )

(3)

(4)

(5)

66

70
64

75

(3 )

(4)

(5)

(1)

64

70
56

70

130
140
120

145

XXII
XXIII.
XXIV
XXV

((3)
((4)

((1)

((2))

(3)

(4)

(4)

(1)

64
66
56

73

(4)

(1)

(2)

(3)

70
53
6]

68

134
119
117
141

vi ((2) ) (1) 60 (3) 65 125. XXVI ((2)) (2) 68 (3) 69 137
viI ((3)) (2) 74 (4) 71 145 XXVII ((5)) (5) 76 (2) 71 147
viii .((4)) (3) 78 (5) 81 159 XXVIII ((2)) (5) 63 (3) 65 128
Ix ((5)) (4) 80 (1) 76 156 XXIX ((3)) (2) 67 (4) 68 135

(1)) (5) 69 (2) 76 '45 XXX ((4)) (3) 73 (5) 58 131
x1 (2)) (1) 62 (4) 70 132 XXXI ((1)) (5) 76 (2) 67 143
XII ((4)) (2) 66 (5) 65 131 XXXII ((1)) (1) 65 (2) 66 131
XIII ((4)) (3) 65 (1) 62 a27 XXXII' ((2)) (2) 66 (4) 68 134
xIv ((5)) (4) 53 (2) 56 109 XXXIV ((4)) (4) 69 (5) 69 138
xv ((1)) (5) 64 (3) 6f 131 XXXV ((5)) (5) 83 (1) 81 1611

xvI ((3)) (1) 73 (4) 65 138 XXXVI ((1)) (1) 68 (3) 70 138
xvil ((3)) (3) 73 (5) 73 146 XXXVII ((3)) (3) 68 (4) 68 136
xvIII ((3)) (2) 66 (5) 58 XXXVIII ((4)) (4) 69 0) 66 135
XIX ((5)) (3) 63 (1) 63 126 XXXIX ((5)) (5) 61 (1) 68 129

xx ((I)) (1) 71 (2) 69 140 XL ((5)) (4) 79 (1) 78 157

Sum 2733 2688 "5421

b. Analysis for Treatments without allowance.liorCazover

(1) (2) (3) (4)

Contr. -.69 +.20 +.61 +1.37 -1.49

Adj. Mn. 67.07 67.96 68.37 69.13 66.27

Factors
Residual Variability

d.f.
lSquares1

p , Rows & Colum-ns (control) 39 532.13

Control factors plus Treatmen s 35 480.15

F
h 5

(532.13 480.15 )14

480.15/35
5 N.S.
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c. Analysis for Treatmen s with allowance for Carry-over_

(1)

-

(2) ) (5)

Contr. -1.92 -1.96 +.58 +3.60 -.31

Adj. Mn. 65.84 65.80 68.34 71.36 67.45

ii

Contr. -4.24 -2.82

4

3.55 +4.79

'Residual
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Factors Variabilityd.f.
S uares

p , Rows, Columns & Carries-over

Control factors plus Treatments

control 5

31

477.78

371.81

(477.78 - 371.81 )L4
,31 371.81/31

. 1 N.S.

Factors !Residual Variability
d.f.

, Rows, Columns & Trea

Control factors plus Ca-

lents control)

iCs-over

35

31

480.15

371.81

1480.15 - 371.81j14 = 2.26 N.S.F431
371.81/31



Results b Trea- ent and b evio Treatment-7-A erude
analys1p

5o6

Af er (1) 2

Treatment

(4) (5) Sum
Adj.

Mn Contr.(3)

68 71
65 68

=272

63 69
66

=198

65 68
70

=203

56 70
65

=191

69 6

76
=209 1 1073 67.03 -.73

(2) 60 62 66 63 64 64 71 68 63 65 :

73 68 66 69 68 58
=195 =263 =197 =207 =1 6 I 1048 65.57 -2.19

(3) 73 62 74 66 70 73 70 70 81 73!
63 67 64 68 68 58 1

=198 =207 =275 =208 =212; 1100 68.75 +.99

(4) 76 53 66 56 78 65 64 66 56 69 1

78 61 73 69 69 66 1

=207 =183 =216 =268 =191 1065 66.55 -1.21

(5) 70 81 76 71 63 67 80 53 75 761
,68 67 65 79 83 61

=219 =214 =195 =212 =295 1 1135 70.92 +3.16

Sum i 1091 1065 1086 1086 1093 5421
Adj. Mn.: 68.23 66.70 67.81 67.95 68.12 67.76
Contr. +.47 -1.06 +.05 +.19 +.36
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It may be noted that the correspondence between Carries-over and

Treatments was again high in Table XXXVIII. The correlation between the

two kinds of estimate waF, +.92.

Procedure when here a 2 Treatments - One of the commonest problems in
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experimencation, that of deciding between 2 Treatments, is, unfol-tunately,

particularly intractable. It is practically impossible to test them-in 2

Periods. The design most commonly attempted is discussed immediately below.

It is e ployed, to great mischief, for it tends to give erroneous results.

This special case has such peculiar difficulties and yet is of such great

practical importance that it is discussed below in a particularly thorough

way. It becomes necessary to get away from De igns in 2 Columns but the

matter is best cleared up here. It is pos ible and often both-practical an

enient to write special 2-treatment Designs that -ake it possible to

estimate direct treatment effect free of Carry-ove . Two such are shown

immediately below. They illustrate, incidentally, the importance of Ca

The situation for the smallest of latin squaresi2x2x2iis of p -tic-

ular interest because it is impossible of analysis, is much beloved by

."practical" _xperimenters and must lead to many false decisions. For

this 2-treatment Design, it is i possible to estimate arry-over, if it

occurs to free the estimate of direct treatment effect of it. The p int may

be seen algebraically. The typical, "st -ightforward Design, commonly

used for 2 Treatments, is

3U9
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Period

Sub 2

(1) Yill (2) Y1221

II (2) Y212 (1) Y2212

III (1) Y311 (2) Y3221

IV (2) 1412 (1) Y4212

V (1) Y511 (2) Y5221

VT 2) Y612 (1) Y6212

etc.

which may give results much influenced by Carry-over, since Carry-over [1]

is always confounded with direct Treatment effect (1) and [2] with (2).

Regardless .of the number of repetitio s, there are really only 4 kinds of

thing, (1) or (2) each preceded by solue general kind of background and (1)

and (2) each preceded by the other. It may be conceived that there obtains

the model of Equ. (43) with Carry-over. Then, it is immediately apparent,

bearing in mind Equ. ( 9) and (44) that it is required to estimate f om the

above data, with their 4 observations, y 5 parameters, $1 1

yi and 61 , but this is impossible. If the least squares estimates are

attempted, it will be found that there exists no sclution for . There

.are too many parameters in the model for them to be estimated by 4 things.

This means, of course, that there is no solution by any method, explicit

or stherwise. If one boldly ignores the possible Carry-over and estimates

direct treatAent effects, as is usually done by "practical" men,one gets

for, say, Treatment (1)

Y1 10 4- Y2212 Y1221
y
2120 )/4 =

(226)

so that it is still mixture of direct Treatment effect and Carry-over.

Yet this is precisely the estAmate gotten in a great deal of experimental



work. If, as has been illustrated and is o ten the case, [1] and (I ) are

strongly positively correlated such a Design will tend to make (1) judged

bad if it is relatively good and (2) judged good if it is relatively bad.

Such a test is undesirable. The situation is the worse because it is

impossible to distinguish algebraically or arithmetically between direct

treatment effect and Carry-over. Nor here, does it help a whit to repeat

the Design, so far as this p oblem of underdetermination e.dsts. The

repetition may be very valuable, of course, in estimating extraneous

variability.

For illustration the data of Table V, used previously to illustrate

the nature and existence of Carry-over, may be used in part. For this

purpose, consider those of the original Week 2 and Week 4. This is an

entirely legitimate type of experiment and often a very good one. It

is as if a given Treatment were applied for two weeks and an observation

made in the second Week. In this way any Carry-over in the first Week

of the fortnight is dropped. Also if one is lucky and gets positive

Carry-over (as actually obtained in this case) the effect of Treatment

is heightened by the superimposition of effect of C ry-over on that

of unit Treatment. As can be seen in Table XXXIX it is very clear.

From Equ. (216), the estimate of effect of Treatment (1) ithout

allowance for Carry-over is

Yi or (1) 12.6 - 87.1)/24

= - 4.154,16 (227)

The esti ate of Treatment (_) is then 4.154 16, as shown in Table XXXIXb.

If one attemplzto estimate both T22atment and Carry-over from Equ. (213)

311
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one is stopped by the fact that t - 2 = 0 . In the present problem it

is, of course, impossible to go on to the analysis for effect of Treatment

when allowance is made for Carry-over.

The actual analysis shown in Table XXXIXID was gotten by appeal to the

general program for Youden Designs, as shown in the Appendix. It may,

however, be profitable to consider the least squares equations underlying

that, to wit:

1.1 a 1 a

A A A A A A A A A A A A

a4 a5 a6 a7 a8 a9 a10a11a12 1 Yl 12

24
2

2

2

2

2

2

2

2

2

2

2

= 1533.7
2 1 = 126.9

2 1 = 152.5
1 = 115.9

2 1 = 145.8
2 1 = 96.0

2 1 = 120.0
2 1 = 138.2

2 1 = 132.6
2 1 = 132.4 '

2 1 = 125.6
2 1 126.1

1 1 1 1 1 1 1 1 1 1 1 1 = . 0

12 12 = 729.6
12 12 6 = 717.0

1 .0
6 1 1 1 1 i 6 = 411.3

1 1 = .0

=

(228)

(The positions left empty contain zeroes, not shown

If now the lines due to consideration of 61 and 62 are suppressed the

equations solve well enough to give the results of Table XXXIXb. If,

however, the entire matrix is attempted a singulariIy_is encountered which
-v

is but a restatement of the difficulty previously encountered in the con-

sideration of the number of kinds of things and the number of parameters

required or again in the inapplicability of Equ. (213).



by 2 kinds Treatment over 2 Periods on

12 Grou s

Dif

a. Data

Week

2 4

(1) 56.9 (2) 70.0 126.9 +13.1

11 (2) 75.0 (1) 77.5 152.5 + 2.5

III (1) 51.7 (2) 64.2 115.9 +12.5

Iv (2) 75.0 (1) 70.2 145.8 - 5.4

(1) 38.2 (2) 57.8 96.0 +19.6

v1 (2) 49.1 (1) 70.9 120.0 +21.8

VII (1) 56.4 (2) 81.8 138.2 +25.4

VIII (2) 70.6" (1) 62.0 132.6 - 8.6

Ix (1) 62.7 (2) 69.7 132.4 + 7.0

(2) 67.8 (1) 57.8 125.6 -10.0

XI (1) 58.3 (2) 67.8 126.1 + 9.5

XII (2) 67.3 (1) 54.4 121.7 -12.9

Sum 729.6 804.1 1533.7 +74.5

511

sis f'or Treatmen s without allo a -e for CarLy=satn

2

Contr. -4=15 +4 15

Adj. Mn. 59.75 68.05

Factors d.f.

, Rows & Columns (control) 11

Control factor plus Treatmen s 10

Residual Variability
S. u res)

942.46

528.29

F1,10
942.46 - 528.29)/1

528.29/10
- .84 N.S.

313



Resu:.;s_ by Treament_and by previous Treatmen --a crude

After

921aliyaL

en

(2) Sum
Adj.

Contr.(1)

Trea

,70.0
64.2

81.8
69.7

57.8 67.8 = 411.3 411.3 61.79 -5.23

77.5 62.0
70.2 57.8
70.9 54.4 = 392. 392.8 72.24 +5 22

Bk.gr. 56.9 56.4 115.0 70.6
51.7 62.7 75.6 67.8
38.2 58.3 = 324.2 49.1 67.3 = 405.4 729.6

Sum 717.0 816.7 :1533.7

Adj.Mn. 57.14 70.67 63.90

Contr. -6.76 +6.77



It might be Objected that the data of Table XXXIX, from an analysis of

variance point of view, could be handled by testing againsb the variability

among Groups. This could, indeed, be done. It would be eQuivalent to

dropping the elements of in Equ. 2 8 It would further be precisely

the thing done in Table XXXIXe. The number of degrees of freedom residual

would be increased by 11 but generally such procedure would much inflate

the mean residual variability.

If one must test 2 Treatments in 2 Periods, there could no doubt be

found various Designs. One that suggests itself is

Unit

Period

1 2

(1) (2)

II (2) (1)

III (1) (1)
IV (2) (2)

with perhaps repetition. It is objectionable because it is extravagant with

experimental material. Units III and IV are devoted entirely to the deter-

mination of Carry-over which may not exist and if it ioes, may be of secondary

interest. The best thing seems to be to employ Designs of more than 2

Periods which do work; two such are illustrated in the following discussion.

In the Design when a previous conditioning Period is judiciously

employed the situation is much improved over the foregoing. Say the

Design and data are:

Grou 0

Period

21

I ( (1)) 1 Ylill (2) Y1221
II ((2)) (2 ) Y2122 (1) Y2212
III ((1)) (1) Y3111 (2 ) Y3221
TV ((2)) (2) Y4122 (1) Y42I2
V ((1)) (1) Y5111 (2) Y522I
VI ((2)) (2 ) Y6122

etc.

(1) Y6212

3 I
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where the model of Equ. (43 ), with allo-ance for Carry-over again obtains.

Then Y1111 - Y3111 + y5111 plays the role of Y1111 alone, etc., and

one still has no estimate of direct treatment or carry-over effects. If

one ignores the Carry-over-- nd what else can one do?--to simply e timate

the effect of Treatment (1) by _Last squares estimate, one gets

AI ' (Y1111 Y22I2 Y1221 Y2122)/4 (229)

an estimate of the direct Treatment free of Carry-over. Still one cannot

solve for in terms of the full model embracing estimates of Rows etc.,

as previously employed. The problems of the insoluble 2x2x2 are nowise

solved by repeating the Design to say a 3(2x2x2). In Table XL there is

an example of actual results on the model just discussed. The data were

gotten by simply cutting the real data from Weeks 1, 2 and 3 from Table V.

The Groups have been renumbered and the data arranged to manifest the

basic organization on 4 kinds of observations.



Tabl L- Two Treatments tried by 12 Grou s in 3 Weeks

a._ Design and Results

Group__

VII
VIII
IX
X
Xi
XII

Mean

Week

2

((1)) (1) 56.9 (2) 59.4
((1)) (1) 51.7 (2) 61.7
((1)) (1) 38.2 (2) 52.7
((1)) (1) 56.4 (2) 61.8
((1)) (1) 62.7 (2) 68.2
((I)) (1) 58.3 (2) 60.7

((2)) ) 75.0 (1) 72.8
((2)) (2) 75.6 (1) 71.1
((2)) ) 49.1 (1) 61.8
((2)) (2) 70.6 (1) 60.0
((2)) (2) 67.8 (1) 60.0
((2)) (2) 67.3 (1) 67.3

729.6 757.5

60.8 63.1

Sum

116.3
113.4
90.9

118.2
130.9
119.0

147.8
146.7
110.9
130.6
127.8
134.6

Anal sis _for direct Treatment alone

(1) (2)
Contr. -2.20 +2.20

Adj. Mn. 59.76 64.16

Factors d.f.

0 Rows & Columns (control)

Control factors plus Treatmen

11

10

Residual Variability
uares

338.13

222.24

F
1,10

338.13 - 222.24)
222.24/10 - 5.21 N.S.

515
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Avera es accordin to Treatment_ and previous Treatment--
a crude anal s_is

Treatment

After (1) ean Contr.

(1) 54.o 60.8
(2) I 65.5 67.6

57.4
66.5

-4.6
+4.5



.JJ-7

In Table nb, a rough result was gotten by ignoring the p--sible effect

of Rows and it was precisely this reduction in constants that made solution

of a sort possible for Treatments and Carries-over. As a practical me sure

for the estimation of effects this device is not too unsatisfactory, pro-

vided that there are many.Rows. The matter may even be formalized by

dropping the contributions a. in the model and then proceeding with

least squares equations to a test of significance. Of course, the residual

variability will consist in lar. ge part of that between Groups. This tends

to be large and so the value of F would probably not be significant.

As a first example of a 2-treatment Design where the effect of direct

Treatment and Carry-over can be separated reconsider the data of Table

Va, which was used to introduce, in a loose and general way, the idea of

Carry-over and which should now be analyzed more closely. This can be

done by using the appropriate program for electronic computer as in the

Appendix. Accordingly, Table XIJI has been formed. It will be seen that

the significance of Treatments has been somewhat heightened by the intro-

duction of Carry-over into the model. The latter is significant in its

own right.
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Table XLI - Anal -sis of the data

Group i 0
I 1 (( ) r

)

318

om Table V sut in form used elsewhere

a. Design_and_resul repeated from Table_

11

IV
((

((.1

V ((

VI
VIT ((2)
VIII ((1))
IX ((2))
X ((1))
XI ((2))
XII ((1))

Sum
Mean

1
72.3
76.0

(1) 61.7
(2) 75.6
(1) 36.4
(2) 61.'i
(1) 65.5
(2) 57.8
(1) 60.0
(2) 68.9
(1) 63.9
(2) 6o.4

760.2
63.4

Ana3 sis

Week

_2_
(1 ) 56.9
(2) 75.0
(1) 51.7

(2) 75.6
(1) 38.2
(2) 49.1
(1) 56.4
(2) 70.6
(1) 62.7
(2) 67.8
(1) 53.3
(2) 67.3

729.6
60.8

3 4 um
(2) 59.4 (2) 70.0 258.6
(1) 72.8 (1) 77.5 301.3
(2) 61.7 (2) 64.2 239.3
(1) 71.1 (1) 70.2 292.5
(2) 52.7 (2) 57.9 185 i
(1) 61.8 (1) 70.9 243._
(2) 61.8 (2) 81.8 265.5
(1) 60.0 (1) 62.0 250.4
(2) 68.2 (2) 69.7 260.6
(I) 6o.o (1) 57.3 254.5
(2) 60..7 (2) 67.8 250.6
(1) 67.3 (1) 54.4 249.4

757.5 804.1 051.4
63.1 67.0 63.6

or Treatments_without allowance for Carr_-over

( ) (2)

Contr. -2.33 +2.33

Mean 61.24 65.90

factors

, Groups, Weeks (control

Control factors plus Treatments

d.f

33

32

Residual Variability
(Squares)

1419.0475

1157.7142

1419.0475
F 7.22*
1,32 1157.7142/32
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Anal sis for Treatments wi h allo an e -ver

(2,)

Contr. -2.33 +2.33

Mean 61.24 65.90

Contr. -1.82

ctors

p , Groups Weeks, Carries-over ontrol)

Control factors plus Treatments

32

31

Residual Variability
(S uares)

1259.9067

998.5734

F
1,31

=
998-5734/31

Factors

p , Groups, Weeks, Treatments (control

Control factors plus Carries-over

d.f

32

31

Residual V,:xiability
S uares

1157.7142

998.5734

1157.71)42 - 998.5734 4 04*
F1,31 990.5734/31
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This Design is of curious interest because, s the effects

are entirely orthogonal, it is most convenient and quite legiti _te to use

the conventional analysis of variance, along the lines indicated earlier

in connection with the analysis of the latin square.

It may be of some interest to compare the clear-cut results of Table

XLIc with those shown earlier in Tables XXXIX and XL, consisting of parts

of the sani data, and subject to crude analysis (without allowance for

effects The earlier data suggested Carry-over agreeing with what

seems to be the trLe direction of effect of Treatment.

- a second example of 2-Treatment experiment designed to deal with

Carry- ver consider the data of Table XLII. Not only is the order of Treat--

merits a little different from that in Table Va but the conditioning week

here is absent. For convenience of calculation, tl results have been

gathered so that each p ttern with its five repetitions is together. This

*For the model with Treatments but not Carry-over, we get the results:

Groups
Weeks
Treatments
Residual
Total

11 2258.2342
3 236.8975

261.3333
2 1157.7142

1-7 3914.1792

For tle model with Cry-over in

Source

Croups
Weeks
Treatments
Carry-over
Residual
Total

Sum Square

2258.2342
236.8975
261.3333
159.1408

31 998.5734
47 3914.1792

._Mean uare

205.2940
78.9658

261.3333
36.1786

addition we get:

Mean _Square

205.2940
78.9658

261.3333
159.1408
32.2120

7.22*

8.11**
4.94*



isign gives data more difficult of analysis than Table Va because direct

eatment effect and Carry-over are in some degree confounded. Plainly

(1) follows (2) more frequently than it follows itself. Accordingly

direct treatr nt effect (1) is confounded in some measure with Carry-over

[2] while (2) is in the same measure counfounded with [1]. The

analysis may be handled by appeal to the program in the Appendix or

essentially to the least suares Eq (234) below. For the model with

direct treatment effects alone, .e., without Carry-over, since everything

is orthogonal, the treatment esti _ates are simply averages and so are the

row and column effects. Thus the estim-te for u comes from

80v = 3112
-

11 = 38.90

for Ro I from

4v -I- 4al = 159

al = +.85

For Column i from

20u 2001 = 776

131 = -.10

and for Treatment (1 ) from

40u 40yi = 168

yi = +1.3
-

(230)

(231)

(232)

(233)

It, of course, follows that it may be convenient and quite legitimate to use

the conventional analysis of variance, along the lines just indicated in

connection with Table XLI or indicated earller in connection with the

analysis of the latin square.



The _:ore involved but complete analysis consists of fitting by least

squares the complete model involving estimates of both Treatments and

Car.i -over. The estimate p remains as in Equ. (230). The estimates

for Column effects remain as previously, i.e. , simple averages. For

other effects, as in Table XLII, it is necessary to use the program

in the Appendix or es to employthe least squares equations as

follows:
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Table XIJI - Two Treatments tried on 24 Groups

a. Data

Week

Group 1 2 3 4 Suiri

1 ) 40 (1 ) 48 44 27 159
II 36 44 32 30 142
III 34 37 24 34 129
iv 43 40 48 44 175
v 34 = 187 39 = 208 42 = 190 22 = 157 137

VI (1) 39 2 32 1 39 38 148
VIT 28 34 26 27 115
VIII 42 44 47 40 173
Ix 48 38 49 38 173
x 35 = 192

,

32 = 180 42 = 203 40 = 1831-149

xi 34 (1) 39 38 (1) 45 156
XII 38 33 25 25 121
xIII 32 36 4o 45 153
xIv 42 45 43 43 173
xv 42 = 1 8 33 = 186 38 = 184 35 = 193 148

xvI (2) 39 (2) 42 1) 47 (1) 46 174
xvII 51 48 37 48 184
xvIII 36 42 32 39 149
xix 38 37 49 48 172
xx 45 = 209 44 = 213 47 = 212 46 = 227 182

776 787 789 760 3112
Mean 38.80 39.35 39.45 38.00
sum Sq. 30,694 31,471 32,349 30,132

Analy0_s_for_Treatmen s without allowance _for Carry7over

()
Cont . +1.30 -1.30

Adj. Mn. 40.20 37.60

Facto

, Rows and Columns (control)

Control factors plus Treatments

Residual Variability

57 1637.50

56 1502.30

F
1,

1 .50 1502.30
1502.30/56 5.04*



AnalYsis for Treat_en s with allowance for Ca

1

Contr.

Adj. Mn. )40.51

-1.61

37.29

[1]_ [21

Contr. +1.24 -1.24

Factors d.f.

, Rows, Columns & Carry-over (control

ntrol factors plus Treatment

56

55

idual Variability
S uar e

1613.76

1425.20

1,55
76 - 1425.2o)

1425.20/55 = 7.2 8**

!Residual VariabilityFactors .d f
S uares

1-1 Rows, Columns,& Treatments

Control factors plus Carry-over

(control) 56

55

1502.10

1425.20

-1,55
2.10 - 14
1425.26

5.20 1
= 2.97 N.S.

55



,reraes ac rdin Treatment evi us
rude analyAL

Adj
Mn.

Contr.

Tr atment

(1) (2)

(1) 208 190
227 180

183
184 1172 39.2 +.2

(2) 203 157
186 213
193
212 3_164 33-7

Bk 187 188
192 209 776

Sum 16o8 1504 3112
Adj.Mn. 40.2 37-6 38.9
Contr. +1.3 -1.3

Treatmen



Anal-sis vhen '1 e are 3 Treatments - The smallest Youden rectangle,

< t is the Yates Design 3x2x3, i.e.:

Period

(1) y
111

(2) y
212

(3) Y
313

(2) y_
1221

(3) Y
2232

(I) y
3213

would not work because it involA,es 8 parameters:

mreatmenzs 2

Rows 2 Carries-over 2

Columns 1

and has but 6 observations. It might be replaced by the type of design

used for paired compa-isons with an even value of t , i.e.:

Row 1

Period

2

IT

IV

V

VI

(1)

(2)

(3)

(1)

(2)

3)

y
111

y
212

y
313

y
-411
y
512

Y
613

(2)

3)

(1)

(3)

(1)

(2)

y
1221

_

-42

Y
3213

Y
4231

Y
5212

y
6223

where there are 11 parameters that can be e:timated from the 12 observations.

This is a Design rch used in actunl experimental work.



Note that we may again find conveniently the differences of

Y,-laca Ilk'
' = k) and call them d

to find least squares estimates of

(2Ed. 4- Ed! - 12(32)/3 1

= Ed. -I- Ed! - 8132

d' = YiLk/ Yilk (k' k)

(235)

as special cases of Equ. (213) . It may even be said that in the model,

without consideration of Carry-over, when from Equ. (215)

(Ed - Ed1)/6 (236)

the structure is o simple that Equ. (176), as in connection with Table

XXXII on the (3x2x3), can be so si plified.

LEp_p_kia,p_LL.5atment variabilit - There may easily be a situation in

a paired Design, invo1v4ng more than 2 Treatments, where the variability

among Treatments must be broken up, just as it was previously for Youdens

in general or for latin squares. An example of such an experiment

was provided by the data of Table XXXI on a 9x4x18. The Treatments

there consisted of 3 variables each 2 levels (a high value and a low

value). Similarly if one had a sudy where the technique of trial was

by each subject making a single Change over but there wpre involved 9

Treatments the best procedure would be to work with the treatment estimates

very much as in the more simple problem of the latin square, one works

with totals and then finally adjusts mean squares in allowance for.scale.

One would start with the treatment estimates and they would be collected,

as the nature of the question dictated. To tlose who have followed the

-earlier discussion there will be no problem.



issin ions on saired D si ns - In the extreme situatibn of

but a single Change-over, there can be no question of there being a _1 sina

cell. If a participant has only been subject to one Treatment no

p_ can be formed for any other Treatment and the siLgle observation

is dropped. On the other hand, it may happen that certain pairs are lost

and it is impossible to replace them. S- in the second sense there may be

missing data.

Therr -re, indeed, certain cases where comparisons are deliberately

omitted. Thus if the number of Treatments is very great :ilay be

excessive and fewer comparisons must be made. Such Designs are discussed

by Cox (1958) who gives fel' 7 Treatments and 4 appearances eplicates

he calls them) of eaci the Design as follo-

(2

(3
(4

vs. (2)

vs. (3)
vs. (4)
vs. (5)

(5) vs. (6)
(6) vs. (7)
(7) vs. (1)

(1) vs. (3)
(2) vs. (4)
(3) vs- (5)
(4) vs. (6)

(5) vs. (7)
(1) vs. (6)
(2) vs. (7)

If this is considered j- the form of a compa_ rota table one gets:

vs. 1

-

2

---

7

(1) ----.... 0 0
(2) x
(3) x

(4) x x 0 0

(5) x x 0
(6) x x
(7) x x x

whete certain comparisons, such as (1) with (2 ), are direct and in i-ate

whereas others like (1) with (4) are indirect. This situation is really

just a special case of situations discussed in the previous chapter under

the topic of Designs more or less Youden.

3,11



As a simple, although somewhat trivial, illustra l_n of the situation,

there has been formed T, le XLITT by s rly taking the Design and data for

the first 1- 1,ows of T-ple XXXVII. In the ter s of Cox (1958), this is 6

Treatments in 4 appearances with the additional condition that each

Treatment occur twice and twice only in each Column. He was not of course,

concerned with Change-over. It is possible to set up least squares equations,

as previously, or else simply to use the program, as in the Appendix. The

results are that

= 73. 24

= 3.0 (237)

and other results are shovn in the table.
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Table XLIII Incomplete glipari on of 6 Treatmen

ata

Period

2 SumGrouD 1

I 3.0 (2) - 7 5.7
ii 2 3.0 (3) 3.3 6.3

III (3) 2.6 (4) 3.0 5.6

iv (4) 3.3 (5) 3.0 6.3

v (5) 3.1 (6) 2.7 5.8

vi (6) 3.0 (1) 2.9 5.9
VII (1) 3.1 (3) 2.8 5.9
VIII (2) 3.2 (4) 2.7 5.9
Ix (3) 2.1 (5) 2.8 4.9

x (4) 2.9 (6) 3.4 6.3

xi (5) 3.5 (1) 3.5 7.0

xII (6) 3.7 (2) 3.8 7.5

Sum 36.5 96.6 73.1

Anal sis for Treatmen_s without allowance for Carr -over

Contr. +.1 -.0 -.2 -.1 +.2 +.1

Adj. Mn. 3.1 3.0 2.8 2.9 3 2 3.1

Factors
Residual Variability

uares

.84

.60

p , Rows & Columns (control) 11

Control factors plus Treatments 6

=
.6o/6

.48 N.S156 .

,



Anal sis _for Treatment with allowance for Carr ov

2

Contr. +.4 +.4 +.3

Adj. Mn. 3 4 3.4 3.3

Contr. _.3 +5 +1.4

Factors

(Li)

-.7 -.5 +.1

2.3 2.5 3.1

[4] [s]
-.4 -1.0 -.3

,d.f.
Re idual Va iability

uar

, Rows, Columns & Carries-over ( ntrol ) 6 .39

Control factors plus Treatments

9 - .03)/5
= 2.12 N.S.

5,1 .03/1

.03



Although such design gives co- pletoly legitimate esti-ates of A,

ment e:f_ t and of their significance no ingenuity can altogether surmount

the various degrees of intimacy with which the comparisons are made. 7he

difficulties show up when one att,mpts-any partition of the variaLility.

Double reversal trials - Perhaps there should be briefly mentioneJ a class

of Design closely related to those treated in the pre ent chapter, i.e.,

the double reversal trial. It is used to .ome extent in A-i al Husband=y

and is honored by a chapter in Lucas (1969). In the symbolism of tho

present book it takes the form

Low 1

I 1 Y111

Y212

III (1) Y3I1

IV 1 (2) Y412

V (1) Ysil

VI 1(2) Y612

Period

Y1221 (1 ) Y1312

Y2212 Y2321

Y3221 (i) Y3312

Y4212 (2) Y432I

Y5221 (1) Y5312

Y6212 (2) Y632I

The study is based essentially on differences of the type yill 4- Y1312

Y1221 It is argued that insofar the effect of time is linear such

a comparison is free of the effects of Period . Indeed it is. Tt may

further be argued that izsofar as such a trend is peculiar to a given unit

(Cow ) the elimination of is similarly peculiar. There is no essump-

tion as in all the work of the present book, that trend is common to al3

units, or perxL4L more fairly that trend, linear or otherwise, is eliminated

-ix as it is common to all units. The rub remains that the effect

Treatments and Carriesover is completely confounded, so the Design seems

ill-suited to our purposes. Furthermore, it does not generalize to

louden rectangl s and latin squares.



IX, JpilogueU3fiul

The general problem of misfill

Under-fill in two categorl

Under-fill in more than two categorie

Over-fill



The obiem of inisfill The preceding discussion has frequently

skirted problems when in some sense there are missing data. This matter

will be now considered extensively. Looking at the matter in a general

way, let us call the problem one of misfill. This will include under-fill,

as frequently discussed in the literature, ov:Ir-fill which does not seem

to be discussed and a mixture of the t o. Fill problems may occur for

three reasons. First there is the classical reason that some data h ve been

lost or it has proven imp ssible to complete the Design. Such a case is

illustrated below for the experiment, previously pr.sented, for Oils on a

Machine where one of the Machines may be bupposed to fail. .7,ccondly, the

situation may be such that it is physically imp ssible to complete the

Design. An example, Table XLVIII, is shown where it is impossible (bearing

ir mind other experimental necessities) to write a Design where Carry-over

is properly balanced against Rows. Thirdly, an incorrect fill may be

deliberateiy created because it is uore convenient than some other exper-

imental measure. An example previously shown is that of ore-or-less

Youden situations where a Youden rectanle was deliberately not completed.

The term "fill" is used in the sense of the previous discussion, i.e.,

the number of times that a Treatment is compared with others in the same

Row. Then a misfill will mean that some comparisons are made mo e or less

often than others rather than the same number of times for all comparisons,

as in a proper Youden Design. Using the concept in a more extensive way,

misfill may be conceived to cover any situation which may be thought of as

falling short of some balanced, orthogonal Design.



The discussion in the literature on what is called missing data is what

is here ter _ed under-fill. It is mainly, or perhaps exclusively, concerned

with a Design where certain scattered cells are missing. In a general way,

for any 2-factor problem it is i- rows and columns for each of which there

occur at least 2 observations. This problem will be considered. In a

more extensive and very common way there may be more than 2 factors and

whole Rows or Columns may be missing. For instance, a Youden rectangle

might be considered perfect if it were as called for, say, in

Table XIII. Then the data of Table XXIX is a case of missing data. All

4 observations of the Row

and of Row

(7) (8) (10) (2) (6)

(11) (1) (3) (6) (10)

are, in a sense, missing.

The case of the data of Table XXXIV may be considered as a situation

where the patterns

XIV (1) (2) (4) (7)

xv (2) (3) (5) (1)

xvii (4) (5) (7) (3)

xviii (6) (7) (2) (5)

are excessive. Ther- if one attempts a single Youden repeated thrice but

is unable t: c-mplete the 3rd repetition, he may regard the result as an

over-fill of a repetition twice or an under-fill of thrice. If, in fact,

very little of the 3rd repetition gets done it is natural to fall back

on the twice position. Indeed, at times it becomes a matter of view-point

whether a table is under-filled or over-filled. Over-fill can be analyzed

just as easily as under-fill and by the same general methods. The liter-

ature seems t- say, however, no6hing on the matter.

3



We can even entertain situations where the number of items is right

but they are in the wrong places. Table XLVIII is a situation where such

is the case. Most cells are filled once, but s me are filled twice and as

many not at all. It is indeed, a comfortable position to regard all

problems of the present types as special cases of misfill.

To some extent, the question of misfill is a matter of view-point.

The perfect and complete louden rectangles, themselves, may, as was discussed

in Chap. III, on exploration of the Yonden field, be regarded as misfilled--

incomplete latin squares as it is put in the literature. They do not result

in tidy tables with all cells filled and which provide estimates by way of

ma ginal totals. An effort is then made to misfill or under-fill discretely.

Whatever the case, it remains an experimental objective to arrange matters

so that the categories are as fnr aE possible non-conflicting or orthogonal.

If they are not so one cannot distinguish their effects. As it turns out

these equations can, as discussed in Chap. V, be very easily solved to give

convenielt solutions for treatment e fects and procedures for analysis that

are easily possible of application. The present discussion is concerned

with the possibility of solution. A good Design should be as easy as

possible of solution.

Un er-fill in two cate ories Very often some item may be lost in a

table Of 2-way classification, such as Table XLIV, shown b low. It may be

said, otherwise, that some cell is missing. Such a situation is often

called one of missing data. Let us, however, call it an under-fill. Such

situations or problems may occur for three reasons. First there is the

classical reason that some datahavebeen lost or it has proven impossible
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to complete the Design. Such a case is illustrated below in Table XLIV.

ondly, the situation may be such that it is physically impossible to

complete the desigr.t such as when it is logically or design-wise impossible

to get a ca-plete Design for the study of Carry-over. This problem will

be discussed in the following chapter on Carry-over. Thirdly, an inco_ ect

fill may be delibe _tely created because it is more convenient than some

other experi ental measure. A Design may be almost bala c_d but a cell or

two is missing. Naturally such a Des gn gives almost the same information

as the complete situation but it is difficult of analysis. Regardl of .

the o easion, we must estimate our effects correctly, i.e., the first power

or average effects, regardless of the omissions. In a theoretical way we

may have to make an analysis of significance correctly, , do our second'

power arithmetic of squares, correctly in spite of handicap. With this

aspect, howeve , the present chapt r will not concern itself.

Situations, where cells are missing, can be handled by the techniques

of missing data-that are commonplace in the literature. They, on the

whole, are ua ati fa tory; app ently the writers have done little to apply

them and are unaware of the law efficiency of the methods. Much better can

be done and the subject merits a full and general discussion.

The principal practical use of missing data theory, in the context

of the present book, is in the formdng of unbiased estimates. The deter-

mination of significance is little involved. A fairly typical problem

is shown in Table XLIV. There is given a stateient of satisfaction by

each of 11 Men when they were given 6 kinds of Treatment. Each kind was



given out to all 11 Men in a given Week. The practical problem is to fo-

an estimate of what degree of satisfaction was gotten for each Product-Week.

In this table the confounding of Weeks with Treatments is complete. This

situation is, of course, simple because there are then only 2 real

categories. Each Week, however, some Men were missing. Accordingly, the

observed Means, shown at the f ot of the table were somewhat disturbed

by the actual person missing. It is possible to make estim tes of Adjusted

Means freed of this handicap as are also shown at the foot of the table.

They should, and do, contain less extraneous variability. It can be se

from the above how different are the results with Me

unbiased estimates whe llowance is made for those mis

sing d with

In a situation such as that of Table XLIV, one might assume a very

simple model,

Y..
ij

= 1.1 + a. + + (238)

where the elements have the same meaning as in earlie laborate cases,

and then set up least squares equations as follows:

41



55 6 6 4 6 4 6 6 6 2 9 10 9 8 9 10 142
6 6 14
6 6 13
3 3 -3 -1 -1 13
4 4 -1 -1 9
6 6 16
6 11
4 4 -1 -1 8 9 )
6 6 22
6 6 18
6 6 12
1 1 1 1 1 1 1 1 1 1 1 1 0

9 -1 -1 9 26
10 -1 10 25
9 -1 -1 9 26
8 -1 -1 -1 19
9 -1 -1 9 26
10 -1 1 1 1 1 1 1 0

(The positions,left empty, contain zeroes, not shown)

It is, however, generally more practical to use a simple iterati e approach.

The one recommended is shown in detail in Table XLIV. This iterative pro-

cedure is algeb aically equivalent to setting-up least squares equations fur:

ji and the two categories are solving. It is, however, often convenient to

carry out this simple procedure on a desk calculator. Even if it is assigned

to an electronic computer, it may be quicker and cheaper to mechanize the

iteration than to have the machine set up equations and then solve.

In the calculation of Table 1LIV, all.that is involved is essentially

the iterative solution of the 3 equations for p Men and Product-Week.

As the problem -as actually worked the steps were as follows:
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a. Form means of Rows. For Row I I, thus, get 13 = 4.3. For

full Rows the means are also needed.

b. Form the igh -hand corner mean as the mean of the Row means,

including the complete Rows.

e. Find the contribution of each Row (only those incomplete aire

needed). Thus for Row III, the cont ibution is 4.3 - 2.7 = 1.6.

d. Form adjusted Column sums by adding for each the contributions

of the missing Rows. Thus for Column (1) get 26 1.6 -I- = 27.9.

Divide this adjusted sum by the number of items actually in the

Column to get adjusted mean. Thus for Col (I) get 27.9/9 = 3.1.

Form new adjusted corner mean as the mean of the Row means,

including any complete Columns.

Find the contribution of each Column (only those incomplete are

needed). Thus for Column (1), the contribution is 3.1 - 2.7 = .4

Form second adjusted Row sum by adding for each the contribu-

tion of the missing Columns. Thus for Row III get 13 .4 -

livide this adjusted sum by the number of items actually in the

Row to get adjusted mean. Thus for Row III get 13.6/3 = 4.5.

_d
h. Fo- new adjusted corner mean as the mean of 21 adjusted Row

means including any complete Rows.

i. Find the contributions of each Row (only those incomplete are

needed). Thus for Row III, the contribution is 4.5 - 2.7 = 4 1.8.

j. Return to step d. C-ntinue móving. Rows to Columns to Rows

etc until the adjusted mean is unchanged from the last step.

k. The Column means, which are the result wanted in the present case

nre then read from the foot of the total.

= 13.6.



Table XAIV - Satisfaction by Men and Treatments with missing cells

Re-ommended ite ative solution

Treatment

Man 2) (3 ) (4) (5) (6 Sum Contr.

2nd

Adj. Adj.
Mn. Contr. Mn.

1 3 3 2 2
II 2 2 2 2 2 3
III NR 5 4 NE NR 4

IV 3 1 NR NR 3 2
V 4 3 2 3 4 0
VI 2 1 2 2 2 2
VII 2 2 2 2 NR NR
VIII 4 5 5 3 5 C
IX 3 3 3 3 3 3
X 3 2 3 1 2 1
XI NR NE NR NE

14
13
13

9
16
11
8

22
18
12
6

2.3
2.2

2.2
2.7
1.8
2.0
3.7
3.0
.0

.0

+1.6 4.5 +1.8 4.5
.5 2.3 .4 2.3

+ .

1.9 1.9

Mean
_Sum
Adj.Mn
Contr.
Adj._
Contr.

2.9 2.5 2.9 2.4 2.9 2.0
26 25 26 19 26 20 142

3.1 2.5 2.9 2.6-3.0 1.9 12.7
+.4 -.2 +.2 -.1 +. -.8
1 2.6 2.9 2.6 3.0 1.9 2.7
4 -.1 +.2 -.I +.3 -.8,

J42
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The procedure usually recommended in the literature for this situation

involves filling the missing cells with estimates of what the obse v-tions

might have been and then proceeding to the formation of Row and. Column

means and contributions. The details of calculation are shown in Table XLV.

There the cells of missing data are filled with italicized values which

are the product of calculation, as immediately below. The essential dif-

ference between these two procedures is that in Table XLIV the effort is

concentrated on the formation of corner, row and column esti ates, whereas

in Table XLV it is on the formation of cell estimates. prom Table )(LTV the

cell estimates could be found as a by-product while in Table XLV the row and

column estimates are found as a by-product.

345
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The steps in calculating Table XLV are as follows:

a. Fill in each missing cell with some guess its proper value.

These guesses may be a single number or various numbers. For

the sake of illu tr tion suppose they are all filled in with the

observed overall mean 142/55 2.6.

b. Form row, column and corner means. For corner mean 0-et
4=.

{142 + 11(2.6)1166 = 2.6. For Row III get fl3 + 3(2.6) /6 = 3.5.

For this Row the contribution is 3.5 - 2.6 = .9. For Column I

get {26 + 2 (2.6)1/11 = 2.8. For this Column the contribution is

2.8 - 2.6 = + .2.

c. Reform the estimate of missing values as corner average plus row

and column contributions. Thus for the missing value in Row III

and Column 1 , get 2.7 + .9 + .2 = 3.8.

d When all 11 missing values have been so reformed, repeat the

operation to find that now the contribution of Row III is + 3.4

(as in TableMEN),for Column 1 is + .4 and these superimposed

upon a corner mean which is still 2.6 gives a second reformed

value for the first missing value of 2.6 + 1.4 .4 . 3.6. So

proceed until the matter settles down.
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Table XLV atisfaction by Mon and Treatrnent with missin, cells Iterative

solutioripot recommended

4an (1 2

Week

5 , 6 Slim

st
1

Adj. Con-
Mn. tr.

2
nd

Adj. Con-
Mn. L tr.

3rd
4-1'11 5

th

Adj. ConmAdj. Con- Adj. Con-'Adj.
Mn. r. Mn. tr. Mn. tr. Mn.

4

L 3 1 3 3 2 2 14 2.3
EI 2 2 2 2 2 3 13 2,2
EII 4.8 5 4 4_.3 Li,/ 4 13 3.5 +.9 4.0 +1.4 4.3 +1.7 4.4 +1.7 4.5 +1.8 4.5
EV 3 1 2.5 2.2 3 2 9 2.4 -.2 2.3 .3 2.3 - .3 2.3 - .4 2.3 - .4 2.3
[ 4 3 2 3 4 0 16 2.7
TT 2 1 2 2 2 2 11 1.8
III 2 2 2 2 2.3 1.2 8 2.2 -.4 2.0 - .6 2.0 - .6 2.0 7 1.9 - .8 1.9
TIII h 5 5 3 5 0 22 3.7
a 3 3 3 3 3 3 18 3.0
C 3 2 3 1 2 1 12 2.0
CI 3.5 2.9 3.3 3.0 3 3 6 2.7 +.1 2.8 . + 4 3.1 + .4 3.1 + .4 3.1

him 26 2S 26 19 26 20 142
Ldj.Mn 2.8 2.5 2.8 2.4 2.8 2.1 2.6
ontr +.2 -.1 +.2 -.2 +.2 -.5

idj.Mn 3.0 2.5 2.9 2.5 2.9 2.0 2.6
ontr +.4 -.1 +.3 -.1 +.3 -.6

Aj.Mn 3.1 2.5 2.9 2.5 3.0 1.9 ,2.6

bntr +.5 -.1 +.3 -.1 +.4 -.7

dj.Mn 3.1 2.5 2.9 2.6 3.0 1.9 2.7
ontr +.4 -.2 1-.2 -.1 +.3 -.8 ,

dj.Mn'3.1 2.5 2.9 2.6 3.0 1.9 2.7
ontr 4.4 -.2 +.2 -.1 +.3 -.8

dj.Mn13.1 2.5 2.9 2.6 3.0 1.9 .
. 2.7
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It may be observed that this method takes 5 iterations in contrast

to the 2 iterations of Table XLIV. Furthelmore, the formation of the cell

values is very troubleso e, so that there is almost twice the work for a

given iteration. All in all, the work of Table XLV is about 10 times that

of Table XLIV and. such a ratio is fairly typical. It will be noted that

the results in the two tables differ slightly and this because those in

Table XLV are within the bounds of rounding error, dependent on the

number, or numbers, with which the missing cells are filled at first

approximation. If we had started by filling each with a large number,

like 5.0 instead of 2.6, the contributions in Table XLV would have been

a little high r. We can only sum up the procedure of filling missing cells

by saying that an extremely heavy sacrifice is made for the sake of the

orthogonal point of view. The filling is essentially done to make the

data orthogonal. This is of a piece -rith the forcing of tests of signif-

ic ce into the analysis of variari,ce.

It is, of course, possible to test siiificance of the treatment

effects in Table XLIV; it is indeed commonly done in the literature. Such

experiments are, however, somewhat outside the field of the present book and

so the matter will not be pursued further.

One place where under-fill in two categories arises very naturally

d is employed frequently, in work of th,. p esent kind, is in the quick

examination of data to see whether there is any indication of Carry-over.

For example, the latin square of Table XXIV may be examined in this way

as in Table XLVI. Data are arranged according to Tre-tment and preceding

Treat t so that averages may be found quickly. In this Design, with

4ci
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. conditioning Period, the only complication arises from the missing

aw of the peIfect Design. It is perhaps wisest to find adjusted means

y iteration. They are plainly a little different from the simple means.

11 such analysis is, of course, incomplete because no allowance is made

or the slight confounding of Carry-over with Row.

Note that u is subject to constant estimation as the iteration

roceeds, because the losses are identified with certain Treatments and

arries-over. It may be estimated as the average of treatment averages or,

t an appropriate stage, of carry-over averages.

In case the c-lculation of Table XLVI is not immediately apparent,

t may be sketched, first, from the after means 51.4, 54.1 etc.; the first

stiinate of p is their average, i.e., 55.5. The first estimates of after

ontributions are 51.4 - 55.5 = -4.1 etc. The 1 tter are used to adjust

he treatment totals. Thus for Treatment 1) the sum becomes 264.8 (- 1.4)

263.4. The first estimate of mean fcr this Treatment then is 263.4/5 = 52.7.

he estimate of p as the average of the values 52.7, 51.0 etc. happens to

emain at 55.5. The contributions ar- 52.7 55.5 = 2.8 etc. The latter

alues are now used t- adjust the after averages. Thus after (2) becomes

270.6 (- 2.8)1/5 = 3.6. The bu-i-less is pursued until contributions for

itherAfter or Treatment stabilize. Note that the actual means for Treatments

ave been added for the sake of comparison.

349
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Table XLVI - Data from Table XXIV- an incomsiete latin s ua-- with condi- ion-

ing Period enatlif.LA21.2hiy_12L.fvidenee of Carr - ver

After (1 (2)

Treatment

(5) (6 Mn. Contr Adj.
Mn.

Contr
Adj.

Con
Mn.

Adj.
Mn.

(3) (4)

(I) 46.4 45.8 58.4 52.0 56.4 49.6 308.6 51.4 -4.1 51.4 -4.2 51.4 -4.2 51.4
(2) 50.0 40.8 50.0 64.2 65.6 270.6 54.1 -1.4 53.6 -2.0 53.5 -2.1 5'3.5
(3) 51.8 60.9 62.4 53.3 59.2 287.6 57.5 +2.0 56.6 +1.0 56.6 +1.0 56.6
(4) 50.4 53.6 48.8 59.9 64.2 276.9 55.4 .1 55.6 .0 55.6 .3 55.6
(5) 55.3 58.9 58.7 63.2 61.7 297.8 59.6 +4.1 59.1 +3.5 59.1 +3,5 59.1(6) 60.9 44.9 64.2 49 6 219.6 51,.9 - .6 57.0 +1.4 57.1 +1.5 57.1

Mean 53.0 50.6 56.6 52.6 59.4 60.1
Sum 264.8 253.2 283.0 262.8 297.0 300.3 1661.1

Adj.Mn 52.7 51.0 56.6 53.4 59.3 59.9 55.5
Contr -2.8 -4.5 +1.1 -2.1 +3.8 +4.4

Adj.Mn 52.6 50.8 56.6 53.3 59.7 60.3 55.6
Contr -3.0 -4.8 +1.0 -2.3 +4.1 +4.7

Adj.Mn 52.5 50.8 56.6 53.3 59.7 6o.4 155.6
Contr -3.1 -4.8 +1.0 -2.3 +4.1 +4.8
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As another example of an under-fill situation that arises in

considering results by Treatment and preceding Treatment, there are the

data of Table XXIII, as examined in Table XLVII. In this Design, without

a conditioning Period, the cells on the principal diagonal a e necessarily

unfilled and it is again wisest to find adjusted mean by iteration. They

arc plainly a little different from the simple means. This under-fill

arises not from some data having been somehow lost or ungotten, but rather

from the logical difficulties of the Design. In such tables, where the

results are classified by Treatment and after Treatment, one has in a very

direct way simply an example of incomplete fill.



An important point that seem- diffi ult is that horizontally the

last line is not involved but vertically it is. This may be called the

mixed model that arises in unconditioried experiments. Accordingly, the

quantity on which one is zero-cente ingvaries according to the direction

of interest. The value, be it the 52.0 horizontally, or the 53.0 vertically

is set once and for all as the average of appropriate observations, because

the omi si n of direct Treatment effec s and of Carries-over is that of

the complete set.

In case the calculation of Table XLVII is not i _ediately apparent, it

may be sketched. Fi st, form the after means 53.3, 53.9 etc. In order to

zero-center them, find their average of 52.0. The first esti ates of

after contributions are 53.3 - 52.0 = 4. 1.3 etc. The latter are used to

adjust the treatment totals (which include the data of the first experimental

Period, i.e., background observations 56.8, 57.8 etc.). Thus for Treatm t

(1) the mean becomes 1:208.0 (+ 1.3) /4 = 52.3. In order to zero-center

them, find their average which is now 53.0. The contributions are

52.3 53.0 = - .7 etc. The latter values are now used to adjust the after

a e ages. Thus after (1) becomes (159.8 + (- .7)1/3 = 53.0. Such values

are again zero-centered. Note that the actual means for Treatments have

been added for the sake of comparis
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Table XENTI - Data of Table XXIII examined quickly for evidence of Carry-over

in a latin -e with ut conditionin Peri-d

Treatment 2'
d

After (2) (3) 0 Sum Mn. Contr
tAdj

Contr
Adj.

MR'
(1) 57.2 54.0 48.6 159.8 53.3 +1.3 53.0 +1.0 53.0
(2) 52.2 54.6 54.8 161.6 53.9 +1.9 54.3 +2.3 54.3
(3) 47.0 50.6 53.0 150.6 50.2 -1.8 50.6 -1.4 50.6
(4) 52.0 49.4 50.6 152.0 50.6 -1.4 50.1 -1.9 50.1
Bk.Gr. 56.8 57.8 59.2 50.4 224.2

Mean 52.0 53.8 54.6 51.7
Sum 208.0 215.0 218.4 206.8 848.2

Adj.Mn 52.3 54.2 54.2 51.4 52.0
Contr - .7 +1.2 +1.2 -1.6 53.0

Adj.Mn 52.2 54.3 54.2 51.2 52.0
Contr -.8 +1.3 +1.2 -1.8 L53.0



The technique just illustrated in Table XLVII works ill for Youd ns,

particularly if c is much less than t . Such a case was that shown in

Table XXIId. In the first place the iterati 1 is very slow because the

table is so incompletely filled and in the second place because not only

is Carry-over confoinded with Row but it is co fo nded ITith the same Row

as its Treatment, counterpart.

Under-fill in more than two cate o ies Problems, analogous to those of

Tables XLIV through XLVII, i.e., der-filled situ tions, are in 3 categories,

say Men, Periods and Treatments, for complete and satisfactory solution,

if one is simply after the analysis for direct treatment effects. The

situation with 2 cells missing as previously shown in Table XXV, for example,

cannot conveniently be handled by forming marginal totals, adjust d totals

etc. with Rows, Columns and Treatments to conr,ider. This because we lack
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3-dimensional paper. It is perhaps best to do it essentially by setting up

the lea-t eqUares equations and solving them iteratively, if it must be

done on a desk calculator, but it does not seem worthwhile to illustrate

the matter. If one is after C rry-over also, 4 categories are involved.

If one so car-d,he might set up the various equations and solve them

iteratively. We used to do such things but now rejoice in the progress of

our times--it was dreadful. When the Design is inco plete by certain full

Rows the procedure is exactly the same; the programs in the Appendix may

be used.

As one of the many e::amples of the type of problem involved there

are the data of Table XXIII. As can be seen from the rough analysis as in

Table XXIIIb the estimation for C y-over is complicated by the fact that

the Design is incompletely filled with observations. Let us say tilat

the Design is essentially a matter of effects of various kinds sach as

direct treatment effects and Carry- ver, appearing an equal number of times

in all combinations but for various practical reasons, this objective is

not attained.

The procedure, just indicated, also becomes intolerable if one

attempts toextend it to a Youden rectangle c < t with or without

Carry-over.

Over-fill - We shall encounter the problem of ove -fill as well as missing

data or under-fill, although the literature seems silent on the subject.

No doubt such may happen in many ways or many situations may be so viewed.

Let us confine our attention to a case when this is not due to accident

but exigencies of design. The over-fill is not to be due to accident but to

the fact that it is logically impassible to write a Design when the cells

are evenly filled. An example is provided by the consideration of
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Carry-over effect against Blocks in the data of Table VI, as shown in Table

XLVIII. This is an entirely legitimate question because Treatments are orthogonal

to both othr effects and we might choose to clear them of one another.

The results would be final and unembarrassed. It will be seen that on the

principal diagonal the positions are double-filled, while on the secondary

diagonal they are empty. One might say so or say that the table is

filled twice although in most cells one obser ation is missing and in some

both. Thus while the contribution of Carry- ver [6] may be influenced one

way because Group I is missing it may also b_ affected because Group VI

is present twice. We may say the Design is und -filled (missing plot)

or over-filled or in general, misfilled. Both under- and over-filling

aspects occur in this single experiment.

The required estimates can be gotten by an iterative hnique similar

to that recommended for under-filled or missing data situations. The

sum for each Row or Column, successively, is adjusted for the contributions

that it lacks but also now for those that it has excessively, an average

struck and contributions found. One comet Out with adjusted averages

for Groups and Carry-over. In the present case they are changed from the

direct averages that one gets. The details of iterati n are as follows.

They are start d by finding the simple row means, the corner mean 56.4

and from these a just approximation to the row contributions. The first

adjusted column means were found by making allowance for these first

row contributions. Thus the mean for Carry-over [1] is

(308.6 (- .6) 4. 5.4)76 . 52.9. The corner average remains unchanged in

a perfectly balanced misfill of this kind. The column contributions

35G
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were then found and used to get a second estimate of rc-w mean and contribu-

tion. Thus for Group I the estimate becomes f317.0 ( 3.5) 1.31/6 = 536.

Means stabilize by the 3rd iteration of the row means. Of course, in

practice one does not usually write down the succ ssive iterations but

simply writes them in pencil and uses india rubber.

If one regards amissing data situation as a matter of trying to

replace the bit of data, one cannot handle Lhe idea of over-fill at

all. One would have to fall back on the concept of the table's being

filled twice in each cell but with half the values, i.e., 36 of them,

missing. One would have to put in 36 estimates,strike averages, return

to improve the 36 estimates etc. The operation would be monstrous.



Table XLVIII - CarrL-over against_ Grou from the data of Table VI,

an exam le of over-fill

Group [1] [2]

carry-over

[5] [6] Sum Mn. Contr
cTAContr1V:

Contr
AcivilL[3] [4]

46.4 40.8 62.4 59.9 61.7 317.0 52 .8 -3.6 53.6 -2.8 53.7 -2.7 53.7
45.8

11 58.4 50.0 53.3 64.2 60.9 336.8 56. 1 - 57.5 +1.1 57.7 +1.3 57.7
50.0

III 52.0 64.2 60.9 55.3 44.9 336.5 56.1 - .3 55.8 - .6 55.8 .6 55.8
59.2

IV 56.4 65.6 48.8 58.9 64.2 344.3 57.4 +1.0 57.6 +1.2 57.7 +1.3 57.7
50.4

V 49.6 51.8 53.6 63.2 49.6 326.5 54.4 -2.0 53.0 -3.4 52.9 -3.5 52.9
58.7

ATI 52.7 53.3 57.3 71.7 63.7 370.7 61.8 +5.4 61.0 +4.6 60.9 +4.5 60.9
72.0

mean
am

51.L,

308.6
53.9

323.3
56.8

340.9
55.7

334.2
61.6
369.5

59.2

359.3 2031.8
56.4

Adj.Mn 52.9 53.6 57.0 55.5 61.9 57.7
Contr -3.5 -2.8 A- .6 - .9 +5.5 +1.3

Adj.Mn 52.7 53.1 57.1 55.4 62.3 58.0
Contr -3.7 -3.3 + .7 -1.0 +5.9 1.6

Adj.Mn 52.6 53.1 57.1 55.4 62.4 58.0
Contr -3.8 -3.3 4- .7 -1.0 +6.0 +1.6

I
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Table L. Variance ratio for 5% 1% and .17 levels accorg to freedom
of denominator and_numerator.

This table might be shown if the present work is printed. For the

moment, the reader can refer to many books, notably Fisher and Yates (1967)

or Cochran and Cox (1957).



endix - Pro ra_s o ic com.uters

There follow two programo
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the electronic conmuter. The first is for

an experiment without conditioning Period, e., one where the first Period

of experimental results is the first Period of Treatment. The second is

for an experiment with a conditioning Period, i.e., one where the first

Period of experim al re ults is preceded by a Period to control the

Change-over. Many people will never need the second program. These

programs make an analysis, along the lines discussed in the present book,

given the Design and results for an experiment. It is convenient, and

in some clses vital, for the ,tual analyses discussed in the text. It

is /- itten in FORTRAN 4, as used by the st IBM 360-65 at

Educational Testing Service in 1969. This program is accompanied by a

discussion of the steps of its construction with the idea that it may

be modifi_d a little for other similar machines or for a shared-time

system. The latter is- of course, much preferable for problems of the

magnitude usual in experiments like those discus ed in the present

book.

In these programs all Rows must be entire. Shortcomings in the Design,

i.e., missing Rows do not affect the execution. The programs deal with

pairs or a single Change-over up to Designs for latin squares. The analysis

is _
de without allowance for Carry-over and if possible with that. In

the -more -imple first alternative it is suitable for exp -iments that are

not change-over experiments. Various size limits to number of Treatments,

etc. are suggested in the programs. They depend upon the storage space in

DIMENSION. If this is exceeded the machine will give unreasonable results

and may stop.
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When one looks at it closely one sees that it is concerned entirely

with the business of setting up the necessary least squares equations.

This 1- the skeleton of the problem and once this is done 'put, we can hang

all the organs about, like necessary conditions, residuals squares and

print-out.

The program will accept and handle paired comparisons , those

with but a single Change- ver. A reduced form of this program suitable

only for paired comparisons, without conditioning might be written by

simply cutting down the present program.

The detailed discussion of the program that follows is a reprint of

program #1.2 of the Manual of Scientific Programs, Office of Computation

Sciences, Educational Testing Service, Princeton, N.J.

I. The class of designs covered is latin squares or Youden rectangles

(incomplete latin squares ). These may be repeated fully or in part. The

design may be defective, i.e., certain whole rows may be missing, but no

allowance has been made for missing cells, i.e. , single observations.

The purpose ef this program is pr marily to analyze the results for

effect of Treatment with allowance for Carry-over of preceding Treatment.

There is also direct testing of the significance of C ry-o er. There is

By kind permission o f the Director, Mr. Harry H. harman.



included parallel estimation and testing of si ificance without allowance

for Car.y-over.

The program, as prose tly stored, allows analysis for designs up to

40 Rows (or blocks). This is limited by the dimension of the data matrices.

It could be readily enough changed to 500 or 1000, if such an experiment

were involved. The analysis has been contrived so that such increase

does not increase the size of the matrix involved in equation solving.

II. GENERAL

The basic equations are

j
+ y

k
+

Yijk

where yi_ is an observation assumed built of a general level p ,

.th
effect of the

ai
h

the k-t-

th
Roworindividuala.,the j Period or Column

Treatment and extraneous variatilii r This

equation obtains for the firstColumn or Period when there has been no

conditioning Period. For the following Periods

( 2 ) = + a. +
jYijki

where the effect of the

+ 6 +
2. jkZ

Treatment in the preceding Period is 62.

For,conditioned experiment Equ. (2) obtains in ail Columns.

( 3

The data actually considered are the differences within Rows such as

Y* 'lYljkk j 1 k Yk kt

(j

These differences are then set forth in a matrix. Thus for an unconditioned

latin square for which the first line is
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Design (1) (2) (4) (3)
Result 4 5 7 6

we may consider the two differences

Yill Y1221 ' 81 02 + YI Y2 61 El

(4)

iii

Y1221 YI342 = 02 03 Y2 Y4 + 61 52 E1221 -C1342

which results in two lines of the matrix as fellows:

02 83 04 Y1 Y2 Y3 Y 1 2 53 64 Result

+1 -1 +1 -1 1
+1 -1 +1 1 +1 -1 -2

Least squares equations are in the same form. For instance, to get

the equation associated with 82 each line is multiplied by its content

in the 82 column and the product accumulated over all columns. For each

set of effects'03 (5) the last equation is replaced by a condition

equation

(5) E 5_ = E y_ =
j k

j k

The analysis without C ry-over (SANS DELTA) gotten by replacing,

temporarily, all equations appropriate to by

(6) . 0

The analysis without Treat ent SANS GAKMA) is obtained by the temporary
replacement

(7)
A

0
Yk

The residual variability is gotten in several steps. First the

variability residual on 0 , y and 6 is
,.

(8) E v2
k

4..

k a (z y. + y.
t"ij j .1k. 1ijk ijkZ i ii[ lic2,

4- E y. E 6 y.1j
UR, ijk

3E'



Secondly an es ate of p s made by finding from Equ. (I) or

the mean of the values

Yljk ijk Yk

(9)

y!.
ij Yijkt

Thirdly, estimates of

(10 )

= Y!.-ljk

Y = Y!
i

Pjkt ijkt

are made by finding the mean of the values
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The residual variability as from equa ion (8) is then further and finally

reduced by

kt ijkt
k jkt

Residual variability on the effects of p , Rows and Columns only

(SANS DELTA & SANS GAMMA) is gotten by the formula faiil1ar .in analysis

variance.

The test of significance for Treatments withoUt allowance for Carry-

over is based on residual variability SANS DELTA less residoial

SANS DELTA & SANS GAMMA. The test with allowance for Carry-over Is from

rPsidual variability on FULL MATRIX less that on SANS GAMMA. The test

Carry-over is from residual variability on FULL MATRIX less that on SAES

DELTA.
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It need only be added that there is incorporated a test on whether

the situation is unde--determined. The program counts the number of

different Row patterns, multiplies this number by the number of Columns an

checks whether the result exceeds the number of independent parameters

be estiraated. In the case of under-determination it refuses to axia1ye.

A second type of refUsal arises if the simultaneous equations prove insol-

uble, which may arise if the design is redundant. Finally, if there is

no residual freedom, the program will estimate the parameters but declare

F =

The scheme is diagramatically as follows:



2

Read and store Count,number

) Design and
Data

distinct
patterns.

Row

Store

Reduce variabil-
ity further by
estimating mu
and alphas

Equations SANS
DELTA. Solve and
find residual
variability. Store

r-
6

Equations SANS
GAMMA. Solve and
find residual var-
iability. Store

Build up least
squares equa-
tions using
differences
one Row at a
time

JGet horizontal
differences in
factor matrix
one Row at a time

Replace last Equ.
of each set by
zero condition.
Store as full
matrix

Subroutine to
solve equations

Check number dis-
tinct Row Patterns
Solve FULL MATRIX
and find residual

lability. Store.

Find residual /ari
ability SANS DELTA
& GAMMA by analysis
of variance. Store

Find F value for Treatments above from

SANS DELTA & GAMMA with SANS DELTA. For

Treatments wlth Carry-over from SANS GAMMA

and FULL MATRIX. For Carries-over from
SANS DELTA and FULL MATRIX.
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III. INPUT

The program starts with a parameter card which i dicates the numbers

of Treatments, of C lumns in the pattern uf Treatments, of Columns of

Result and of Rows of Tre tment and Result (FORMAT (415)). The second

number will be one greater than the third in an exper4 ent with a cond:tion-

ing Period but the same in an uncond .ioned experiment.

Then 1lows a card for each Row of Design (FORMAT (615)),

statement of Treatments and, finally, a card for each Row of Result (FORMA

(6F5.0)).

TV. PROGRAM

Because there are two experimental designs for change-over experiments,

two programs have been written. The first, ZFE-03 analyzes the results

from a design that did not include a conditioning week. The second, ZFB-04,

analyzes the results from a design that ddd include a conditioning week.

In each case the parameter card will give the number of treatments, the

number of columns of result, the number of columns of patterns and the

number of rows. In the unconditioned experiment the number of columns of

results will equal the number of columns of patterns. In the conditioned

experiment the number of columns of pattern will be one greater than the

number of columns of results.



V. OUTPUT

The Design and Results are printed out.
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least squares estimates

for Columns and Treatments are printed (SANS il;',TA) as they are found

without consIderation of Carry-over. Then the est ra.es for Columns,

Treatments and Carries-over are shown (FULL MATRIX). Finally the analyses

for significance are printed. There is a test fur Trc-atment, wIthout

allowance for y-over, a test for Treatment, with allowance, and a teilt

for Carry-over. In each case there is shown the variuce ratio, F with

its two statements of freedom.

VI. ILLUSTRATIVE EXAMPLE

.By amy of illustration there foll the case a double Youden

rectangle for 7 Treatments and 14 Rows. Six Rows .)f tic. Design 'fere

repeated but in 'Le end 2 men were lost so 'nat -hc.re were 18 Par ei



PARAMETER CA n
7

PATTERNS
1

4

1
4 5 7 3
5 6
6 5
7 3 6

3 7 4

6
7 2

7

7

2
3

5

RESULTS
55090 37.00 47.00 45.00
37.00 25.00. 25.00 38.00
24.00 24.00 29.00 46.00
36.00 44 00- 39.00 52.00
42.00 54.00 50.00 55.00
49.00 37.00 56.00 62.00

_42.00 45-00 35.00 32 00
55.00 60.00 52000 60 00
54.00 60.00 57.00 54.00
42.00 44.00 46.00 _44.00.
46.00 48.00 54.00 47.00
42.00 54.00 42.00 42.00
49.00 42.00 47 48.00
34.00 43.00- 46.00 54.00
57.00 55.00 42.00 42.00
38.00 38.00 26.00 28.00
50.00 62.00 50.00 61.00
42.00 49.00 51.00 63.00

ESTIMATES OF VARIABLFS

SANS DELTA FULL MATRIX

.3858

.1037
71.3409
2 8304

RETA

71 9907
71.1776
.4.1?89

- 0.6008
0.1367

- 1.2811
0.7846

GAMMA

= .0
=0.0
70.0
=0.0
70.0
70.0
0.0

DELTA

7j 3742
-0 66B
71.3384
2.87

71.4136
70.5279
3.8279--
70.9817
70.6040
71.4994
1.1887

0. 736
2.8368
0.7053

-0.1414
72.0391
71.4 26
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ANALYSIS

FACTORS

370

1 D.F. 1 RFSIDUAL VAR

I 51 . I 21 37
1 45. 1 1973.20

MU ROWS COLUMNS
CONTROL FACTORS PLUS

CONTROL
TREATMENTS

127
_.045. 1973.20 / 4 0

(: 2

FACTORS 1 D.F. RESIDUAL V..

MU ROWS COLUMNS CARRIES-OVER CONTROL
CONTROL FACTORS PLUS TRFATMFNTS

45.
1 39. 1

-

2045.65
1A74.19

=_IZDA5A115 t674.19
1R74.19 / 39.

FACTORS
I.

D.F. I RFSIDUAL VAR.

MU ROWS COLUMNS TREATMFNTS C NTROL
CONTROL FACTORS PLUS CARRIFS-OVER

1973.20
11474.19
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There follows the program for an experiment without conditioning

Period, i.e., one where the first Period of experimental results is the

first Period- f Treatment. There is presumed to be common Carry-over on

this Period.
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DIMENSION 08749),WD(28749)7WV(49) CAR00010'
DIMENSION SC(8)7SR(40),RS(4) CAR0000.
DImENSION KPP(4078)7.04_9A4917V(49)7RV(3749) CAR00030
DIH:NSION A(40)713(20)7D(20)7G(20) CAR00040:
DIDENSIDN HED(373) CAR00050-
DIMENSION D_ED(674)7JSW(3)
DIMENSION RESHED(972)7RESSUb(3 3 ),L _72)70F(3)1Lk

1LhW(3)
REAL*4 KRPC(4070)1MUL0(49149)
REAL*8 mID(3)
DATA DFD/

1

2

3

DATA
DATA
UATA
uATA

1

DATA

1 DETERMINANT_OVERFLOW
1 DETERMINANT UNDERFLOW
1 mATRIX OAS SINGULAR 1/

HEDOSANS DELTA 17'SANS GAMMA ','FULL MATRIX 1/
RESSOBP IlITREATMENTS ,,ICARRIFS-OVER1/
LD /1,212,200/1LR/4l2,1,i,313/,LTD/1,3I2/,Lb,4/2,20/
RESFIED/ 'MU RODS .CoLUMNS CoNTL.'T

'CONTROL FACTORS PLUS /

MID/IbETAIIIGANMAIIIDELTAI/
KCTT = COLUMN -F.TREAM_ENT+ CA.RKY7OVER
KGTI = KCTT
KPP (ROWSICULUNNS) PATTERN mATRIX
KRPC (ROWS7COUMNS) R_ESULTS mATkIX

(COLUMNS7KCT1) WINGERSKY mATRIX
OD UKC*(KC-1)/2)7KCT1) DIFFERENCE MATRIX
OV (KCT1) VI_INGERSKY_VECTOR
0 (KCT17KCT1) DORK MATRIX
V (KCT1) DURK VECTOR
kV (37KCT1). ESTImATES _VECTORS
A (ROW) ROW COUNTS
b (COLUMNS) COLUMN COUNTS

CARU0060:
3,2 ) LTD( 3) CAR00070-

CAR00080
CAR00090:
CAE-W(1100

C R00110
CARoojko.;
CAR00130
CAR00140
CAR0015(V
CARL/0160
CAR00170:
Cilkoolbu,
CAR00190
CAR00200

D (TREATMENTS)
G (CARRY OVEk)
W101 (KCT1,KCT1)

(TEATMENTS)
NPAGE=1

',.101 WRITE(67901) NPAGE
901 FORMAT(11'7///71 ANALYSIS

1/71 GEOFFERY BEALL')
NPAGE=NPAGE+1
FORNAT(I1)
KIN=5
1'1 RITE(6712)

FORmAT(1X71PARAmETER CARO')
2 FORMAT(10I5)
3 FORMAT(10F5.1)

16 F0RHAT(1-1-1160X710E7.2)
READ(KIN71)KT7KC7KRCIKP
FORmAT(5I5)
WkITE(6717) KTIKCIKRC7KP
FORMAT(1X,5IS)
00 116 1=1749
DO 116 J=1749
DO 116 K=173
KV(IIK)=0.
WW(I,J)=0
DO 117 1=10
SC(I)=0

TO.ATNENT.COLWTS_
CARRY OVER COUNTS
DURK MATRIX
TREATMENT COUNTS

OF CARRY OVER171-1277
_ .

3

1

1

CAR002101
CAR0022CCI
.CAR002301
CAR002_40i
CAk002501
CAROWe60i
CAR00270
CAROOn0F,
CAk00490 '
CAR00300
CAR00310
CARoo32o
CAR0o33u
CAR003o
CAR00350'
CAR00360
CA4W037o.
_CAkO0360
CAR00390
CAR00400
CAR00410
CAR00420
CAR00430



DO 115 I=1,40
A(I)=0

115 SR(I)=0
KCTT=KC+2*KT
K CT1=KCTT-1-1

DP=0
00 105 1=1,KP
READ(KIN,2)(KPP(I,J),J=1,KC)
IF(KC.GT05) GO TO 105_
IF(I0EW01) GO TO 105
IK=I-1
D O 104 K=1,1K
DO 103 J=1,KC
IF(KPPCI,J).NE.KPP(K J )) GO TO 104

103 CONTINUE
DP=OPI-1
GO To 105

104 CUNTINUt
105 CONTINUE

IPC=KP-DP
NRITE(6,13

13 FORMAT(' PATTEkf 152X,'RES LTS')
00 111 I=1tKP
REAU(KIN,3)(KRPC(I J) ,J=1,KCI

110 J=11KC
SK(I)=SR(I)+KRPC(I,J)

110 SC(J)=SC(J)+KRp(jI,J)
1:JRITE(6,2)(KPP(1,J),J=1,KC)

111 '.qRITE(6,16)(KRPC(1,J),J=1,KC)
00 196 1=1,49

193 WV(I)=0
DO 199 1=1,20
B(I)=0
D(I)=0

199 G(I)=U
C=0
TSA=0
TSSA=0

135 K=1,KP
DU 122 J=1,49
DO 121 i=1,6
W(I4J)=0
DO 122 1=1128
WD(I,J)=0
00 125 I=1,KC
W(I,I)=1.
1-AIKPP(K,I).-1-KC)=1.

IF(1E0.1) GO TO 125
W(JIKPP(K,I-1)+KC+KT =10
W(IIKCT1)=KRPC(K,I)
KCM1=KC-1
N1=1
LA=0
00 130 I=1,KCm1
N1=c11+1
DO 130 J=N1,KC
LA=LA+1
D0.130 L=1,KCT1

1130 WD(iA,L)=H(I,L)- ( IL)
DO 134 I=1,LA

1122

CAR0044C
CAR0045C
CAR0046.0
GAROO4YL
CARU0/0;q_

CAR00490
CAR0050L
GAR0051C
CAR0052G
CAP005,q,
CAk00540
CAR00550_
CAR0056&
CAR00570
CAR0050
0AR00590
CAROW)k)u
cokpo.o_iu

GAROOon
GArW0b30
CA,Rp4c)
cAmmo5u
CAKOuo60
j.40W=0670
CAR00660
GAk000yo
cAkoo7po
GAR0071(f
CAk0(02u
CAk007(30
CAR00740
CAR00750
CAR00760
GAK06770
GAk00780
CA000790
CAR00600
CAR0081U
CAROOWe0
1,Afc1008U

CAKOU6':d
CokOOLbO
Gi-4W00.60

CAROOr/0
CARO0iio
CAROUW)o
CAROOYW)
CAR00910'
GAR00920:
CAR00930:
CAR0094a
CARG0'95fti
CAR00960.
CAR00970;'
CAR00980A
CA000990
CAR0100i
CARJI01
CAR01020-T
CAR0103



00 134 J=11KCTI
DO 134 L=1,KCT1

134 WW(J,L)=WW(J,L)+1,10(I7J)0(j
135 CONTINUE

CONDITIONING DIFFERECCE mATRIX
DO 140 I=1,KCT1
WW(KC,I)=0
WW(KC+KTII)=0

140 W8(KCTT,I)=0
N1=1
DO 15u I=KC,KCTTIKT
00 149 J=N1tI

149 NW(.11J)=1.
150 N1=1+1

N=KC+KT+1
DO 175 1=1,49
Do 175 J=1,49

175 0(I/J)=0
Do 190 K=1,3

IFC(K.EW*3).AND.HIPC*KC),LT.(KC+2*KT-1))) To
DO 185 I=1,KCTT
DO 185 J=1/KCT1

185 0(I1J)=oN(I1J)
IF(K0E063) GO TO
h=N+KT-1
DO 180 1=N h
DO 180 J=11KCT1
0(I/J)=0

.80 0(1,11=1.
N-N-KT

AU DO 192 I=1,KCTT
92 V(I)=0(I,KCT1)

CALL LINEQ(KCTT,O,V,11DET,HORT,4,9

181

.89 JSW(K)=MORT+1
IF(NORT.NE0) GO TO 186
DO 188 1=1,KCTT
RV(K1I)=V(I)
GO TO 190

(51 FORivIAT(//,' INADEQUATE FOR CARRY OVER')
'!60 WRITE(6,261)

J51:1(3)=4
DO 187 T
RV(K,I)=0
CONTINUE
ORITE(6,902) NPAGE
F0RMAT(Illt///11 EST kiATES OF VAkIAOLESI,T12 '13)
NPAGE=NPAGE+1
N1=1
N2=KC

WRITE(61203)((HE0(1,J),I=1,3),J=1,3
FORHAT(///12(28X93A4),//)
DO 209 1=113
HkITE(6,205) MID(I)

)5 FOKmAT(52X9A8)
00 206 J=N1IN2
WRITE(6,204)RV(1,J),RV(37J)
FOWIAT(2(28X,F12.4))
N1=N2+1
N2=N24-KT

r'02

036
t04

09
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CAR01040
CAR01050
CAR01060
CAk01070
CAk01(WO
CAk01090
CAR01100
CAR01110
L4R.P.1J20
CAR01130
CAH01140
CAR011,50
CAR01160
CAR01170

C,AR012_10
CAI:61220
CAR01230

GAH01260
CAK012TIO
CAR01260
CAR01'290
CAROL300
cAR01310
LAR01320
CAR01330
CAR01340 1

CAR01350
CAR01,360
CAW:11370 1

GAR01360
CAR01390
CAR01400
CAR01410
CAR01420
GAR01430
CAR01440
CAR01450
CAR01460
CAR01470
CAR01480
CAR01490
CAR01500
CAL401510
CAR01520
CAR01530
CAR03540
CAR015t30
CAR01560
CARp1570
CAR01580
CAR01590
.CA,R01600
CAR01610
CAR01620



NRITE(6,207)((DED(L,JSW(K )),L=11 K=1,3,2
207 FORNA1(16X,6A4,14X,6A4)

00 200 1.=1,KP
DO 200 J=1,KC
IF(KPP(I,J).E0.0) Go TO 200
WV(J)=WV(J)+KRPC(I,J)
WV(KPP(I,J)+KC)=WV(KPP(1,J)+KC)+KRPG(I,..1)
IF(J.E0.1) GO TO 201
WV(KPP(I,I-1)+KC+KT)=WV(KPP(I J-1)+KC+KT)+KRPC(1,J)

201 TSA=TSA+KRPC(I,J)
TSSA=TSSA+(KRPC(I,J)*KRPC(I,J))
C=C+1.
A(I)=A(I)+1.
B(J)=B(J)+1.
G(KPP(I,J))=G(KPP(IIJ )+1.
iF(J.EW.1) GO TO 200
0(KPP(I,J-1))=U(KPP(I,J-1))+1.

200 CONTINUE
DO 300 K=1,3
IF(JSW(K).NE.1) GO TO 300
ISS=TSSA
TS=TSA
00 210 1=1,KCTT

210 TSSLmTSS-(RV(K,I)*v4V(I ))
MU=0
00 220 I=1,KT
60=G(IP,zRV(K,I+KC)+0( )*RV(K KC+KT+I)+RU
mUL--(TS-MU)/C
1SS=TSS-MU*TS
DO 250 1=1,KP
SA0
SB=0
DO 230 J=I,K
SB=SB+KRPC(I,J)
IF(J.E0.1) GO TO 225
SA=KkPC(I,J)-RV(K,KC+KPP(I,_ Ti-KPP(I,J-.1))-h0
GO Tu 230

225 SA=KkPC(I,J)-RV(K,(KC+KPP(1,j)))-Mi+S
230 (OI.,IINOE

SA=(SA/A(I))*S13
TSS=TSS-SA
RS(K)TSS

300 CONTINTE
FKP=FLOAT(KP)
FAC=FLOAT(KC)
FKT=1-LOAT(KT)
SSC=0
00 310 I=1,C

310 SSC=SSC+SC(I)**2IFKP
SSR=0
DO 320 I=1,KP

320 SSR=SSR+SR(I)**2/F-KC
RS(4)=TSSA+HTSA*TSA)/C -SSCSSR
OF(1)=C-FKP-FKC+1.
OF(2)=C-FKP-FKC-FKT+2:
01-(3)=C-FKP-FKC-20*FKT+3.
WRITE(6,903) NPAGE

903 F0RNAT('1',///, ANALYSIS -OFVAR/AN El 7,13)
NPAGE=NPAGE+1
DO 400 K=1,3

375

CAR016
CAROI
CAROJ.,6

CAR01(

c4_1-4:6_

CAR01
CAR017Ti

C.AR017
CAR017
CAR017
GAR017

-CAR017
CAR017
CAR017

CAROlY
GAkuu;
CAR018
CAR018
CARO1W
CA1:01-
CARO1K!
CAROloc
CAR018'
CAR018-
CAR018.
CARO iLL:P

LAKO1L).
CAk019:
CAR019'
CAR019.
CAR019_
CAR019.
cAko19-:

CAR01,7;

.1-;ArW2()

C_At-40?0

GAR0201
,)

LARO2U
UAR020
CA'kl)W
CAMr,)A).

CAk0?0
Ci00.2111

CAkW4q1
CAR021-:i

'CAk02i1
CARO;?.11

CARO2L.
sURO211
CAR021,,
CAP.021,74

.CAR-02:

CAK0?.
-LAR02.



376

IF(JSW(K).NF.1) GO T6 390 CAR02230
WRITE(6,331) CAR02240

331 FORMAT(///,19X,'FACTORS',18X,11 D.F. l' RESIDUAL VARIA ILITY1) CAR02250
WRITE(6,332) CAK02260

332 FORMAT(' CAR02270
1 CAR02260
DO 335 J=1,3 CAR02290
RESHED(4Jt1)=RESSUU(JtLTW(K)) CAR02300

335 kESHED(64-J,2)=RESSUB(J,LBW(K)) CAk02310
DO 338 J=1,2 CAR02320

338 WRITE(6,333)(RESHED(ItJ),I=1,9),DF(LD(K0),KS(LR(K, CAR02330 °
333 FORMAT(4X19A4,4X,111_,P4.0,1 CAR02340

WRITE(6,332) CAR02350
OFF=DF(LD(K,1))-DF(LD(K,2)) CAR02360
RE=((RS(LIOK11))-KS(LR(K,2)))*DF(L0(K,2)))/(RS(Lk(K,2 CAR02370
wR1TE(6,336) RS(Lk(K,1)),RS(Lk(K,Z)),OFF,RE CAk02360

336 FORMAT(//,18X,1(1,F10.2,1 )/'tF3.0,6X,Fb.2) OAR02390
WRITE(6,334) CAR02400

334 FORMAT('+', 7X,IF1,7X, CAR02410 ;
WRITE(6,337) OFF,OF(LD(K,2)),KS(LK(K,2)),OF(LD(K,2) ) CAR02420

337 FORMAT( 9X ,F3.9, ,F3.0 13X18.2, "1F3.0) CAR02430
IF(JSW(3).NE.1) GO TO 501 CA14.02440
GO TO 400 CAR02450

390 WRITE( 6,391 ) (DED(L,JSW (K) bL=1,o)_ _CAR02+60
391 FORMAT(//,1X,6A4t//) CAR02470
400 CONTINUE CAR02480i
501 READ(5,26) IT

IF(11.E0.1) GO TO 101 CAR025004
FORkAT(1X,17F4.1) CAR02510-;
FORhAT(1X19F8.3) GARO25201
FORAT(1X,F12.4) CAk02530 I
CALL EXIT C4R02540
END CARC12550



377SUBROUTINE
LINEU(N,4T8,NIDETO,IURT,M.0OINESION A(NRINM16NR,1i,

PIV0T(53)TIPIV(53EX(53,2).EOUIVALENCL
(IR04,k(A:1),GOL00010.,(AMMIT1.5WAP).N0RT= 0

IND=2
DE1=1.0
00 20 J=1,N

Oc
20 IPIV(J)=0

UL00 550 1=1,N
ANAX=0.0

UL
00 105 J=1,N

ULIHIPIV(J)-1}60,105,60_
OL

60 DO 100 K=11N

OGIF(IPIV(K)-1)80,100,720
00-

du
IF(46S(Am4X)-AbSJAJJ,K)))85,100,100

00
'65 IRO=J

ICOL=K

00ANAX=A(J,K1
100 CUNTIi'ME

00-
1(15 CONTINUE

00cIPIV(1COL)=IPIV(ICOL)+1
00(IF(IP1V(I0OL) -1)7201130,720130 IF( IRO& '00/L)140,260,140
00L

-1,40 DET=-0L)

coo
.00 200 L=1,N

00CSOAP=A(IROW,L)
00GMIROW,L)=A(ICOL,L)
00G

200 MICOL,L)=SAP
000IF(h)260,260,210
000

210 00 250 L=1,i,i

000SNAP=6(IR0H,L)
000B(IRON,L)=B(ICOL,L)
000

' 250 6(iCOL,L)=SHAP
000

i200 Noex(i91)=Ikow
IN0EmI,2)-NOL
PIVOT(I)=A(ICOLOCULI

00IF(ABS(PIVOT(I)).LT..0001)G0 T 0:7O 720
0ET=0ET*PIVOT(I)

~

000?IF(A8S(DET)-1.E36)325,712,71?
.A6S(

0E-1)-1.E-36)715,715,33C
000?,

37.00 A(ICOL,ICOL)=1.0
00000 350 L=iIN

0W;A(IGUL,L)=A(IGOLtL)/PIVOT(I
UUU:;IF(N)380,380,360
MAI?

360 ,00 370 1=1,t1

(20o
37u

6(ICOL,L)=i1(ICOL,L)/PIVOT(1)
(Jur.o

36u DO 550 Llr.-1,N

(..!IF(L1-ICOL)400,550,400
00a400 T=A(LI,ICUL)

.A(L1TICOL)=0.0

00073.
00 450 L=1,N

450
A(L111.)=A(L1,L)-A(ICOL,L)*T

6003IF(N)550,550,460
000L100 500 L=1,N

0003,,8(L11L)=6(L1,L)-6(1C 1_10;1q
;

CONTINUE

000-6'
00 710 I1IN
L=1,41-1

IF(INDEX(L11)-INOEX(L12))630,71u1630 0H

46o
500

j 550

3i0



378

30 JR00= INDEX ( L 11 )
JGOL= INDEX (L )

DO 705 K=1 ,N
SHP,I-i=t\ K ,JROVJ

0003360
0003370.i
0003360
-000-33L-30

KIJNON )=A K ) 0003400
( K JCOL )=S^iAP 00034

DS CONT I NU E
_

000342.0
10 CONT 1NUE 000343U

R ET URN 00034401
712 i'vi ORT-=1 00034;0

RETURN 0003460 J
715 MORT=2 0003_41.-70

RETURN 00034H0
720 MORT=3 0003490

RETURN 0003500
END 0003.ti10i

j. t
380



There follows the program for an experiment with a conditioning Period,

i.e., one where the first Period of experimental results is nreceded by one

to control the Change-o er. This nrogram uses the same SUBROUTINE LINEQ

as the preceding, but it is not shown again.

381



380

D IMENSION N(8,53),WDl28,
DIMENSION
O IiIENSIUN KPP140/
DIHENSION A(40),B(-
D ihENSION HED(3,3)
Off,ENSIDN 0E0(6,4)_,_JSW(3)_
DIHENSION RESHED(912),RESSUI3(3,3),LD(
1L60(3)
REAL*4 KRPC(40,8),MU,NW(53,53)
KEAL*;.4

E.00IVALENCE (KPC(1,2)1KPP(111))
"ATM 11):006ETA , GAHhA
OATA 0 l70/

3) 1WV
SC(8),SR(40),RS( 4)

53 53 V(53) RV(3 5 ) 40,9)
(20)

1

3

1

101
001

90F ( 3 ), ER( 3,2), LT:,i( 3

IfiVeLTA I /I'

I DETERMImANT OVERFLOW
UETENmINANT UNUERFLOO
mATRIX S SINGULAR 1

oRT,A IlEmilSANS mELTA ','SANS 6ii ',1FULL '/

LiATA RESSLfl/ l iticARNIsovki/
O ATA LD /1,21212,3,31,LR/4,2,1113,3/,LTW/11-3-12/0/2-,--2,3/
DATA RESMF0/ 'MU ROkS COLUMNS CONTROL',

'CONTROL FACTORS PLUS 1/

KT = NO. OF TREATMENTS
KC COLONS OF RESULTS
KCP = NO. OF COLUMNS IN PATTERN
KP= NO* OF ROWS

KCTT = KC KT + I

KCT1 = KCTT +
KPP (KP,KC) PATTERNS HATRIX
KPC (KOP,KC) PATTERNS MATRIX WITH CONDI TIOING
KkPC (KP,KC) RESULTS MATRIX

(KC1KCT1) WINGERSKY MATRIX
WD ((KC*(KC-1)/-2),KCT1) 01-F-FERENCE MATRIX
WV (KCT1) wINGERSKY MATRIX
O (KCT1,KCT1) WORK MATRIX
V (KCT1) WORK VECTOR
SC (KC) SUM OF GOLUmNS
SR(KP) SUM OF ROWS
A (KP) RUN GOON1S
6 (KO COLUMN COUNTS

(KT) TREATMENT COUNTS
G (KT) CARRY OVER COUNTS
RV (3,KCT1) STORES ESTIMATES
WW (KCT1,KCT1) WORK MATRIX

mPAoE=1
WRITE(6,901) NPAGE
FORMAT('1',///,' ANALYSIS OF CARRYONER WITH

GEOFFERY 5EALL1,7/
NPAGE=NPAGE+1
FORMAT(I1)
KI0=5
WR1TE(6,12)
FURriAT( 1X, 'PMRAlET ER CARD')_

2 FORMAT(10I5)
FORMAT(10F5.1)

t16 FORMAT(1+1,60X,10F6.2)
REANKIN,1)KT,KC-,RC-17,KP
FORmAT(515)
wRITE(6,17) KT1KG-KCP KP

CONDITI

0000010
0000020
000003.0.
000004;'
00(100-i,

00000ot
0000070
0000D,
00W10,)t:

0(;o!

)0,.) ?p;

00(NitJ,i

()_(=110i
0000200i
0000210;
U000220
0000231 1

((f=(l1-)Yli

0000260
0000270
000060ii
00002
0000300

WEEK 00003101
0000320
00003301
0000340 1

00003-..5()

0000361
0000370
00006o0,:
0000390
(56(16-46u

00004io
00004Zu
0000430
00004401
000450
06-040

0000470
)N WEEKI,T17, 0000460

0000490
0000500
0000510

--(3-(77i032-0

0000530
0000546
ouck6,Jo
0000560
0000570
0000560
u0005kA
0000600



FOKNATC1X,5I5)
00 116 1=1,53
00 116 J=1,53
DO 116 K=1,3
kV( I,K)=0.

116 WW(I,J)=0
DO 117 1=118

117 SC(I)=0
00 115 1=1,470
A(I)=0

115 SR(I)=0
KCTT=KC+2*KT
KCT1=KCTT+1
OP=0
DO 105 1=1,Kp
READ(KIN,2)(KPC(I,J),J=1,K
IF(KCP,GT.5) GO TO 105
IF(I.EQ.A) GO TO 105
1K=1-1
DO 104 K=1,IK
DO 103 J=1,KCP
IFCKPC(I,J).NE.KP- (K,J) GO TO 104

10=:5 CONTINUE
OP=OP+1
GO TO 105

104 CONTINUE
105 CONTINUE

IPC=KPOP
NRITE(6,13)

13 FOW:IAT(' PATTERN51 52X_Ilp,ESOUS,)
DO 111 1=1,KP
READ(KIN,3)(KRPC(I1J),J=1,KC)
DO 110 J=1,KC
SR(I)=SR(I)+KRPC(I,J)

110 SC(J)=SC(J)+KRPC(I,J)
NRITE(612)1KPCCI,J)1,1=1,KGPI_

111 WRITE(6,16)(KRPC(I,J),J=1,KC)
WkITE(6,14) IPC

14 FORMAT(//,' NOME5K OF UNIQUE FATTERNSI_Aig)
DO 198 1=1,53
vV (1)=-0

0 199 1=1120
-I)=0

DdI)=0
199 G(I)=U

C=0
TSA=0
TSSA=0
DO 135 K=1 KP
DO 122 J=1,53
DO 121 I=1,8

121 W(,I1J)=0
06 122 1=1,26

122 ,A0(I,J)=U
DO 125 I=1,KC
W(I,I)=1.
W(I,KPP(KII)+KC)=J.
W(IOOC(K,I)+KC+KT)= #

125 WCI,KCT1)=KRPC(K11)

00006
000062(
0000631
000064C
000065C
000066C
0000671
000068C
000069(
000070C
000071C
000072C
000073C
000074d
000075(
0000760,
0000776
000076C
000079d
000080(
0000816,
000084
000083C
000064C
000065g
000086q
0000870
0000880
0000896

0

OUOU90(i
ocwo91(1
0000920
cwoo93(
0000940
000095(1
0000960
000097(1
0000980
000099
coOlOo
0001"0
L 01LIZq

-1034
000304G
00010q
0001;,
000107
00010_
000109
000111
000111
U00112
000113
000114'
0001151
000116
000117
000118
00011

I))



3t32

KCM1=KC-1
N1=1
LA=0
DO 130 I=1/KCM1
N1=N1+1
DO 130_J=N1/KC
LA=LA+1
DO 130 L=1,KCT1

L30 WD(LAIL)=W(I/L)W(J/L)
DO 134 I=1/L4
DO 134 J=1/KCTT
DO 134 L=1/KCT1

134 WW(JIL)=WW(J/L)+WD(I, WD(I/L
135 CONTINUE

CONDITIONING DIFFERECCE M TRIX
DO 140 I=1/KCT1
WW(KC/I)=0
WW(KC+KTII)=

.40 WW(KCTT/I)=0
N1=1
DO 150 I=KC/KCTT/KT
DO 149 J=N1/I

.49 WW(I/J)=1.

.50 N1=I+1
N=KC+KT+1
DO 175 I=1 53
DO 175 J=1,

75 Q(I/J)=0
DO 190 K=1/3
IF((K.EQ.3).AND. (IPC K ) LT (KCTT-1))) GO TO
DO 185 I=1/KCTT
PO 185 j=1/KCTI

85 Q(I/J)=WW(I/J)
IF(K8EQc3) GO TO
M=N+KT-1
DO 180 I=NyM
DO 180 J=1/KCT1
0(I/J)=0

80 0(I/I)=1.
N=NKT

81 DO 192 I=1,KCTT
92 V(I)=0(I/KCT1)

CALL-LINEO(KCTT/OlVy1/DET/MORT/53)
89 JSW(K)=MORT+1

IF(MORT.NE.0) GO TO 186
DO 188 I=1/KCTT

-88 RV(K/I)=V(I)
GO TO 190

60 WRIrE(6/261)
FORMAT(//91 INADEQUATE FOR CARRYOVERI)
j-SW(3)=4

1:86 DO 187 I=1/KC T
RV(K/I)=0
CONTINUE
WRITE 6/902
EORMAT(/11/////1 ES1I ATES OF VARIABLES1 T127/13)
NPAGE=NPAGE+1

18

0012
00012) 0
000120
0001230
0001240
0001250
0001260
0001270
0001280
0001290
0001300
0001310
0001320
0001330
0001340
0001350
0001360
000137u
0001380
0001390
0001400
0001410
0001420
0001430
0001440
0001450
0001460
0001470
0001480
0001490
0001500
0001510
0001520
0001530
0001540
0001550
0001560
0001570
0001580
0001590
0001600
0001 610
0001620
0001630
0001640
0004650
001660
0001670
0001680
0001690
0001700
_01710
0001720
001730

0001750
0001760

1 WRITE(6/203)((HED(I/K)/1=113
)3 FORMAT(///t2(28X/3A4),//)

N1=1

K=1,3,2) A)01 (

U001780
0001790



363
N2=KC
DO 209 1=1.3
WRITE(.205) KID11L__
FORHAT(52X.A8)
DO 206 N=N1.N2

20 WRITE(6.2040
N1=N2+1

209 N2=N2+KT
204 JPRmAT(2(28x1F12.4))

WRITE(6.401)(WEDIL.JSW( ).L=1.6).1=1.
401 FOR1\T(/.2(16X.6A4))

DO 200 1=1.KP
DO 200 J=11KC
IF(KPP(I.J).E0.0) GO TO 200
WV(J)=WV(J)+KRPC(I.J)
WV(KPP(I.J)+KC)=WV(KPP(I.J)+KC)+KRPC(I.J
WV(KPC(I.J )+KC+KT)=WV(KPC(I.J )+KG-1-K1 +KRPC(I,J)

201 TSA=TSA-FKRPC(I.J)
ISSA=TSSA+IKRPC(I.J)*KRPC(I,J))
C=C+1.
A(I)=A(I)+1.
8(J)=6(J)+1.
G(KPP(I.J))=G(K P(I.J))+1
0(KPC(I.J ))=D (KFC(1_._.J )+1.

200 CONTINUE
DO 300 K=1.3
IF(JSI(K).NE.1_ '0 T
TSS=TSSA
TS=TSA
00.210 1=1.KCTT

210 TSS=TSS-(kV(K.I)* V(I)
MO=0
DO 220 I=1.KT
MU=G(I)*RV(K.I+KC)+D(I)*RV(K.KC+KT+I)+NU
MU=(TS-HU)/C
TSS=TSS-hU*TS
DO 250 1=1.KP
SA=0
S8=0
DO 230 J=1.KC
''=Sb+KRPC(I.J)
SA=KRPC(I.J)-RV(K KC+KPP(I.J))-RV(K.KC+KT+iSPC(II.J_ ))-P1U+SA
CUNTINUE

SA=(SA/A(1)) SB
TSS=TSS-SA
KS(K)=TSS
comilNue
FKP=FLOAT(KP)
FKC=FLOAT(KC)
FKT=FLOAT(KT)
SSC=0
00 310 1=1.KC

310 SSC=SSC+5CM**2/FKP
SSR=0
DO 320.1=1.KP

320 SSR=SSR+SR(I)*442/FKC
RS(4)=TSSA+( ITSA*TSA)/C)-SSO-SSR
0F(1)=C-FKP-FKC+10
OF(2)=C-FKP-FKC-FKT+2.

0001800
0001810
0001820
000130
0001840
0001850
0001860
0001870.
0001880
0001890
0001900
000191C
000192(
000193C
0001940
000195c
000196C
0001971.
000198C
0001991
0002001
000201:
0002021
000203(
0002041
000205(
0002061-
000207C
000208
0002091
000210c.
0002111:,

0002121
000213
000214L

_000215C
60021-6;
000217
000218
000219
000220
000221k
000222,,
000223H
U00224
o002.5
00226

00(:)7
u00228
000229i
0002301
000231 j
000232;
000231:-1

00023-4i
00023

_OP0:436.
0002371
00023



OF(3)=CFKPFKC-2.*FKT+3.
WRITE(6,903) NPAGE

903 FORMA1(111,///' ANALYSIS OF VARIANCE' ,T127,I3)
NPAFE=NPAGE+1
DO 400 K=1,3
IF(JSW(K).NE.1 ) GO TO 390
WRITE(6,331)

331 F0RMAT(///,19X,'FACTORS1,18X, D.F.

WRITE(6,332)
332 FORMAT('

I-

UD 335 J=1
RESHED(4-1-Jt1 )=RESSUB (J,LTW(K))
RFSHED(6+Jf2)=RE5SUB( ,LBW(K))
00 338 J=1,2

338 WRITE(6,333)(RESHED( I,J),I=1 9) F ( LD(KIJ)),RS(LK(K,J))

533 FORMAT(4X,YA4,4X1'1',F4.U,
WRITE(6,532)
OFF=DF(L1)(K,1))DF(LD(K,2))
RE=HRS(LR(K,1))RS(LR(K,2)))/(OFF))/(RS(LR(K,2))/UF(LD(K,2)))
WRITE(6,336) kS(_R(K11)),RS(LR(K,2)),DFF,RE

336 FORMAT(//,21X,1(2,F8.2,' 1,F8.2,1 )/',F3.0,6X,

WRITE(6,334)
334 FORMAT(11, 7X,'F',7X,'

WRITE(6,337) OFFIDF(LD(K,2 )),RS(LK(K, ,DE(LD(N,-))

FORMAT( 9X,F3,0,',',F3.0, 8X,F8.211
IF(JSW(3).NE.1) 00 TO 501
GO TO 400

00023c)0
000240G
000_241G
UOU41-(:
00024?-,0

0002440
U0024:50

RESIDUAL VARIABILITY') 0002460
0002470
000240
000240
0002500
0002510
0002520
0002030

0002:550
00025C,0
0002570
00025o0
00025`)0
000',),600

002.610
00026'20
0002630
00026(0
0002650
0002660
0002670
0002680
(10026Cib

0002700
0002710
00027;-Al

0002(
00W/?/4,0
00021t)0
000276(

1,,2x0-10.z)

390 WRITE(6,391)(DED(L,JSW(K)),L=1,6)
391 F0RMAT(//,1X16A4,//)

CONTINUE
301 READ(5,26) IT

IF(IT.E0.1) GO TO 101
FORMAT(1X117F4.1)
FORT(1),9F8.3)
FORMAT(1X,F12.4)

F3.0)

CALL EXIT
END

=I)

_3


